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Foreword
It is a pleasure to write this foreword to a book on the Fundamentals of Solid
State Engineering by Professor Manijeh Razeghi.
Professor Razeghi is one of the world’s foremost experts in the field of
electronic materials crystal growth, bandgap engineering and device
physics. The text combines her unique expertise in the field, both as a
researcher and as a teacher. The book is all-encompassing and spans
fundamental solid state physics, quantum mechanics, low dimensional
structures, crystal growth, semiconductor device processing and technology,
transistors and lasers. It is excellent material for students of solid state
devices in electrical engineering and materials science. The book has
learning aids through exceptional illustrations and end of chapter summaries
and problems. Recent publications are often cited.
The text is a wonderful introduction to the field of solid state
engineering. The breadth of subjects covered serves a very useful
integrative function in combining fundamental science with application.
I have enjoyed reading the book and am delighted Professor Razeghi has
put her lectures at Northwestern into a text for the benefit of a wider
audience.
V. Narayanamurti
John A. and Elizabeth S. Armstrong Professor
of Engineering and Applied Sciences and Dean
Harvard University
Cambridge, Massachusetts

Preface
Solid State Engineering is a multi-disciplinary field that combines
disciplines such as physics, chemistry, electrical engineering, materials
science, and mechanical engineering. It provides the means to understand
matter and to design and control its properties.
The
century has witnessed the phenomenal rise of Natural Science
and Technology into all aspects of human life. Three major sciences have
emerged and marked this century, as shown in Fig. A: Physical Science
which has strived to understand the structure of atoms through quantum
mechanics, Life Science which has attempted to understand the structure of
cells and the mechanisms of life through biology and genetics, and
Information Science which has symbiotically developed the communicative
and computational means to advance Natural Science.

Microelectronics has become one of today’s principle enabling
technologies supporting these three major sciences and touches every aspect
of human life, as illustrated in Fig. B: food, energy, transportation,
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communication, entertainment, health/medicine and exploration. For
example, microelectronic devices have now become building blocks of
systems which are used to monitor food safety and pollution, produce
electricity (solar cells) or use energy more efficiently (LED), control
electrical vehicles (automobiles), transmit information (optical fiber and
wireless communications), entertain (virtual reality, video games,
computers), help cure or enhance the human body (artificial senses,
optically activated medicine) and support the exploration of new realms
(space, underwater).

Although impressive progress has been achieved, microelectronics is
still far from being able to imitate Nature in terms of integration density,
functionality and performance. For example, a state-of-the-art low power
Pentium II processor consumes nearly twice as much power as a human
brain, while it has 1000 times fewer transistors than the number of cells in a
human brain (Fig. C). Forecasts show that the current microelectronics
technology is not expected to reach similar levels because of its physical
limitations.
A different approach has thus been envisioned for future advances in
semiconductor science and technology in the
century. This will consist
of reaching closer to the structure of atoms, by employing nanoscale
electronics. Indeed, the history of microelectronics has been, itself,
characterized by a constant drive to imitate natural objects (e.g. the brain
cell) and thus move towards lower dimensions in order to increase
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xxiii

integration density, system functionality and performance (e.g. speed and
power consumption).

Thanks to nanoelectronics, it will not be unforeseeable in the near future
to create artificial atoms, molecules, and integrated multifunctional
nanoscale systems. For example, as illustrated in Fig. D below, the structure
of an atom can be likened to that of a so called “quantum dot” or “Q-dot”
where the three-dimensional potential well of the quantum dot replaces the
nucleus of an atom. An artificial molecule can then be made from artificial
atoms. Such artificial molecules will have the potential to revolutionize the
performance of optoelectronics and electronics by achieving, for example,
orders of magnitude higher speed processors and denser memories. With
these artificial atoms/molecules as building blocks, artificial active
structures such as nano-sensors, nano-machines and smart materials will be
made possible.
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The scientific and technological accomplishments of earlier centuries
represent the first stage in the development of Natural Science and
Technology, that of understanding (Fig. E). As the
century begins, we
are entering the creation stage where promising opportunities lie ahead for
creative minds to enhance the quality of human life through the
advancement of science and technology.
Hopefully, by giving a rapid insight into the past and opening the doors
to the future of Solid State Engineering, this course will be able to provide
some of the basis necessary for this endeavor, inspire the creativity of the
reader and lead them to further explorative study.

Since 1992 when I joined Northwestern University as a faculty member
and started to teach, I have established the Solid State Engineering (SSE)
research group in the Electrical and Computer Engineering Department and
subsequently created a series of related undergraduate and graduate courses.
In the creative process for these courses, I studied similar programs in many
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xxv

other institutions such as for example Stanford University, the
Massachusetts Institute of Technology, the University of Illinois at UrbanaChampaign, the California Institue of Technology, and the University of
Michigan. I reviewed numerous textbooks and reference texts in order to put
together the teaching material students needed to learn nanotechnology,
semiconductor science and technology from the basics up to modern
applications. But I soon found it difficult to find a textbook which combined
all the necessary metarial in the same volume, and this prompted me to write
this book, entitled Fundamentals of Solid State Engineering.
This book is primarily aimed at the undergraduate level but graduate
students and researchers in the field will also find useful material in the
appendix and references. After studying it, the student will be well versed in
a variety of fundamental scientific concepts essential to Solid State
Engineering, as well as the latest technological advances and modern
applications in this area, and will be well prepared to meet more advanced
courses in this field.
This book is structured in two major parts. It first addresses the basic
physics concepts which are at the base of solid state matter in general and
semiconductors in particular. This includes offering an understanding of the
structure of matter, atoms and electrons (Chapters 1 and 2), followed by an
introduction to basic concepts in quantum mechanics (Chapter 3), the
modeling of electrons and energy band structures in crystals (Chapter 4),
and a discussion on low dimensional quantum structures including quantum
wells and superlattices, wires and dots (Chapter 5). A few crystal properties
will then be described in detail, by introducing the concept of phonons to
describe vibrations of atoms in crystals (Chapter 6) and by interpreting the
thermal properties of crystals (Chapter 7). The equilibrium and nonequilibrium electrical properties of semiconductors will then be reviewed,
by developing the statistics (Chapter 8) as well as the transport, generation
and recombination properties of these charge carriers in semiconductors
(Chapter 9). These concepts will allow then to model semiconductor
junctions (Chapter 10) which constitute the building blocks of modern
electronics. In these Chapters, the derivation of the mathematical relations
has been spelled out in thorough detail so that the reader can understand the
limits of applicability of these expressions and adapt them to his or her
particular situations.
The second part of this book reviews the technology for modern Solid
State Engineering. This includes a review of compound semiconductor bulk
and epitaxial thin film growth techniques (Chapter 11), followed by a
description of current semiconductor device processing and nano-fabrication
technologies (Chapters 12 and 13). A few examples of semiconductor
devices and a description of their theory of operation will then be discussed,
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including transistors (Chapter 14), semiconductor lasers (Chapter 15), and
photodetectors (Chapter 16).
In each Chapter, a section “References” lists the bibliographic sources
which have been namely referenced in the text. The interested reader is
encouraged to read them in addition to those in given in the section “Further
reading”.
This textbook is partially based on lecture notes from the different
classes, both undergraduate and graduate, which I have taught at
Northwestern University. I am therefore grateful to many of my students for
their assistance during the preparation process, including Dr. Jacqueline
Diaz, Dr. Matthew Erdtmann, Dr. Jedon Kim, Dr. Seongsin Kim, Dr. Jaejin
Lee, Dr. Hooman Mohseni, Dr. Fatemeh Shahedipour, Steven Slivken, and
Yajun Wei. My students in the ECE223 (“Fundamentals of Solid State
Engineering”) and ECE388 (“Microelectronic Technology”) courses also
provided helpful remarks and criticism to improve the concept of the book. I
would like to express my deepest appreciation to my student, Dr. Patrick
Kung to whom I am indebted for his essential help in the preparation and
subsequent technical editing of the manuscript.
I would also like to acknowledge the careful reading and remarks of Dr.
Igor Tralle and of my colleague Professor Carl Kannewurf. I would also like
to thank Dr. Ferechteh Hosseini Teherani, Dr. David Rogers, as well as Dr.
Kenichi Iga, Professor Emeritus of the Tokyo Institute of Technology, and
Dr. Venky Narayanamurti, Dean of Engineering at Harvard University, for
their comments and criticism.
I am grateful to Mr. George Mach for his assistance in managing the
different parts of the book in preparation.
Finally, I would like to express my deepest appreciation to Northwestern
University President Henry S. Bienen for his permanent support and
encouragement.

M.R.
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1.1. Introduction
This Chapter gives a brief introduction to crystallography, which is the
science that studies the structure and properties of the crystalline state of
matter. We will first discuss the arrangements of atoms in various solids,
distinguishing between single crystals and other forms of solids. We will
then describe the properties that result from the periodicity in crystal
lattices. A few important crystallography terms most often found in solid
state devices will be defined and illustrated in crystals having basic
structures. These definitions will then allow us to refer to certain planes and
directions within a lattice of arbitrary structure.
Investigations of the crystalline state have a long history. Johannes
Kepler (Strena Seu de Nive Sexangula, 1611) speculated on the question as
to why snowflakes always have six corners, never five or seven (Fig. 1.1). It
was the first treatise on geometrical crystallography. He showed how the
close-packing of spheres gave rise to a six-corner pattern. Next Robert
Hooke (Micrographia, 1665) and Rene Just Haüy (Essai d’une théorie sur
la structure des cristaux, 1784) used close-packing arguments in order to
explain the shapes of a number of crystals. These works laid the foundation
of the mathematical theory of crystal structure. It is only recently, thanks to
X-ray and electron diffraction techniques, that it has been realized that most
materials, including biological objects, are crystalline or partly so.

All elements from periodic table (Fig. 1.2) and their compounds, be they
gas, liquid, or solid, are composed of atoms, ions, or molecules. Matter is
discontinuous. However, since the sizes of the atoms, ions and molecules lie
in the 1 A
region, matter appears continuous to us. The
different states of matter may be distinguished by their tendency to retain a
characteristic volume and shape. A gas adopts both the volume and the
shape of its container, a liquid has constant volume but adopts the shape of
its container, while a solid retains both its shape and volume independently
of its container. This is illustrated in Fig. 1.3. The natural forms of each
element in the periodic table are given in Fig. A. 1 in Appendix A. 1.
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Gases. Molecules or atoms in a gas move rapidly through space and thus
have a high kinetic energy. The attractive forces between molecules are
comparatively weak and the energy of attraction is negligible in comparison
to the kinetic energy.
Liquids. As the temperature of a gas is lowered, the kinetic energies of
the molecules or atoms decrease. When the boiling point (Fig. A.3 in
Appendix A.1) is reached, the kinetic energy will be equal to the energy of
attraction among the molecules or atoms. Further cooling thus converts the
gas into a liquid. The attractive forces cause the molecules to “touch” one
another. They do not, however, maintain fixed positions. The molecules
change positions continuously. Small regions of order may indeed be found
(local ordering), but if a large enough volume is considered, it will also be
seen that liquids give a statistically homogeneous arrangement of molecules,
and therefore also have isotropic physical properties, i.e. equivalent in all
directions. Some special types of liquids that consist of long molecules may
reveal anisotropic properties (e.g. liquid crystals).
Solids. When the temperature falls below the freezing point, the kinetic
energy becomes so small that the molecules become permanently attached
to one another. A three-dimensional framework of net attractive interaction
forms among the molecules and the array becomes solid. The movement of
molecules or atoms in the solid now consists only of vibrations about some
fixed positions. A result of these permanent interactions is that the
molecules or atoms have become ordered to some extent. The distribution of
molecules is no longer statistical, but is almost or fully periodically
homogeneous; and periodic distribution in three dimensions may be formed.
The distribution of molecules or atoms, when a liquid or a gas cools to
the solid state, determines the type of solid. Depending on how the solid is
formed, a compound can exist in any of the three forms in Fig. 1.4. The
ordered crystalline phase is the stable state with the lowest internal energy
(absolute thermal equilibrium). The solid in this state is called the single
crystal form. It has an exact periodic arrangement of its building blocks
(atoms or molecules).
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Sometimes the external conditions at a time of solidification
(temperature, pressure, cooling rate) are such that the resulting materials
have a periodic arrangement of atoms which is interrupted randomly along
two-dimensional sections that can intersect, thus dividing a given volume of
a solid into a number of smaller single-crystalline regions or grains. The size
of these grains can be as small as several atomic spacings. Materials in this
state do not have the lowest possible internal energy but are stable, being in
so-named local thermal equilibrium. These are polycrystalline materials.
There exist, however, solid materials which never reach their
equilibrium condition, e.g. glasses or amorphous materials. Molten glass is
very viscous and its constituent atoms cannot come into a periodic order
(reach equilibrium condition) rapidly enough as the mass cools. Glasses
have a higher energy content than the corresponding crystals and can be
considered as a frozen, viscous liquid. There is no periodicity in the
arrangement of atoms (the periodicity is of the same size as the atomic
spacing) in the amorphous material. Amorphous solids or glass have the
same properties in all directions (they are isotropic), like gases and liquids.
Therefore, the elements and their compounds in a solid state, including
silicon, can be classified as single-crystalline, polycrystalline, or amorphous
materials. The differences among these classes of solids is shown
schematically for a two-dimensional arrangement of atoms in Fig. 1.4.

1.2. Crystal lattices and the seven crystal systems
Now we are going to focus our discussion on crystals and their structures. A
crystal can be defined as a solid consisting of a pattern that repeats itself
periodically in all three dimensions. This pattern can consist of a single
atom, group of atoms or other compounds. The periodic arrangement of
such patterns in a crystal is represented by a lattice. A lattice is a
mathematical object which consists of a periodic arrangement of points in

6
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all directions of space. One pattern is located at each lattice point. An
example of a two-dimensional lattice is shown in Fig. 1.5(a). With the
pattern shown in Fig. 1.5(b), one can obtain the two-dimensional crystal in
Fig. 1.5(c) which shows that a pattern associated with each lattice point.

A lattice can be represented by a set of translation vectors as shown in
the two-dimensional (vectors
and three-dimensional lattices (vectors
in Fig. 1.5(a) and Fig. 1.6, respectively. The lattice is invariant after
translations through any of these vectors or any sum of an integer number of
these vectors. When an origin point is chosen at a lattice point, the position
of all the lattice points can be determined by a vector which is the sum of
integer numbers of translation vectors. In other words, any lattice point can
generally be represented by a vector
such that:

where
are the chosen translation vectors and the numerical
coefficients are integers.
All possible lattices can be grouped in the seven crystal systems shown
in Table 1.1, depending on the orientations and lengths of the translation
vectors. No crystal may have a structure other than one of those in the seven
classes shown in Table 1.1.
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A few examples of cubic crystals include Al, Cu, Pb, Fe, NaCl, CsCl, C
(diamond form), Si, GaAs; tetragonal crystals include In, Sn,
orthorhombic crystals include S, I, U; monoclinic crystals include Se, P;

8
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triclinic crystals include
trigonal crystals include As, B, Bi; and
hexagonal crystals include Cd, Mg, Zn and C (graphite form).

1.3. The unit cell concept
A lattice can be regarded as a periodic arrangement of identical cells offset
by the translation vectors mentioned in the previous section. These cells fill
the entire space with no void. Such a cell is called a unit cell.
Since there are many different ways of choosing the translation vectors,
the choice of a unit cell is not unique and all the unit cells do not have to
have the same volume (area). Fig. 1.7 shows several examples of unit cells
for a two-dimensional lattice. The same principle can be applied when
choosing a unit cell for a three-dimensional lattice.

The unit cell which has the smallest volume is called the primitive unit
cell. A primitive unit cell is such that every lattice point of the lattice,
without exception, can be represented by a vector such as the one in
Eq. ( 1.1 ). An example of primitive unit cell in a three-dimensional lattice is
shown in Fig. 1.8. The vectors defining the unit cell,
are basis lattice
vectors of the primitive unit cell.
The choice of a primitive unit cell is not unique either, but all possible
primitive unit cells are identical in their properties: they have the same
volume, and each contains only one lattice point. The volume of a primitive
unit cell is found from vector algebra:
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The number of primitive unit cells in a crystal, N, is equal to the number
of atoms of a particular type, with a particular position in the crystal, and is
independent of the choice of the primitive unit cell:

Wigner-Seitz cell. The primitive unit cell that exhibits the full symmetry
of the lattice is called Wigner-Seitz cell. As it is shown in Fig. 1.9, the
Wigner-Seitz cell is formed by (1) drawing lines from a given Bravais
lattice point to all nearby lattice points, (2) bisecting these lines with
orthogonal planes, and (3) constructing the smallest polyhedron that
contains the selected point. This construction has been conveniently shown
in two dimensions, but can be continued in the same way in three
dimensions. Because of the method of construction, the Wigner-Seitz cell
translated by all the lattice vectors will exactly cover the entire lattice.
A primitive unit cell is in many cases characterized by non-orthogonal
lattice vectors (as in Fig. 1.6). As one likes to visualize the geometry in
orthogonal coordinates, a conventional unit cell (but not necessarily a
primitive unit cell), is often used. In most semiconductor crystals, such a
unit cell is chosen to be a cube, whereas the primitive cell is a
parallelepiped, and is more convenient to use due to its more simple
geometrical shape.

10
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A conventional unit cell may contain more than one lattice point. To
illustrate how to count the number of lattice points in a given unit cell we
will use Fig. 1.10, which depicts different cubic unit cells.
In our notations
is the number of points in the interior,
is the
number of points on faces (each
is shared by two cells), and
is the
number of points on corners (each point is shared by eight corners). For
example, the number of atoms per unit cell in the fcc lattice
is:
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1.4. Bravais lattices
Because a three-dimensional lattice is constituted of unit cells which are
translated from one another in all directions to fill up the entire space, there
exist only 14 different such lattices. They are illustrated in Fig. 1.11 and
each is called a Bravais lattice after the name of Bravais (1848).
In the same manner as no crystal may have a structure other than one of
those in the seven classes shown in Table 1.1, no crystal can have a lattice
other than one of those 14 Bravais lattices.

12
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1.5. Point groups
Because of their periodic nature, crystal structures are brought into self
coincidence under a number of symmetry operations. The simplest and most
obvious symmetry operation is translation. Such an operation does not leave
any point of the lattice invariant. There exists another type of symmetry
operation, called point symmetry, which leaves a point in the structure
invariant. All the point symmetry operations can be classified into
mathematical groups called point groups, which will be reviewed in this
section.
The interested reader is referred to mathematics texts on group theory
for a complete understanding of the properties of mathematical groups. For
the scope of the discussion here, one should simply know that a
mathematical group is a collection of elements which can be combined with
one another and such that the result of any such combination is also an
element of the group. A group contains a neutral element such that any
group element combined with it remains unchanged. For each element of a
group, there also exists an inverse element in the group such that their
combination is the neutral element.

1.5.1.

group (plane reflection)

A plane reflection acts such that each point in the crystal is mirrored on the
other side of the plane as shown in Fig. 1.12. The plane of reflection is
usually denoted by
When applying the plane reflection twice, i.e.
we obtain the identity which means that no symmetry operation is
performed. The reflection and the identity form the point group which is
denoted
and which contains only these two symmetry operations.

14
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1.5.2.

groups (rotation)

A rotation about an axis and through an angle (n is an integer) is such that
any point and its image are located in a plane perpendicular to the rotation
axis and the in-plane angle that they form is equal to
as shown in Fig.
1.13. In crystallography, the angle of rotation cannot be arbitrary but can
only take the following fractions of

It is thus common to denote as

a rotation through an angle

where n is an integer equal to 1, 2, 3, 4, or 6. The identity or unit element
corresponds to n=1, i.e.
For a given axis of rotation and integer n, a
rotation operation can be repeated and this actually leads to n rotation
operations about the same axis, corresponding to the n allowed angles of
rotation:

, and

These n rotation

operations, which include the identity, form a group also denoted
One says that the
group consists of n-fold symmetry rotations, where
n can be equal to 1, 2, 3, 4 or 6. Fig. 1.14 depicts the perspective view of the
crystal bodies with symmetries
The rotations are done
so that the elbow pattern coincides with itself. It is also common to represent
these symmetry groups with the rotation axis perpendicular to the plane of
the figure, as shown in Fig. 1.15.
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groups

When combining a rotation of the
group and a reflection plane
, the
axis of rotation is usually chosen vertical. The reflection plane can either be
perpendicular to the axis and then be denoted
(horizontal), or pass
through this axis and then be denoted
(vertical). All the possible
combinations of such symmetry operations give rise to two types of point
groups: the
and the
groups.
The
groups contain an n-fold rotation axis
and a plane
perpendicular to it. Fig. 1.16(a) shows the bodies with a symmetry
The
number of elements in a
group is 2n.
The
groups contain an n-fold axis
and a plane
passing
through the rotation axis. Fig. 1.16(b) shows the bodies with a symmetry
The number of elements is 2n too.
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groups

When combining a rotation of the
group and a
rotation with an axis
perpendicular to the first rotation axis, this gives rise to a total of n
rotation axes. All the possible combinations of such symmetry operations
give rise to the point groups denoted
The number of elements in this
point group is 2n. For example, the symmetry operations in
are
illustrated in Fig. 1.17.
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groups

When combining an element of the
group and a rotation which has an
axis perpendicular to the
axis, this gives also rise to a total of n
rotation axes. All the possible combinations of such symmetry operations
leads to the point group denoted
This point group can also be viewed as
the result of combining an element of the
group and a
(horizontal)
reflection plane. This group can also be viewed as the result of combining
an element of the
group and n
(vertical) reflection planes which pass
through both the and the n
axes.
The number of elements in the
point group is 4n, as it includes the
2n elements of the
group, and all these 2n elements combined with a
plane-reflection
For example, the symmetry operations in
are
illustrated in Fig. 1.18(a).
Now, when combining an element of the
group and a
rotation
which has an axis perpendicular to the axis and which is such that the
(vertical) reflection planes bisect two adjacent
axes, this leads to the
point group denoted
This point group can also be viewed as the result
of combining an element of the
group and n
(vertical) reflection
planes which bisect the
axes.
The number of elements in the
point group is 4n as well. For
example, the symmetry operations in
are illustrated in Fig. 1.18(b).
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group

An inversion symmetry operation involves a center of symmetry (e.g. O)
which is at the middle of a segment formed by any point (e.g. A) and its
image through inversion symmetry (e.g. A’), as shown in Fig. 1.19.

When applying an inversion symmetry twice, we obtain the identity
which means that no symmetry operation is performed. The inversion and
the identity form the point group which is denoted
and which contains
only these two symmetry operations.

1.5.7.

and

groups

When combining an element of the
group and an inversion center located
on the axis of rotation, the symmetry operations get more complicated. If we
consider the group (identity), we obtain the inversion symmetry group
In the case of
group, we get the plane reflection group
And if we
consider the group, we actually obtain the
point group.
When we combine independently elements from the
group and the
inversion center, we get the
point group. However, there is a sub-group
of the
point group which can be constructed by considering a new
symmetry operation, the roto-inversion, which consists of a
rotation
immediately followed by an inversion through a center on the rotation axis.
It is important to realize that the roto-inversion is a single symmetry
operation, i.e. the rotation is not independent of the inversion. The subgroup is made by combining roto-inversion operation, is denoted and is
illustrated in Fig. 1.20. Its number of elements is 4.
A similar point group is obtained when considering roto-inversions from
the group. The new point group is denoted

19
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1.5.8. T group
The tetrahedron axes group T is illustrated in Fig. 1.21. It contains some of
the symmetry operations which bring a regular tetrahedron into self
coincidence. The tetrahedron and its orientation with respect to the cubic
coordinate axes are also shown.

The number of elements is 12, which includes:
rotations through an angle

or

about the four

axes which

are the body diagonals of a cube (yielding at total of 8 elements),
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rotations through an angle
about the three
axes
passing through the centers of opposite faces (3 elements),
and the identity (1 element).
1.5.9.

group

The
point group contains all the symmetry elements of a regular
tetrahedron (Fig. 1.22). Basically, it includes all the symmetry operations of
the T group in addition to an inversion center at the center of the
tetrahedron.

The number of elements is 24, which includes:
rotations through an angle

or

about the four

axes which

are the body diagonals of a cube (yielding at total of 8 elements),
rotations through an angle
about the three
axes
passing through the centers of opposite faces (3 elements),
rotations through an angle

or

about the three axes

passing through the centers of opposite faces, followed by
an inversion through the center point O of a cube, (6 elements),
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rotations through an angle
about the six axes passing through
the centers of diagonally opposite sides (in diagonal planes of a
cube), followed by an inversion through the center point O, (6
elements),
and finally, the identity (1 element).
1.5.10. O group
The cubic axes group O consists of rotations about all the symmetry axes of
a cube. The number of elements is 24, which includes:
rotations through the angles

or

about the three

axes passing through the centers of opposite faces (yielding a total
of 9 elements),
rotations through the angles

or

about the four

axes

passing through the opposite vertices (8 elements),
rotations through an angle
about the six
axes passing through
the midpoints of opposite edges (6 elements),
and finally, the identity (1 element).
1.5.11.

group

The
group includes the full symmetry of a cube in addition to an
inversion symmetry. The number of elements is 48, which includes:
all the symmetry operations of the O group (24 elements),
and all the symmetry operations of the O group combined with an
inversion through the body-center point of a cube (24 elements).
1.5.12. List of crystallographic point groups
The point groups previously reviewed are constructed by considering all the
possible combinations basic symmetry operations (plane reflections and
rotations) discussed in sub-sections 1.5.1 and 1.5.2. By doing so, one would
find that there exist only 32 crystallographic point groups. Crystallographers
normally use two kinds of notations for these point symmetry groups. Table
1.2 shows the correspondence between two widely used notations.
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1.6. Space groups
The other type of symmetry in crystal structures, translation symmetry,
reflects the self-coincidence of the structure after the displacements through
arbitrary lattice vectors (Eq. ( 1.3 )).
These symmetry operations are independent of the point symmetry
operations as they do not leave a point invariant (except for the identity).
The combination of translation symmetry and point symmetry elements
gives rise to new symmetry operations which also bring the crystal structure
into self-coincidence. An example of such new operation is a glide plane by
which the structure is reflected through a reflection plane and then translated
by a vector parallel to the plane.
With these new symmetry operations, a larger symmetry operation
group is formed, called space group. There are only 230 possible threedimensional crystallographic space groups which are conventionally labeled
with a number from No. 1 to No. 230.

1.7. Directions and planes in crystals: Miller indices
In order to establish the proper mathematical description of a lattice we have
to identify the directions and planes in a lattice. This is done in a crystal
using Miller indices (hkl). We introduce Miller indices by considering the
example shown in Fig. 1.23.
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Fig. 1.23 shows a crystal plane which passes through lattice points and
intersects the axes: 2a, 3b, 2c where
are basic lattice vectors. To
obtain Miller indices we form the ratio
smallest integers,

and express it as the ratio of

Thus we obtain the Miller indices for

the plane: (hkl) = (323). The Miller indices for a few planes in a cubic
lattice are shown in Fig. 1.24. These Miller indices are obtained as described
above, and by using
For a crystal plane that intersects the origin, one typically has to
determine the Miller indices for an equivalent plane which is obtained by
translating the initial plane by any lattice vector. The conventions used to
label directions and planes in crystallographic systems are summarized in
Table 1.3.
The notation for the direction of a straight line passing through the
origin is [uvw ], where u, v, and w are the three smallest integers whose ratio
u:v:w is equal to the ratio of the lengths (in units of a, b, and c) of the
components of a vector directed along the straight line. For example, the
symbol for the a-axis in Fig. 1.23, which coincides with vector
is [100].
For the indices of both plane and directions, a negative index is written
with a bar sign above the index, such as
or
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Example
Q: Determine the direction index for the lattice vector
shown below.

In cubic systems, such as simple cubic, body-centered cubic and facecentered cubic lattices, the axes of Fig. 1.23 are chosen to be orthonormal,
i.e. the unit vectors are chosen orthogonal and of the same length equal to
the side of the cubic unit cell. The axes are then conventionally denoted x, y,
and z instead of a, b, and c, as shown in Fig. 1.24.

In addition, for cubic systems, the Miller indices for directions and
planes have the following particular and important properties:
The direction denoted [hkl] is perpendicular to plane denoted (hkl).
The interplanar spacing is given by the following expression and is
shown in the example in Fig. 1.25:
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The angle between two directions
the relation:

and

is given by

Example
Q: Determine the angle between the two planes shown
below (PSR) and (PQR), in a cubic lattice.
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A: The Miller indices for the (PSR) plane are (111), while
they are (212) for the (PQR) plane. The angle between
these two planes is given by the following cosine
function:
The angle between the two planes is therefore: 15.8 deg.
In hexagonal systems, the a and b-axes of Fig. 1.23 are chosen in the
plane formed by the base of the hexagonal unit cell and form a 120 degree
angle. They are denoted
and
and their length is equal to the side of
the hexagonal base. The unit vector perpendicular to the base is still denoted
c. In addition, it is also conventional to introduce a (redundant) fourth unit
vector denoted
in the base plane and equal to
as shown in
Fig. 1.26. It is then customary to use a four-index system for planes and
directions: (hkil) and [uvtw ], respectively, as shown in Table 1.3. The
additional index that is introduced for hexagonal systems is such that: i=(h+k) and t=-(u+v), which is a direct consequence of the choice of the
fourth unit vector

In modern microelectronics, it is often important to know the in-plane
crystallographic directions of a wafer and this can be accomplished using
Miller indices. During the manufacturing of the circular wafer disk, it is
common to introduce a flat to indicate a specific crystal direction. To
illustrate this, let us consider the (100) oriented silicon wafer shown in Fig.
1.27. A primary flat is such that it is perpendicular to the [110] direction,
while a smaller secondary flat is perpendicular to the [ 011] direction.
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1.8. Real crystal structures
Most semiconductor solids crystallize into a few types structures which are
discussed in this section. They include the diamond, zinc blende, sodium
chloride, cesium chloride, hexagonal close packed and wurtzite structures.

1.8.1. Diamond structure
Elements from the column IV in the periodic table, such as carbon (the
diamond form), germanium, silicon and gray tin, crystallize in the diamond
structure. The Bravais lattice of diamond is face-centered cubic. The basis
has two identical atoms located at (0,0,0) and ( ¼,¼,¼) in the cubic unit cell,
for each point of the fcc lattice. The point group of diamond is
The
lattice constant is a=3.56, 5.43, 6.65, and 6.46 Å for the four crystals
mentioned previously, respectively. The conventional cubic unit cell thus
contains eight atoms. There is no way to choose a primitive unit cell such
that the basis of diamond contains only one atom.
The atoms which are at least partially in the conventional cubic unit cell
are located at the following coordinates: (0,0,0), (0,0,1), (0,1,0), (1,0,0),
(1,1,0), (1,0,1), (0,1,1), (1,1,1), (½,½,0), (0,½,½), (½,0,½), (½,½,1), (1,½,½),
(½,1,½), (¼,¼,¼), (¾,¾,¼), (¾,¼,¾), (¼,¾,¾).
The tetrahedral bonding characteristic of the diamond structure is shown
in Fig. 1.28(a). Each atom has 4 nearest neighbors and 12 second nearest
neighbors. For example, the atom located at (¼,¼,¼) at the center of the
cube in Fig. 1.28(b) has four nearest neighbors also shown in Fig. 1.28(b)
which are located at (0,0,0), (½,½,0), (0,½,½) and (½,0,½).
The number of atoms/unit cell for the diamond lattice is found from
and
where
are the numbers of points in the interior,
on faces and on corners of the cubic unit cell shown in Fig. 1.28(a),
respectively. Note that each of the points is shared between two cells and
each of the
points is shared between eight cells. Therefore:
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atoms/unit cell. The atomic density or the number of
atoms per

n, is given by:

silicon, we have a=5A3 Å, and

atoms/unit cell. For example, for
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1.8.2. Zinc blende structure
The most common crystal structure for III-V compound semiconductors,
including GaAs, GaSb, InAs, and InSb, is the sphalerite or zinc blende
structure shown in Fig. 1.29. The point group of the zinc blende structure is
The zinc blende structure has two different atoms. Each type of atoms
forms a face-centered cubic lattice. Each atom is bounded to four atoms of
the other type. The sphalerite structure as a whole is treated as a facecentered cubic Bravais lattice with a basis of two atoms displaced from each
other by (a/4)(x+y+z), i.e. one-fourth of the length of a body diagonal of the
cubic lattice unit cell. Some important properties of this crystal result from
the fact that the structure does not appear the same when viewed along a
body diagonal from one direction and then the other. Because of this, the
sphalerite structure is said to lack inversion symmetry. The crystal is
therefore polar in its <111> directions, i.e. the [111] and the
directions
are not equivalent. When both atoms are the same, the sphalerite structure
has the diamond structure, which has an inversion symmetry and was
discussed previously.
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In the case of GaAs for example, the solid spheres in Fig. 1.29 represent
Ga atoms and the open spheres represent As atoms. Their positions are:
Ga: (0,0,0); (½,½,0); (0,½,½); (½,0,½); (½,1,½); (½,½,1); (l,½,½);
As: (¼,¼,¼); (¾,¾,¼); (¾,¼,¾); (¾,¾,¾).

1.8.3. Sodium chloride structure
The structure of sodium chloride, NaCl, is shown in Fig. 1.30. The Bravais
lattice is face-centered cubic and the basis consists of one Na atom and one
Cl atom separated by one-half the body diagonal of the cubic unit cell. The
point group of the sodium chloride structure is
There are four units of NaCl in each cubic unit cell, with atoms in the
positions:
Cl: (0,0,0); (½,½,0); (½,0,½); (0,½,½);
Na: (½,½,½); (0,0,½); (0, ½,0); (½,0,0).

1.8.4. Cesium chloride structure
The cesium chloride structure is shown in Fig. 1.31. It has a body-centered
cubic lattice and the corresponding Bravais lattice is simple cubic. The basis
consists of two atoms located at the corners (0,0,0) and center positions
(½,½,½) of the cubic unit cell. Each atom may be viewed as at the center of
a cube of atoms of the opposite kind, so that the number of nearest
neighbors or coordination number is eight. The point group of the cesium
chloride structure is
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1.8.5. Hexagonal close-packed structure
The simplest way to stack layers of spheres is to place centers of spheres
(atoms) directly above one another. The resulting structure is called simple
hexagonal structure. There is, in fact, no example of crystals with this
structure because it is unstable. However, spheres can be arranged in a
single hexagonal close-packed layer A (Fig. 1.32) by placing each sphere in
contact with six others. A second similar layer B may be added by placing
each sphere of B in contact with three spheres of the bottom layer, at
positions B in Fig. 1.32. This arrangement has the lowest energy and is
therefore stable. A third layer may be added in two different ways. We
obtain the cubic structure if the spheres of the third layer C are added over
the holes in the first layer A that are not occupied by B, as in Fig. 1.32. We
obtain the hexagonal close-packed structure (Fig. 1.33) when the spheres in
the third layer are placed directly over the centers of the spheres in the first
layer, thus replicating layer A. The Bravais lattice is hexagonal. The point
group of the hexagonal close-packed structure is
The fraction of the
total volume occupied by the spheres is 0.74 for both structures (see
Problems).
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Zinc, magnesium and low-temperature form of titanium have the hcp
structure. The ratio c/a for ideal hexagonal close-packed structure in Fig.
1.33 is 1.633. The number of nearest-neighbor atoms is 12 for hcp
structures. Table 1.4 shows the c/a parameter for different hexagonal
crystals.
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1.8.6. Wurtzite structure
A few III-V and several II-VI semiconductor compounds have the wurtzite
structure shown in Fig. 1.34.
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This structure consists of two interpenetrating hexagonal close-packed
lattices, each with different atoms, ideally displaced from each other by 3/8c
along the z-axis. There is no inversion symmetry in this crystal, and polarity
effects are observed along the z-axis. The Bravais lattice is hexagonal with a
basis of four atoms, two of each kind. The point group of the wurtzite
structure is

1.8.7. Packing factor
The packing factor is the maximum proportion of the available volume in a
unit cell that can be filled with hard spheres. Let us illustrate this concept
with a few examples.
For a simple cubic lattice, the center-to-center distance between the
nearest atoms is a . So the maximum radius of the atom is

Since there

is only one atom point per cubic unit cell in this case, the packing factor is:

The following two examples illustrate the determination of the packing
factor for the other two cubic lattices.
Example
Q: Determine the packing factor for a body-centered cubic
lattice.
A: Let us consider the bcc lattice shown in the figure
below, and an atom located at one corner of the cubic
unit cell. Its nearest neighbor is an atom which is located
at the center of the cubic unit cell and which is at a
distance of

where a is the side of the cube. The

maximum radius r for the atoms is such that these two
atoms touch and therefore:

There are two

atoms in a bcc cubic unit cell, so the maximum volume
filled by the spheres is

The packing

factor is calculated by taking the ratio of the total sphere
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volume

to that

of the

unit

cell,

and

yields:

Example
Q: Determine the packing factor for a face-centered cubic
lattice.
A: Let us consider the fcc lattice shown in the figure below,
and an atom located at one corner of the cubic unit cell.
Its nearest neighbor is an atom which is located at the
center of an adjacent face of the cubic unit cell and
which is at a distance of

where a is the side of the

cube. The maximum radius r for the atoms is such that
these two atoms touch and therefore:

There

are four atoms in a fcc cubic unit cell, so the maximum
volume filled by the spheres is

The

packing factor is calculated by taking the ratio of the
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total sphere volume to the that of the unit cell, and
yields:

The diamond structure has the face-centered cubic structure with a basis
of two identical atoms. The packing factor of diamond structure is only 46
percent of that in the fcc structure, so diamond structure is relatively empty
(see Problems).

1.9. Summary
In this Chapter, the structure of crystals has been described. The concepts of
Bravais lattice, crystal systems, unit cell, point groups, space groups, Miller
indices and packing factor have been introduced. The symmetry properties
of crystals have been discussed. The most common crystal structures for
semiconductors have been described.
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Problems
1. Fig. 1.6 illustrates the definition of the angles and unit cell dimensions
of the crystalline material. If a unit cell has a characteristic of a=b=c and
it forms cubic crystal system, which is the case of Si and
GaAs.
(a) How many Bravais lattices are classified in the cubic system?
(b) Draw simple 3-dimensional unit cells for each Bravais lattice in the
cubic system.
(c) How many atoms are contained in unit cell for each Bravais lattice in
the cubic system?
2. Draw the four Bravais lattices in orthorhombic lattice system.
3. Show that the
group is not a crystal point group. In other words,
show that, in crystallography, a rotation about an axis and through an

angle

cannot be a crystal symmetry operation.

4. Determine if the plane (111) is parallel to the following
directions: [100],
and
5. For cesium chloride, take the fundamental lattice vectors to be
and
Describe the parallelepiped unit cell and
find the cell volume.
6. GaAs is a typical semiconductor compound that has the zinc blende
structure.
(a) Draw a cubic unit cell for the zinc blende structure showing the
positions of Ga and As atoms.
(b) Make a drawing showing the crystallographic directions and the
positions of the atoms for the (111) lattice plane.
(c) Repeat for the (100) planes.
(d) Calculate the surface density of atoms in (100) planes.
7. (a) What are the interplanar spacings d for the (100), (110), and (111)
planes of Al (a=4.05Å)?
(b) What are the Miller indices of a plane that intercepts the x-axis at a,
the y-axis at 2a, and the z-axis at 2a?

40

Fundamentals of Solid State Engineering

8. Show that the c/a ratio for an ideal hexagonal close-packed structure is
If c/a is significantly larger than this value, the crystal
structure may be thought of as composed of planes of closely-packed
atoms, the planes being loosely stacked.
9. Show that the packing factor in a hexagonal close-packed structure is
0.74.

10. Show that the packing factor for the diamond structure is 46 % that in
the fcc structure.
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2.1. Introduction
In this Chapter the electronic structure of single atoms will be discussed. A
few quantum concepts will be introduced as they are necessary for the
understanding of many aspects in solid state physics and device
applications.
In Chapter 1, we saw that matter was composed of atoms in the periodic
table shown in Fig. 1.2. Until 1911, atoms were considered the simplest
constituents of matter. In 1911, it was discovered that atoms had a structure
of their own and Rutherford proposed the nuclear model of the atom in
which almost all the mass of the atom is concentrated in a positively charged
nucleus and a number of negatively charged electrons are spread around the
nucleus. It has been later found that the nucleus is itself constituted of
(positively charged) protons and (neutral) neutrons, and the number of
protons is the atomic number (Z) while the total number of protons and
neutrons is the mass number of the element in question in the periodic table.
Apart from the electrostatic repulsion between nuclei, all of the major
interactions between atoms in normal chemical reactions (or in the
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structures of elemental and compound substances) involve electrons. It is
therefore necessary to understand the electronic structure of atoms. The term
electronic structure, when used with respect to an atom, refers to the
number and the distribution of electrons about the central nucleus.
The following discussion traces the steps of the scientific community
toward a description of the electronic structure of atoms. The reader should
not be stopped by the new concepts which arise from this discussion,
because they will become clearer after understanding the quantum
mechanics which will be presented in Chapter 3.
Much of the experimental work on the electronic structure of atoms
done prior to 1913 involved measuring the frequencies of electromagnetic
radiation (e.g. light) that are absorbed or emitted by atoms. It was found out
that atoms absorbed or emitted only certain and sharply defined frequencies
of electromagnetic radiation. These frequencies were also found to be
characteristic of each particular element in the periodic table. And the
absorption or emission spectra, i.e. the ensemble of frequencies, were more
complex for heavier elements. Before being able to understand the
electronic structures of atoms, it was natural to start studying the simplest
atom of all: the atom of hydrogen.

2.2. Spectroscopic emission lines and atomic structure of
hydrogen
Experimental facts. It has been experimentally observed that the frequencies
of light emission from atomic hydrogen can be classified into several series.
Within each series, the frequencies become increasingly closely spaced,
until they converged to a limiting value. Rydberg proposed a mathematical
fit to the observed experimental frequencies, which was later confirmed
theoretically:

with n=1, 2, 3, 4, . . . and n’ =(n + 1), (n + 2), (n + 3), . . .
In this expression, is the wavelength of the light (in units of distance,
and typically cm in this expression), v the frequency of the light emitted, c
the velocity of light, and Ry is
the fit constant, called the Rydberg constant, and was calculated to be
is an integer, corresponding to each of the series mentioned
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above, and n’ is also an integer larger than (n+1) showing that the
frequencies become more closely spaced as n’ increases.
The energy of the electromagnetic radiation is related to its wavelength
and frequency by the following relation:

where h
is Planck’s constant. The international unit
for energy is the Joule (J). However, in solid state physics, it is common to
use another unit: the electron-volt (eV) which is equal to
The reason for this new unit will become clear later in the text, and reflects
the importance of the electron in solid state physics.
The expression in Eq. ( 2.1 ) shows that the emission of light from the
hydrogen atom occurs at specific discrete values of frequencies v, depending
on the values of integers n and n’. The Lyman series of spectral lines
corresponds to n=1 for which the convergence limit is
The
Balmer series corresponds to n=2, and the Paschen series to n=3. These are
illustrated in Fig. 2.1, where the energy of the light emitted from the atom of
hydrogen is plotted as arrows.
Explanation. Although the absorption and emission lines for most of the
elements were known before the turn of the century, a suitable explanation
was not available, even for the simplest case of the hydrogen atom. Prior to
1913, the explanation for this spectroscopic data was impossible because it
contradicted the laws of nature known at the time. Indeed, very well
established electrodynamics could not explain two basic facts: that atoms
could exist at all, and that discrete frequencies of light were emitted and
absorbed by atoms. For example, it was known that a charged particle
moving with acceleration had to emit an electromagnetic radiation.
Therefore, in the nuclear model of an atom, an electron moving around the
nuclei has an acceleration and thus has to emit light, lose energy and fall
down to the nucleus. This meant that the stability of elements in the periodic
table, which is obvious to us, contradicted classical electrodynamics. A new
approach had to be followed in order to resolve this contradiction, which
resulted in a new theory, known as quantum mechanics. Quantum
mechanics could also explain the spectroscopic data mentioned above and
adequately describe experiments in modern physics that involve electrons
and atoms, and ultimately solid state device physics.
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Niels Bohr first explained the atomic absorption and emission spectra in
1913. His reasoning was based on the following assumptions, which cannot
be justified within classical electrodynamics:
(1) There is a discrete number of stable orbits (states with energy
for an electron in an atom. By being in these orbits, an electron does not
emit an electromagnetic radiation. An electron can only exist in one of these
orbits and thus have an energy
(2) The transition of an electron from an atomic orbit of energy state
to that of energy state

causes the emission

or absorption
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or

frequency
With Sommerfeld, Bohr implemented these postulates into a simple
theory. The assumption (1) on the stable orbits meant that the values of
angular momentum and thus the electron orbit radius
were quantized,
i.e. multiple values of a constant. For the simple hydrogen atom with a
circular electron orbit, the Bohr postulate (1) can be expressed
mathematically in the following manner:

where m is the mass of the electron, is the linear electron velocity, and
n an integer expressing the quantization and used to index the electron
orbits. Since the electron orbits are assumed to be stable, the coulombic
force between the nucleus and the orbiting electron (left hand side of Eq. (
2.3 )) must balance the centripetal force on the electron in its motion (right
hand side of Eq. ( 2.3 )), as illustrated in Fig. 2.2:

where
q

is the permittivity of free space,
is the elementary charge.
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Combining Eq. ( 2.2 ) and Eq. ( 2.3 ), one obtains the discrete radius of
an electron:

The total electron energy
in the various orbits is the sum of the
kinetic and (coulombic) potential energies of the electron in the particular
orbit:

With Eq. ( 2.4 ) we finally have:

This theory thus provided an explanation for each series of spectroscopic
lines in the emission spectrum from atomic hydrogen as shown in Fig 2.1.
An electron has the lowest (i.e. most negative) energy when it is in the orbit
n=1. The radius of this orbit can be calculated using Eq. ( 2.4 ) and is
Å. If an electron is excited to an orbit with higher energy
and returns to the ground state (n=1) electromagnetic radiations
with the frequencies

are emitted. In this case, the

Lyman series of spectroscopic lines (Fig. 2.1) is observed. The other series
arise when the electron drops from upper levels to the levels with n=2
(Balmer series) and n=3 (Paschen series), as shown in Fig. 2.1. Therefore,
the Bohr-Sommerfeld theory could interpret well the observed discrete
absorption/emission frequencies in the hydrogen atom. In spite of its success
for the hydrogen atom, this theory had to be improved for a number of
reasons. First, it could not successfully interpret the spectroscopic data for
atoms more complex than hydrogen.
The simple pictures developed by Max Planck for the electromagnetic
radiation and by Niels Bohr for electrons in atoms were the first attempts to
explain experimental data with assumptions based on the discrete (or
quantum) nature of an electromagnetic field.
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A typical example for the interaction between an electromagnetic field
and matter is a blackbody, which is an ideal radiator (i.e. electromagnetic
radiation emitter). In 1901, Max Planck provided a detailed theoretical fit to
the observed blackbody spectral irradiance, that is the power radiated per
unit area per unit wavelength, shown in Fig. 2.3. The explanation was based
on the hypothesis that the interaction between atoms and the
electromagnetic field could only occur in discrete packets of energy, thus
showing that the classical view that always allows a continuum of energies
is incorrect, which was an ideologically new approach. Based on these
ideas, a more sophisticated and self-consistent theory was created in 1920
and is called wave (or quantum) mechanics (see Chapter 3 for more details).
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2.3. Atomic orbitals
The radius for the electron in the first Bohr orbit in the hydrogen atom was
calculated to be
A (Angstrom, abbreviated as Å, is equal to
This is shown in Fig 2.4(a) as a circle having a radius equal to

In the more exact theory, i.e. quantum mechanics, an electron cannot be
seen as a point particle with a definite radius orbit but rather as a cloud with
inhomogeneous density around a nuclei as illustrated in Fig. 2.4(b). In this
picture, the Bohr radius can be interpreted as the distance
from the
nucleus where the maximum in the electron density or most probable
position for an electron occurs. This can be further illustrated by Fig. 2.5
where the electron density function P(r), which is the probability to find an
electron at distance r from the nuclei, is plotted as a function of r (for lowest
energy state of hydrogen atom). This function reaches its maximum at the
value of Bohr’s first orbit
We saw earlier that there were several stable orbits for an electron in the
hydrogen atom which are distinguished by the energy given in Eq. ( 2.6 ).
The orbit or energy is not enough to characterize the properties of an
electron in an atom. The spatial shape and direction of the orbit is also
important, as it is not always spherical and is the term “orbital” is then
employed. Each electron is thus assigned a unique set of quantum numbers
which specifies in which orbital the electron is located. The orbital
designation and its corresponding set of three quantum numbers n, l, and
are listed in Table 2.1.
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The principal quantum number n may take integral values from 1 to
although values larger than 7 are spectroscopicly and chemically
unimportant. It is the value of this quantum number n that determines the
size and energy of the principal orbitals. The orbitals which have the same n
are often called “shells”.
For a given value of n, the orbital momentum quantum number l may
take integer values within [0, 1, 2, 3, . . ., (n—1)]. It is this quantum number
that determines the shape of the orbital. A letter designation is used for each
orbital shape: s for (l=0), p for (l=1), d for (l=2), f for (l=3), etc... followed
alphabetically by the letter designations g, h, and so on.
Finally, for any one orbital shape, the quantum number
may take
integral values from —l to +l. This latter quantum number governs the
orientation of the orbital. Once the electron for the hydrogen atom is placed
into one specific orbital, the values of the three quantum numbers n, l, and
are known.
The electron also has a fourth quantum number, the spin, which is
independent of the orbital and which can only have two opposite values:
Electrons which have only a different value of
spin are distinguishable only in an external magnetic field.
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2.4. Structures of atoms with many electrons
In multi-electron atoms, the energy of an electron depends on the orbital
principal quantum number n and the orbital momentum quantum number l,
i.e. whether the electron is in a s, p, d, or f state. The electronic
configurations of such atoms are built up from the ground state energy,
filling the lowest energy orbitals first. Then, the filling of the orbitals occurs
in a way such that no two electrons may have the same set of quantum
numbers. This statement is called the Pauli exclusion principle. If two
electrons occupy the same orbital, they must have opposite spins:
for
one electron and
for the second electron. Because the spin quantum
number
can take only one of two values, an orbital can be occupied at
most by two electrons.
One more rule governs the electron configuration in multi-electron
atoms: for a given principal quantum number n, the lowest energy has the
configuration with the greatest possible spin value and greatest orbital
momentum. That is Hund’s rule.
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Example
Q: Hund’s rule says that the electrons occupy orbitals in
such a way that: first, the total spin number
is
maximized, then the total orbital momentum is
maximized
Determine
the
electronic
configuration, including the spin, of the carbon atom
which has 6 electrons in its ground state.
A: Carbon has 6 electrons and has the electronic
configuration
The last two electrons in the p
shell can have spins +½ or -½. To maximize the total
spin number, both electrons must have their spin up, so
that
as shown below.

Both the Pauli principle and Hund’s rule govern the electron
configurations of atoms in the periodic table in their unexcited state, which
is also called ground state. Other electronic configurations are possible when
the atom is in an excited state as a result of an external force such as an
electric field.
Examples of the ground state electron configurations in a number of
elements are shown below. The sequence for Z=l to Z=18 is built in a
straightforward and logical manner, by filling the allowed s, p, d... orbitals
successively (i.e. in this order). For Z=19, the first deviation to this
procedure occurs: the 4s orbitals are filled with electrons before the 3d
orbitals. Elements in the periodic table with partially filled 3d orbitals are
usually transition metals and the electrons in these 3d orbitals contribute to
the magnetic properties of these elements. For example, the electronic
configuration of the Ga element can be read as follows: two s-electrons in
orbit 1, two s-electrons in orbit 2, six p-electrons in orbit 2, two s-electrons
in orbit 3, six p-electrons in orbit 3, two s-electrons in orbit 4, ten delectrons in orbit 3, and one p-electron in orbit 4.
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Example
Q: Determine the electronic configuration for copper
(element Cu, atomic number Z=29 in the ground state).
A: There are 29 electrons in copper in its ground state. It
has an inner Ar shell which has 18 electrons:
The remaining 11 electrons must
be distributed inside the 3d and 4s orbitals. The two
possible configurations are
and
According to Hund’s rule, the lowest energy
configuration, corresponding to the ground state, is such
that it presents the greatest possible spin value and
greatest orbital momentum. The two configurations
above have the same spin but the second one has greater
orbital momentum. Since the orbital quantum number
for the s orbital is 0 and for d is 2, we can say that Cu
has exhibits the second electronic configuration:
or
which is
illustrated below:

In multi-electron atoms, the electric field experienced by the outer shell
electrons does not correspond to the electric field from the entire positive
nuclear charge because other electrons in inner shells screen this electric
field from the nucleus. This is why outer shell electrons do not experience a
full nuclear charge Z (the atomic number), but rather an effective charge Z*
which is lower than Z. Values of the effective nuclear charge Z* for the first
ten elements are listed in Table 2.2.
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Let us consider an example of electronic configuration in the multielectron atom of Si. As shown in Fig. 2.6, ten of the fourteen Si-atom
electrons (two in the 1s orbital, two in the 2s orbital, and six in the 2p
orbital) occupy very low energy levels and are tightly bound to the nucleus
of the atom. The binding is so strong that these ten electrons remain
essentially unperturbed during most chemical reactions or atom-atom
interactions. The combination of the ten-electron-plus-nucleus is often being
referred to as the “core” of the atom. On the other hand, the remaining four
Si-atom electrons are rather weakly bound and are called the valence
electrons because of their strong participation in chemical reactions. As
emphasized in Fig. 2.6, the four valence electrons occupy four of the eight
allowed states belonging to the 3s and 3p orbitals.
The electronic configuration in the 32-electron Ge-atom (germanium
being the next elemental semiconductor in column IV of the periodic table)
is essentially identical to the Si-atom configuration except that the Ge-core
contains 28 electrons.
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2.5. Bonds in solids
2.5.1. General principles
When two atoms are brought to a separation of a small distance, the valence
electrons interact with each other and with the neighbors’ positively charged
nucleus. As a result, a bond between the two atoms forms, producing for
example a molecule. The formation of a bond means that the energy of the
system of two atoms together must be less than that of the two atoms kept
apart, so that the formation of the pair or the molecule is energetically
favorable. Let us view the formation of a bond in more detail.
As the two atoms approach each other, they are under attractive and
repulsive forces from each other as a result of mutual electrostatic
interactions. At most distances, the attractive force dominates over the
repulsive force. However, when the atoms are so close that the individual
electron shells overlap, there is a very strong electron-to-electron shell
repulsion, called core repulsion, that dominates. Fig. 2.7 shows the interatomic interaction energy with the distance between atoms r. A negative
value corresponds to an attractive interaction, while a positive value stands
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for a repulsive one. The resulting interaction is the sum of the two and has a
minimum at an equilibrium distance which is reached when the attractive
force balances the repulsive force. This equilibrium distance is called the
equilibrium separation and is effectively the bond length. The energy
required to separate the two atoms represents the cohesive energy or bond
formation energy or simply bond energy (also shown in Fig. 2.7).

Similar arguments also apply to bonding between many more atoms,
such as the billions of atoms found in a typical macroscopic solid. Even in
the presence of many interacting atoms in a solid, we can still identify a
general potential energy curve U(r) per atom similar to that one shown in
Fig. 2.7. Although the actual details will change from material to material,
the general concepts of bond energy
per atom and equilibrium
interatomic separation will still be valid. These characteristics determine
many properties of solids such as for example the thermal expansion
coefficient, elastic moduli.
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Example
Q: For a face-centered cubic lattice as an inert gas solid at
low temperature, the cohesive energy can be expressed

where r is the distance between nearest neighbors and
is a constant of the crystal. Determine the lattice
constant a of the lattice.
A: The equilibrium distance r is given by the minimum of
the cohesive energy, which can be calculated by taking
the derivative of the function U with respect to r:

which yields
Since we are considering a facecentered cubic lattice, the nearest neighbor distance is
such that

Therefore, the lattice constant is

2.5.2. Ionic bonds
When one atom completely loses a valence electron so that the outer shell of
a neighboring atom becomes completely filled, a bond is formed which is
called ionic bond. The coulombic attraction between them is at the origin of
the ionic bonding. The CuCl and NaCl salts are classic examples of a solid
in which the atoms are held together by ionic bonding. Ionic bonding is
frequently found in materials that normally have a metal and a nonmetal as
the constituent elements. For example, Fig. 2.8 illustrates the CuCl structure
with valence electrons shifted from Cu atoms to Cl atoms forming negative
ions and positive
ions. Another example of ionic bonds in crystals is
NaCl crystal shown in Fig. 2.9.
The energy required to take solid NaCl apart into individual Na and Cl
atoms is the cohesive energy, which is 3.15 eV per atom. The attractive part
of Fig. 2.7 can be estimated from the sum of the coulombic potential
energies between the ions (see Problem 8).
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Example
Q: Calculate the total coulombic potential energy of a
ion in a CsCl crystal by only considering the nearest
neighbors of
A: The structure of the CsCl crystal is body-centered cubic.
One
ion (at the center of the cube) therefore has 8
nearest
neighbors (at the corners of the cube). Since
the lattice constant for CsCl is a=4.11 Å, the distance
between a
and one of its
neighbors is
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Many other solids consisting of metal-nonmetal elements have ionic
bonds. They are called ionic crystals and, by virtue of their ionic bonding
characteristics, share many similar physical properties. For example, LiF,
MgO (magnesia), CsCl, and ZnS are all ionic crystals; they are strong,
brittle materials with high melting temperatures compared to metals. Most
become soluble in polar liquids such as water. Since all the electrons are
within the rigidly positioned ions, there are no free electrons to move around
by contrast to metals. Therefore, ionic solids are typically electrical
insulators. Compared to metals and covalently bonded solids, ionicly
bonded solids also have poor thermal conductivity.

2.5.3. Covalent bonds
Two atoms can form a bond with each other by sharing some or all of their
valence electrons and thereby reducing the overall energy. This is in contrast
with a ionic bond because the electrons are shared rather than lost by an
atom and given to another one. This concept comes purely from quantum
physics and has no simple classical analogue. Nevertheless, it still results in
the same basic principles as those shown in Fig. 2.7, i.e. there is a minimum
in the total potential energy at the equilibrium position
Covalent bonds are very strong in solids. Fig. 2.10 shows the formation
of a covalent bond between atoms in crystalline Si, which has the diamond
structure with eight atoms per cubic unit cell. Each Si shares 8 electrons
with its neighbors as shown in Fig. 2.10. There is an electron cloud in the
region between atoms equivalent to two electrons with opposite spins.
In the structure of diamond, a C atom also shares electrons with other C
atoms. This leads to a three-dimensional network of a covalently bonded
structure as shown in Fig. 2.11. The coordination number (CN) is the
number of nearest neighbors for a given atom in the solid. As it is seen in
Fig. 2.11, the coordination number for a carbon atom in the diamond crystal
structure is four, as discussed in Chapter 1.
Due to the strong Coulomb attraction between the shared electrons and
the positive nuclei, the covalent bond energy is the strongest of all bond
types, leading to very high melting temperatures and very hard solids:
diamond is one of the hardest known materials. Covalently bonded solids
are also insoluble in nearly all solvents. The directional nature and strength
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of the covalent bond also make these materials non-ductile (or
nonmalleable). Under a strong force, they exhibit brittle fractures.
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2.5.4. Mixed bonds
In many solids, the bonding between atoms is generally not just of a certain
type but rather is a mixture of bond types.
We know that bonding in silicon is totally covalent, because the shared
electrons in the bonds are equally attracted by the neighboring positive ion
cores and are therefore equally shared. However, when there is a covalent
type bond between two different atoms, the electrons become unequally
shared because the two neighboring ion cores are different and hence have
different electron-attracting abilities. The bond is no longer purely covalent
but has some ionic character, because the shared electrons are more shifted
toward one of the atoms. In this case a covalent bond has an ionic
component and is generally called a polar bond. Many technologically
important semiconductor materials, such as Ill-V compounds (e.g., GaAs,
InSb, and so on), have polar covalent bonds. In GaAs, for example, the
electrons in a covalent bond are closer to (i.e. more probably found near) the
As ion core than the Ga ion core. This example is shown in Fig. 2.12.

In ceramic materials, the type of bonding may be covalent, ionic, or a
mixture of the two. For example, silicon nitride
magnesia (MgO),
and alumina
are all ceramics but they have different types of
bonding:
has covalent, MgO has ionic, and
has a mixture of
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ionic and covalent bondings. All three are brittle, have high melting
temperatures, and are electrical insulators.

2.5.5. Metallic bonds
Atoms in a metal have only a few valence electrons, which can be readily
removed from their shells and become collectively shared by all the ions
they thus leave. The valence electrons therefore become delocalized and
form an electron gas or electron cloud, permeating the space between the
ions, as depicted in Fig. 2.13. The attraction between the negative charge of
this electron gas and the metal ions forms the bonding in a metal. However,
the presence of this electron cloud also adds a repulsive force to the
bonding. Nevertheless, overall, Fig. 2.7 is still valid except that the cohesive
energy is now lower in absolute value, i.e. it is easier in many cases to “pull
apart” metal regions.

This metallic bond is non-directional (isotropic). Consequently, metal
ions try to get as close as possible, which leads to close-packed crystal
structures with high coordination numbers, compared to covalently bonded
solids. “Free” valence electrons in the electron gas can respond readily to an
applied electric field and drift along the force of the field, which is the
reason for the high electrical conductivity of metals. Furthermore, if there is
a temperature gradient along a metal bar, the free electrons can also
contribute to the energy transfer from the hot to the cold regions. Metals
therefore also have a good thermal conductivity too.

2.5.6. Secondary bonds
Since the atoms of inert elements (column VIII in the periodic table) have
full shells and therefore cannot accept any extra electron nor share any
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electron, one might think that no bonding is possible between them.
However, a solid form of argon does exist at low temperatures, below
-189 °C, which means that there must be some type of bonding mechanism
between the Ar atoms. However, the bond energy cannot be high since the
melting temperature is low.
A weak type of attraction that exists between neutral atoms and
molecules involves the so-called van der Waals force, which is the result of
the electrostatic interaction between the electrons of one atom and the
positive nucleus of the other. To understand this concept, we must first
introduce the notion of an electric dipole moment.
An electric dipole occurs whenever there is a separation between a
negative and a positive charge of equal magnitude Q, as shown in Fig.
2.14(a). A dipole moment is defined as a vector
where
is a
distance vector from the negative to the positive charge. A dipole moment
can either be permanent or induced by an electric field. In the later case, the
atom or molecule in which a dipole moment appears is said to be polarized
by the external electric field.
When an electric dipole is placed in an external electric field strength
it will experience both a torque and a force
(unless the external
electric field is uniform in space) as a result of the electrostatic forces
exerted on each charge by the electric field, which is depicted in Fig. 2.14(b)
and (c). In a uniform field, the torque will simply try to rotate the dipole to
line up with the field, because the charges +Q and -Q experience similar
magnitude forces in opposite directions. In a non-uniform field, the net force
F experienced by the dipole tries to move the dipole toward stronger field
regions. This force will depend on both the orientation of the dipole and the
spatial gradient of the field.
Moreover, a dipole moment creates an electric field
of its own
around it as shown in Fig. 2.14(d), just as a single charge does. Therefore, a
dipole can interact with another dipole as shown in Fig. 2.14(e). This
interaction is at the origin of the van der Waals force and the van der Waals
bond. This bond is very weak and its magnitude drops rapidly with distance.
Fig. 2.7 is nevertheless still valid, but with a much smaller cohesive energy.
The bond energy of this type is at least an order of magnitude lower than
that of a typical ionic, covalent, and metallic bonding. This is why inert
elements such as Ne and Ar solidify at temperatures below 25 K (-248 °C)
and 84 K (-189 °C), respectively.
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In some solids, a van der Waals force may dominate in one direction,
while an ionic and/or covalent bond dominates in another. Several solids
may therefore have dominant cleavage planes perpendicular to the van der
Waals force directions. Moreover, many solids that we say are mostly ionic
or covalent may still have a very small percentage of van der Waals force
present too.
There is a special class of van der Waals bond, called the hydrogen
bond, in liquids and solids where the attraction between atoms or molecules
appears through shared proton. Fig. 2.15 shows the hydrogen bond in the
molecule. Such a molecule has a permanent dipole moment. Each
proton in a molecule can form a bond with the oxygen in two other
molecules. This dipole-dipole interaction keeps water molecules together in
liquid water or solid ice.
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The greater the energy of the bond is, the higher the melting temperature
of the solid is. Similarly, stronger bonds lead to greater elastic moduli and
smaller expansion coefficients.

2.6. Introduction to energy bands
So far, we have considered the concepts associated with the formation of
bonds between two atoms. Although these concepts are important issues in
semiconductor materials, they cannot explain a number of semiconductor
properties. It is necessary to have more detailed information on the energies
and the motion of electrons in a crystal, as well as understand the electron
collision events against imperfections of different kinds. To do so, we must
first introduce the concept of energy bands. The formation of energy bands
will be discussed in more detail in Chapter 4 using a quantum mechanical
formalism. However, for the moment, these can be conceptually understood
by considering a simple example.
The electronic configuration in an isolated Si atom is such that ten of its
fourteen electrons are tightly bound to the nucleus and play no significant
role in the interaction of this Si atom with its environment, under all familiar
solid state device conditions. By contrast, the remaining four valence
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electrons are rather weakly bound and occupy four of the eight allowed
energy states immediately above the last core level. For a group of N
isolated Si atoms, i.e. far enough apart so that they are not interacting with
one another, the electronic energy states of their valence electrons are all
identical.
When these N atoms are brought into close proximity, to form
crystalline Si for example, the energy levels for the outer electrons are
modified as shown in Fig. 2.16(b). Exactly half of the allowed states become
depressed in energy and half increase in energy, as a result of the Pauli
exclusion principle. Moreover, this perturbation does not leave the energy
levels sharply defined but spread them into bands instead. Two bands of
allowed electronic energy states are thus formed, as shown in Fig. 2.16(b),
which are separated by an energy gap, i.e. an energy region forbidden for
electrons where there is no allowed electronic energy state.
At very low temperatures, the electrons fill the low-energy bands first.
Completely filled bands are called valence bands. The upper bands, which
are not completely filled or in most cases empty, are called the conduction
bands. The energy gap between the highest energy level in the valence
bands and the lowest energy level in the conduction bands is called bandgap.
It should be noted that the band electrons in crystalline silicon are not
tied to or associated with any one particular atom. On average, one will
typically find four valence electrons being shared between any given Si
atom and its four nearest neighbors (as in the bonding model). However, the
identity of the shared electrons changes as a function of time, with the
electrons moving around from point to point in the crystal. In other words,
the allowed electronic states or bands are no longer atomic states but are
associated with the crystal as a whole, independent of the point examined in
a perfect crystal. An electron sees the same energy states wherever it is in
the crystal.
We can therefore say that, for a perfect crystal under equilibrium
conditions, a plot of the allowed electron energies versus distance along any
pre-selected crystalline direction (x) is as shown in right hand part of Fig.
2.16(a). This plot is the basic energy band model.
introduced in Fig.
2.16(a) is the lowest possible conduction band energy,
is the highest
possible valence band energy, and
is the bandgap. A more
detailed consideration of the bands and electron states will be given in
Chapter 4.
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2.7. Summary
In this Chapter, the electronic structure of atoms and its implications on the
bonding and the formation of energy bands in solids have been presented.
Early experiments conducted on even the simplest atom, that of hydrogen,
showed that classical mechanics was insufficient and that a new theory,
called wave or quantum mechanics was necessary in order to understand the
observed physical phenomena.
The notion of electron density function and the Bohr radius have been
introduced. The concepts of atomic orbitals and quantum numbers to
identify the allowed discrete energy levels for electrons in an atom have
been discussed. The nature of the bonding between atoms in a solid, be it
ionic, covalent, mixed, metallic or secondary, has been described by taking
into account the interaction of electrons in the higher energy levels in the
atoms in presence. Finally, the formation of energy bands and the concept of
conduction and valence bands have been introduced through the interaction
of multiple atoms.
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Problems
1. The size of an atom is approximately
To locate an electron
within the atom, one should use electromagnetic radiation of wavelength
not longer than,
What is the energy of photon with such a
wavelength (in eV)?
2. What were the two bold postulates made by Bohr that allowed him to
derive an equation for the energies of the electron in a hydrogen atom?
3. Write and explain the meaning of the equation relating the energy and
frequency of radiation. What is the constant in it called?

4 . What does the term Bohr radius mean?
5 . An exciton is a hydrogen atom-like entity encountered in advanced
semiconductor work. It consists of an electron bound to a +q charged
particle (a hole) of approximately equal mass. Bohr atom results can be
used in computing the allowed energy states of the exciton provided the
reduced mass,

replaces the electron mass in the

Bohr atom formulation. In addition, the distance between the
components of the exciton is always such that there are intervening
semiconductor atoms. Thus
in the Bohr formulation must also be
replaced by
where
is the semiconductor dielectric constant.
Using
determine the ground state (n=l) energy of an exciton in
Si.
6. State the quantum numbers for each of the following orbitals: 1s, 2s, 2p,
4d,4f.
7. What is Hund’s rule? Show how it is used to specify in detail the
electron configurations of the elements from Li to Ne.
8. The
ion is an one-electron system similar to hydrogen, except that
Z=2. Calculate the wavenumbers for the first lines in each of the three
spectroscopic series corresponding to those discussed for the hydrogen
atom.
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9. Consider the van der Waals bonding in solid argon. The potential energy
as a function of interatomic separation can generally be modeled by the
Lennard-Jones 6-12 potential energy curve, that is,
where A and B are constants. Given that
and
calculate the bond length and bond energy (in
eV) for solid argon.
10. Calculate the total coulombic potential energy of a
in a NaCl crystal
by considering only up to the fourth nearest neighbors of
The
coulombic potential energy for two ions of opposite charges separated
by a distance r is given by

11. The interaction energy between
be written as

and

ions in the NaCl crystal can

where the energy is given in joules per ion pair, and the interionic
separation r is in meters. The numerator unit of the first term is Jm and
the second term is
Calculate the binding energy and the equilibrium
separation between the
and
ions.
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3.1. The quantum concepts
In Chapter 2 we saw that classical mechanics was incapable of explaining
the optical spectra emitted by atoms, or even the existence of atoms. Bohr
developed a model for the atom of hydrogen by assuming the quantization
of the electromagnetic field, which was an introduction to wave or quantum
mechanics. Quantum mechanics is a more precise approach to describe
nearly all physical phenomena which reduces to classical mechanics in the
limit where the masses and energies of the particles are large or
macroscopic.
In this section, we will illustrate the success of quantum mechanics
through the historically important examples of blackbody radiation, waveparticle duality, the photoelectric effect, and the Davisson and Germer
experiment.
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3.1.1. Blackbody radiation
As introduced in Chapter 2, a blackbody is an ideal source of
electromagnetic radiation and the radiated power dependence was depicted
as a function of wavelength in Fig. 2.3 for several temperatures of the
blackbody.
When the temperature of the body is at or below room temperature, the
radiation is mostly in the infrared spectral region, i.e. not detectable by the
human eye. When the temperature is raised, the emission power increases
and its peak shifts toward shorter wavelengths as shown in Fig. 2.3. Several
attempts to explain this observed blackbody spectrum were made using
classical mechanics in the latter half of the 19th century, and one of the most
successful ones was proposed by Rayleigh and Jeans.
In their classical model, a solid at thermal equilibrium is seen as
consisting of vibrating atoms which are considered harmonic electric
oscillators which generate standing waves, or modes, through reflections
within the cavity. A continuous spectrum of vibrational mode frequencies
where denotes the velocity of light and the wavelength of
the oscillations. These atomic vibrations cause the emission of
electromagnetic radiation in a continuous frequency range too. To determine
the power radiated, one has to first determine the energy distribution for
each frequency. According to the classical law of equipartition of energy,
the average energy per degree of freedom for a blackbody in equilibrium is
equal to
where is the Boltzmann constant
and T
the absolute temperature in degrees K. The number of modes per unit
volume is the number of degrees of freedom for an electromagnetic
radiation.
To calculate this number, a simple model can be used which involves
propagating waves in a rectangular box. Only certain frequencies of waves
are allowed as a result of boundary conditions at the limits of the box. In
addition, there are two possible polarization directions for the waves,
corresponding to what are called “TE” and “TM” propagation modes. The
total number of modes per unit volume and per unit frequency interval is
Therefore, the distribution of energy radiated by a blackbody per
unit volume and per unit frequency interval is
Considering that this energy is radiated at the speed of light, and by
expressing this distribution in terms of wavelength, we get the distribution
of power radiated per unit area and per unit wavelength interval as:
Both expressions

and

are called the
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Rayleigh-Jeans law. This law is illustrated by a dashed line in Fig. 2.3 for
T=2000 K. It shows that this classical theory was in reasonably good
agreement with experimental observations at longer wavelengths. However,
over the short-wavelength portion of the spectrum, there was significant
divergence between experiment and theory, which was due to the choice of
the classical law of equipartition of energy. This came to be known as the
“ultraviolet catastrophe” because the integration of the Rayleigh-Jeans law
over all frequencies or wavelengths would theoretically lead to an infinite
amount of radiated power.
These experimental observations could thus not be explained until 1901
when Max Planck provided a detailed theoretical explanation of the
observed blackbody spectrum by introducing the hypothesis that the atoms
vibrating at a frequency v in a material could only radiate or absorb energy
in discrete or quantized packages proportional to the frequency:

where n is an integer used to express the quantization, h is Planck’s
constant and
is the reduced Planck’s constant, obtained by matching
theory to experiment and is called Planck’s constant. This also means that
the energy associated with each mode of the radiated electromagnetic field
at a frequency v did not vary continuously (with an average value kT), but
was an integral multiple of hv . Planck then made use of the Boltzmann
probability distribution to calculate the average energy associated with each
frequency mode. This Boltzmann distribution states that the probability for a
system in equilibrium at temperature T to have an energy E is proportional
to
and can be expressed as:

since the total probability after summation over all possible values of E
has to be unity. Taking into account the quantization condition in Eq. ( 3.1 ),
the average energy <E> associated with each frequency mode v can thus be
written as:
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Therefore, after multiplying by the number of modes per unit volume
and frequency

we obtain the distribution of energy radiated by a

blackbody at frequency of v in this model:

This expression is found to be in good agreement with experimental
observations. Actually, there is no other physical law which fits experiments
with a higher precision. In the limit of small frequencies, or long
wavelengths, this relation simplifies into the Rayleigh-Jeans law because we
can make the approximation:

We can thus see that the classical equipartition law is no longer valid
whenever the frequency is not small compared with
Moreover, this
expression shows that high frequency modes have very small average
energy.
This example of the blackbody radiation already shows that, for atomic
dimension systems, the classical view which always allows a continuum of
energies is incorrect. Discrete steps in energy, or energy quantization, can
occur and are a central feature of the quantum approach to real life
phenomena.

3.1.2. The photoelectric effect
In 1902, Philipp Lenard studied the emission of electrons from a metal
under illumination. And, in particular, he studied how their energy varied
with the intensity and the frequency of the light.
A simplified setup of his experiment is schematically depicted in Fig.
3.1. It involved a chamber under vacuum, two parallel metal plates on which
a voltage was applied. Light was shone onto a metal plate. The electrons in
it were then excited by this incident light and can gain enough energy to
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leave the metal surface into the vacuum. This was called the photoelectric
effect. These electrons can then be accelerated by the electric field between
the metal plate and reach the opposite plate, thus leading to an electrical
current that can be measured using a sensitive ammeter.

It was known at the time that there existed a minimum energy, called
metal work function and denoted
which was required to have an
electron break free from a given metal, as illustrated in Fig. 3.2. One had to
give an energy
to an electron to be able for it to escape the attraction
of the metal ions.

Example
Q: In the photoelectric effect, the stopping potential
which is the potential required to bring the emitted
photoelectrons to rest, can be experimentally
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determined. This potential is related to the work
function

through:

where

is the

wavelength of the incident photon. For a photon with a
wavelength of
incident on the surface of
lithium, we experimentally find
Determine
the work function of Li.
A: Using the above formula we get:

As his light source, Lenard used a carbon arc lamp emitting a broad
range of frequencies and was able to increase its total intensity a thousandfold. With such a powerful arc lamp, it was then possible to obtain
monochromatic light at various arbitrary frequencies and each with
reasonable power. Lenard could then investigate the photoelectric effect
when the frequency of the incident light was varied. To his surprise, he
found that below a certain frequency (i.e. certain color), no current could be
measured, suggesting that the electrons could not leave the metal any more
even when he increased the intensity of light by several orders of magnitude.
In 1905, Albert Einstein successfully interpreted Lenard’s results by
simply assuming that the incident light was composed of indivisible quanta
or packets of energy, each with an energy equal to hv where h is Planck’s
constant and v is a frequency. He called each quantum a photon. The
electrons in the metal could then receive an energy E equal to that of a
quantum of light or a photon, i.e. E=hv. Therefore, if the frequency v was
too low, such that E=hv was smaller than
the electrons would not have
enough energy to escape the metal plate, independently of how high the
intensity of light was, as shown in Fig. 3.3. However, if the frequency was
high enough, such that E=hv was higher than
electrons could escape the
metal. Albert Einstein won the Nobel Prize in Physics in 1921 for his work
on the photoelectric effect.
It is interesting to know that an American experimental physicist, Robert
Millikan, who did not accept Einstein’s theory, worked for ten years to show
its failure. In spite of all his efforts, he found a rather disappointing result as
he ironically confirmed Einstein’s theory by measuring Planck’s constant to
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within 0.5 %. One consolation was that he did get awarded the Nobel Prize
in Physics in 1923 for his experiments!

3.1.3. Wave-particle duality
The previous discussions on the Bohr atom in Chapter 2, the blackbody
radiation and the photoelectric effect led to the conclusion that the
electromagnetic radiation has a quantum nature because it exhibits particlelike properties.
In 1925, Louis de Broglie conjectured that, since the electromagnetic
radiation had particle-like properties, particles (e.g. electrons) should have
wave-like properties as well. This was called the wave-particle duality. He
postulated that a particle with a momentum p can be viewed as a wave
with a wavelength given by:

This relation establishes the relationship between a particle and a wave
in nature. This concept, as well as the others introduced in the previous
examples, clearly prove that classical mechanics was limited and that a new
theory was required which would take into account the quantum structure of
matter, electromagnetic fields and the wave-particle duality. In 1927 such a
theory was created and called wave or quantum mechanics.
3.1.4. The Davisson-Germer experiment
The first complete and convincing evidence of de Broglie’s hypothesis came
from an experiment that Clinton Davisson and Lester Germer did at the Bell
Laboratories in 1926. Using an electron gun, they directed beams of
electrons onto a nickel crystal plate from where they were then reflected, as
schematically depicted in Fig. 3.4. A sensitive screen, such as a
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photographic film, was put above the nickel target to get information on the
directions in which the electrons reflected most. On it, they observed
concentric circular rings, showing that the electrons were more likely to
appear at certain angles than others. This was similar to a diffraction pattern
and confirmed that these electrons had a wave-like behavior.

Analyzing the resulting pattern and the geometry of the experiment, in
particular the angles of incidence and reflection, they found that the
positions of the rings corresponded to angles such that two waves reflected
from different atomic layers in the crystal were in phase, i.e. had their
phases different by an integer multiple of 360°, as shown in Fig. 3.5(a). The
darkest areas corresponded to the situations when the reflected waves were
out of phase, i.e. their phases were different by an odd integer multiple of
180°, thus canceling each other, as shown in Fig. 3.5(b). By quantifying the
positions of the rings, Davisson and Germer were able to confirm the de
Broglie relation given in Eq. ( 3.3 ).
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3.2. Elements of quantum mechanics
In this section, the essential quantum mechanics formalism and postulates,
and their mathematical treatment will be introduced. Their purpose will be
to provide a general understanding of the behavior of electrons and energy
band structures in solids and semiconductors, as discussed in subsequent
sections.

3.2.1. Basic formalism
The contradictions encountered when applying classical mechanics and
electrodynamics to atomic processes, e.g. processes involving particles of
small masses and at small separation from other particles, could only be
resolved through a fundamental modification of basic physical concepts.
The formalism which enabled the combining of the particle-like and wavelike properties of matter was created in 1920’s by Heisenberg and
Schrödinger and was called quantum mechanics, whose basic formalism and
postulates we will now review.
(1) The state of a system can be described by a definite (in general
complex) mathematical function
called the
wavefunction of the system, which depends on the set of
coordinates (x,y,z) of the quantum system and time t. The
probability that a physical measurement will result in values of the
system coordinates in a volume dxdydz around (x, y, z) at a time t

is given by
(2) The sum of the probabilities of all possible values of coordinates of
the system must be, by definition, equal to unity:

This equation is the normalization condition for the wavefunction.
(3) If
and
are two wavefunctions of the
system, the linear combination
is also a wavefunction of the same system. This statement
constitutes the so-called principle of superposition of states, the
main principle of quantum mechanics. It follows, from this
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principle, that all equations satisfied by wavefunctions must be
linear in
(4)

For any physical quantity, one can associate an operator f which
“acts” on a wavefunction, i.e. differentiates, integrates or simply
multiplies it with another function. An operator has a set or
spectrum of eigenvalues which correspond to the possible values
that the associated physical quantity can take. In classical
mechanics, all physical quantities can have a continuous range of
values. By contrast, in quantum mechanics, there exist quantities
both with a continuous spectrum (for instance the coordinates) and
others with a discrete spectrum of eigenvalues (for instance energy).

(5)

The mean value or expectation value of a physical quantity
represented by an operator f is what is measured experimentally, is
denoted < f > and is given by:

where
is the wavefunction of the system considered
and
stands for complex conjugate.
Examples of physical quantities, their associated operators and
expectation values are given in Table 3.1.

(6) The wavefunction satisfies the equation:
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where
is called the Laplacian and is defined in orthonormal
coordinates in three dimensions by:

is the potential energy of the system considered,
is
Planck’s constant, and i is the complex number such that
Solving this equation fully determines the wavefunctions of the
physical system under consideration. This fundamental equation of
quantum mechanics is called the wave equation or the timedependent Schrödinger equation.
A particular and important case for the Schrödinger equation is that for a
closed system in a time-independent external field. Then, the right hand side
of Eq. ( 3.6 ) does not contain time explicitly. In this case, the states of the
system which are described by the wavefunction
are called
stationary states, and the total energy of the system is conserved (in space
and time). This means that
is constant. From Eq. ( 3.5 ) using the
operator in Table 3.1, we get:

By identification, we find that the following relation must be satisfied:

This means that the wavefunction
is the product of a
function
which solely depends on coordinates and an exponential
function which depends only on time, such that:

Inserting this expression into the Schrödinger equation in Eq. ( 3.6 ) and
eliminating the exponential term on both sides of the equation, we obtain:
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which can be rewritten as:

This last expression is called the time-independent Schrödinger
equation. From now, and in the rest of the text, we will limit our discussion
only to such types of situation. However, we will continue to use the symbol
to denote the wavefunction of the system considered.

3.2.2. General properties of wavefunctions and the Schrödinger
equation
The wavefunctions solution of the Schrödinger equation must satisfy a few
properties, most of which are direct consequences of the mathematical
formalism from which such functions are constructed. The interested reader
is referred to more advanced quantum mechanics textbooks for further
information.
The main property which will be used in the rest of the text is that the
wavefunction and its first derivative must be finite, continuous and singlevalued in all space even if the system under consideration contains a surface
or interface where the potential U(x, y, z) has a finite discontinuity. But, in
the case when the potential becomes infinite beyond this surface, the
continuity of the derivative of the wavefunction does not hold anymore.
This means that a particle cannot penetrate into a region where an infinite
potential exists and therefore that its wavefunction becomes zero there.

3.3. Simple quantum mechanical systems

3.3.1. Free particle
The simplest example of solution of the Schrödinger equation is for a free
particle of mass m and energy E, without external field and thus with a
constant potential energy which can then be chosen to be zero
U(x, y, z) = 0. For further simplicity, we can restrict the mathematical
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treatment to the one-dimensional time-independent Schrödinger equation.
Eq. (3.11 ) can then be simplified to:

The general solution of Eq. ( 3.12 ) is:

where

and

are constants,

is the wavenumber. The

wavefunction of a free particle thus consists of the sum of two plane waves
moving in opposite directions. Replacing the expression of the
wavefunctions into Eq. ( 3.12 ), one obtains:

which has a non zero solution for

only if:

or conversely:

and is plotted in Fig. 3.6. The particle momentum, as defined Eq. (3.3 ),
can be expressed in quantum mechanics as:

The energy of the free particle depends therefore on its momentum as
which is analogous to the case in classical mechanics.
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3.3.2. Particle in a 1-D box
Another simple and important illustration of quantum mechanics concepts
can be obtained by considering a particle whose motion is confined in space.
For simplicity, the analysis will be conducted in one dimension. It involves
a particle of mass m and an energy E which evolves in a potential U(x),
shown in Fig. 3.7.

This potential can be mathematically expressed such that:

In such a potential, the properties of the wavefunctions and Schrödinger
equation lead us to:
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which means that the solution
inside the box has the same
expression as for the free particle in Eq. ( 3.13 ) and can be re-written as the
sum of sin and cos functions for simplification:

but with the boundary conditions:

Expressing these conditions using Eq. (3.13 ), we get, with

Since the wavefunction cannot be identically zero in the entire space, the
following condition must be satisfied:
where n is an integer equal to
Consequently, in contrast to the free particle case, not all values of the
wavenumber k are allowed, but only discrete values are allowed. n can also
be viewed as a quantum number of the system. Using Eq. ( 3.14 ), we can
see that the energy of a particle in a 1-D box is also quantized:

One can see that when
the spacing between the quantized energy
levels tends toward zero and a quasi-continuous energy spectrum is
achieved, as for a free particle. Nevertheless, because the Pauli exclusion
principle cannot be violated, the energy levels remain strictly discrete (this
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is why we talk about a “quasi”-continuous energy spectrum). Combining
Eq. ( 3.19 ) and Eq. (3.21 ), we can write the wavefunction as:

where we have replaced
The value of
can be computed
by substituting this expression into the normalization condition expressed in
Eq. ( 3.4 ). One easily finds that:

so that the complete analytical expression of the wavefunction solution
of the infinite potential well problem is:

These functions consist of standing waves as depicted in Fig. 3.8(b).
One can think of the particle in a 1-D box as bouncing on the walls of the
box. and the probability of finding a particle at x in the box is shown in Fig.
3.8(c).
Example
Q: Find the energy levels of an infinite quantum well that
has a width of
A: The energy levels are given by the expression:
where
This gives numerically:

is the free electron rest mass.
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3.3.3. Particle in a finite potential well
The infinite potential analysis conducted previously corresponds to an
unrealistic situation and a finite potential well is more appropriate. Under
these conditions, the potential in the Schrödinger equation is shown in Fig.
3.9 and mathematically expressed as:
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In such a potential, the properties of the wavefunctions and Schrödinger
equation lead us to:

We see that two distinct cases must be considered when solving this
system of equations. The first one is when
and the other is when
In the case of

can be rewritten as:

by defining:

The general solution to Eq. ( 3.27 ) is then:
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The boundary conditions include the finite nature of
the continuity of

and its first derivative

and
at points x=0

and x=a, which can all be mathematically summarized as:

Utilizing Eq. ( 3.29 ), we obtain:

From these equations, we see that can be easily expressed in terms of
and we thus obtain two equations involving only

A non zero solution for
possible only if:

and

and thus a non zero wavefunction, is
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This condition can be rewritten into:

By introducing the constants:

we can first rewrite Eq. ( 3.28 ) as:

and therefore Eq. ( 3.33 ):

The only variable in Eq. ( 3.36 ) is
and any value that satisfies leads
to a value of E, k,
and thus a wavefunction
solution of the
Schrödinger equation for the finite potential well problem in the case
Eq. ( 3.36 ) is easiest solved graphically. For example, Fig. 3.10 shows a
plot of the two functions on either side of Eq. ( 3.36 ). The intersection
points correspond to values of which satisfy Eq. ( 3.36 ), and the number
of intersection points is the number of bound states (i.e. wavefunction and
energy level) in the finite potential well. In the example depicted in Fig.
3.10, there are two solutions. As the well potential
increases,
increases
as defined by Eq. ( 3.35 ) and thus a higher number of tangent function
branches can be fitted for between 0 and 1 (left hand side of Eq. ( 3.36 )).
Consequently, the number of intersections-solutions for
increases too,
which means that there are more bound states in the well. This is
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schematically shown in Fig. 3.11. This can be understood intuitively
because one can “fit” more bound states as the depth of the well increases.

Because there is only a discrete number of values for
there is also a
discrete number of energy values E, i.e. the energy levels are quantized
similar to the infinite well potential case. In addition, the quantized values of
energy here are found to be lower than those in the infinite well potential
case, as shown with the dashed lines in Fig. 3.11.
In addition to the quantization of energy levels, there is another
important quantum concept illustrated by the finite potential well: the
phenomenon of tunneling. Indeed, a non-zero wavefunction exists in the
regions x<0 and x>a, which means that the probability of finding a particle
there is non zero. In other words, even if a particle has an energy E lower
than the potential barrier
it has a non zero probability of being found
beyond the barrier. This is schematically shown in Fig. 3.12.
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In the case of
the solution of Eq. ( 3.26 ) consists of two types of
plane waves, like the ones given in Eq. ( 3.13 ), for each of the regions
defined by Eq. ( 3.24 ). The two plane waves have different wavenumbers k.
The boundary conditions include the continuity of the wavefunction
and its first derivative

at points

and

Along with the

normalization condition expressed in Eq. ( 3.4 ), one can analytically
determine the wavefunction. This analysis would lead to the same result as
for a free particle, that is there is a continuum of energy states
allowed.
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3.4. Reciprocal lattice
In previous sections, we have introduced a wavenumber k to describe energy
states in a crystal. This wavenumber has the dimension of an inverse
distance and is related to the crystal momentum via Planck’s constant. So
far, the analysis was restricted to one dimension. Before moving to a threedimensional description, we need to introduce the concept of reciprocal
lattice or momentum space.
The motivation for developing this concept is to provide a space in
which the wavenumber can evolve, just as the position coordinates (x,y,z)
evolve in real space. The utility of the reciprocal lattice goes even beyond,
as it is constantly used when describing wave diffraction phenomena, e.g. xray or electron wave diffraction. In this section, we will briefly discuss how
to construct this lattice from the real space lattice.
It is mathematically known that any periodic function can be expanded
into a Fourier series or sum. In a crystal lattice, all physical quantities have
the periodicity of the lattice, in all directions. Let us consider such a physical
quantity and denote it as
From now, we will use a three-dimensional
formalism. This function can be expanded into a Fourier series:

where the vector
is used to index the summation and the Fourier
coefficients
This vector has the dimension of an inverse distance
and can take any continuous value and direction. Let us now express that the
function
is periodic by calculating its value after displacement by a
lattice vector

which becomes:

Eq. ( 3.39 ) has to be satisfied for any given function which is periodic
with the periodicity of the lattice. This can be satisfied if and only if:
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or:

for any lattice vector
( 3.40 ) is the major relation which allows
us to introduce the so-called reciprocal lattice in which evolve the vectors
What follows next is a pure mathematical consequence of Eq. ( 3.40 )
which is equivalent to:

where
is an integer. Using the expression for
Eq. ( 1.1 ) of Chapter 1, we obtain:

from

where
and are arbitrary integers which come from the choice of
the vector
Because the sum of three terms is an integer if and only if
each term itself is integer, Eq. ( 3.42 ) leads us to:

Here,

is not related to Planck’s constant.

Let us now define three basis vectors
in order to express in
the same way as we did it for real lattice vectors in Eq. ( 1.1 ) of Chapter 1.
These basis vector define what we call the reciprocal lattice. Any reciprocal
lattice vector
can thus be represented as:

From Eq. ( 3.43 ) and Eq. ( 3.44 ) we have:
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Eq. ( 3.45 ) can be satisfied only when:

Eq. ( 3.46 ) defines the relation between the direct
reciprocal

and

basis lattice vectors, and gives the means to construct
from

These relations are a natural consequence of vector algebra in three
dimensions. The volumes that these basis vectors define in the real and
reciprocal lattices satisfy the relation (see Problems):

The concept of reciprocal or momentum space is extremely important
for the classification of electron states in a crystal. Indeed, there is no sense
in asking where an electron is the crystal because it is everywhere as it
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cannot be realistically differentiated from another one. But there is a
meaning in asking what the momentum of an electron is since this quantity
can be measured. It is also clear that we can work with electron states by
indexing them in reciprocal space.
In the reciprocal lattice we can construct unit cells as we did for the real
lattice in Chapter 1. The construction of the Wigner-Seitz cell in reciprocal
lattice gives the smallest unit cell in k-space called first Brillouin zone (Fig.
1.9).

3.5. Summary
In this Chapter, we have shown the limitations of classical mechanics and
the success of quantum mechanics. The basic concepts and formalism of
quantum mechanics have been exposed, including the quantized nature of
the electromagnetic field, the wave-particle duality, the probability of
presence of a particle, the wavefunction, the Schrödinger equation. Simple
quantum mechanical systems have been analyzed to understand these novel
concepts, including an infinite and a finite potential well. Through these, the
major aspects associated with quantum mechanics have been discussed,
including the quantization of energy levels and momenta, and tunneling
effects.
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Problems
1. From the expression of the distribution of energy radiated by a
blackbody Eq. ( 3.2 ), show that the product
is a constant, where
is the wavelength of the peak of distribution at the temperature T (see
Fig. 2.3).
2. What are the de Broglie frequencies and wavelengths of an electron and
a proton accelerated to 100 eV ?
3. Reflection High Energy Electron Diffraction (RHEED) has become a
commonplace technique for probing the atomic surface structures of
materials. Under vacuum conditions an electron-beam is made to strike
the surface of the sample under test at a glancing angle
The
beam reflects off the surface of the material and subsequently strikes a
phosphorescent screen. Because of the wave-like nature of the electrons,
a diffraction pattern characteristic of the first few atomic layers is
observed on the screen if the surface is flat and the material is
crystalline. With a distance between atomic planes of
a glancing
angle of 1°, and an operating de Broglie wavelength for the electrons of
compute the electron energy employed in the technique.

4. (a) Confirm, as pointed out in the text, that
for all energy states
of a particle in a 1-D box.
(b) Verify that the normalization factor for wavefunctions describing a
particle in a 1-D box is
5. In examining the finite potential well solution, suppose we restrict our
interest to energies where
and permit a to become very
large such that
Present an argument which concludes
that the energy states of interest will be very closely approximated by
those of the infinitely deep potential well.
6. Let
be a basis lattice vectors for a direct lattice and
be the basis lattice vectors for the reciprocal lattice defined by
Eq. ( 3.47 ). Prove that the volume defined by these vectors are related
by:

4. Electrons and Energy Band Structures in
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4.1. Introduction
In Chapter 3, we showed introduced quantum mechanics as the proper
alternative to classical mechanics to describe physical phenomena,
especially when the dimensions of the systems considered approach the
atomic level. The concepts we learned will now be applied to describe the
physical properties of electrons in a crystal. In the process, we will make use
of the simple quantum mechanical systems which were mathematically
treated in the previous Chapter.
This will lead us to the description of a very important concept in solid
state physics: that of energy band structures.
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4.2. Electrons in a crystal
So far, we have discussed the energy spectrum of an electron in an atom,
and more generally in a one-dimensional potential well. Modeling an
electron in a solid is much more complicated because it experiences the
electrostatic combined potential from all lattice ions and all other electrons.
Nevertheless, the total potential acting on electrons in a solid shares the
symmetry of the lattice, and thus reflects the periodicity of the lattice in the
case of a crystal. This simplifies the mathematical treatment of the problem
and allows us to understand how their energy spectrum, wavefunctions and
other dynamic characteristics (e.g. mass) of electrons in a solid are modified
from the free particle case.

4.2.1. Bloch theorem
The Bloch theorem provides a powerful mathematical simplification for the
wavefunctions of particles evolving in a periodic potential. The solutions of
the Schrödinger equation in such a potential are not pure plane waves as
they were in the case of a free particle (Eq. ( 3.13 )), but are waves which
are modulated by a function having the periodicity of the potential or lattice.
Such functions are then called Bloch wavefunctions and can be expressed
as:

where

is the wavenumber vector (in three dimensions) or wavevector

of the particle,
its position, and
a space-dependent amplitude
function which reflects the periodicity of the lattice:

The expression in Eq. ( 4.1 ) means that the Bloch wavefunction is a
plane wave, given by the exponential term in Eq. ( 4.1 ), which is modulated
by a function with a period of the crystal lattice. An illustration of this is
shown in Fig. 4.1 in the one-dimensional case.
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Combining Eq. ( 4.1 ) and Eq. ( 4.2 ) leads us to:

for any period vector, i.e. direct lattice vector . In a one-dimensional
case, d being the period of the potential or lattice, this can be written as:

This shows that the wavefunction is the same for two values of k which
differ by integral multiples of
allowed values of k to

We can therefore restrict the range of

102

Fundamentals of Solid State Engineering

Another important consequence of the Bloch theorem is for non-infinite
crystals. In this case, it is common to use the periodic boundary conditions
for the Bloch wavefunction, i.e. the wavefunction is the same at opposite
extremities of the crystal. Assuming a linear periodic chain of N atoms
(period d), the periodic boundary condition can be written as:

which means that:

or:

where n is an integer. Since we restricted the range of k between
and

n can only take integer values between

and

There are

thus only N distinct values for n and thus k.

4.2.2. One-dimensional Kronig-Penney model
In addition to the Bloch theorem which simplified the wavefunction of a
particle, a simplification of the periodic potential is often considered and is
referred to as the Kronig-Penney model. We will continue with the onedimensional formalism started in the previous paragraph. Note that in the
Kronig-Penney model, the crystal is assumed to be infinite. In this model,
the real crystal potential experienced by an electron and shown in Fig. 4.2(a)
is approximated by the one depicted in Fig. 4.2(b).
The Kronig-Penney model partially utilizes the results from the finite
potential well problem discussed in sub-section 3.3.3 and the same notations
have therefore been used in Fig. 4.2(b). The analysis will first be conducted
locally, in the region —b<x<a, where the potential can be approximated by
Eq. ( 3.25 ) except that there is a new limit for x.
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The wavefunction solution of the Schrödinger equation thus has two
distinct components,
and
in different regions of space which
must satisfy:

by defining:

The general solution to Eq. ( 4.8 ) can be expressed as:
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with the understanding that
and
become
respectively, when
is imaginary.
The boundary conditions include the continuity of
derivative

and
and its first

at point x=0, and the periodicity condition of the

wavefunction expressed through the Bloch theorem in Eq. ( 4.4 ) between
points x=a and x=-b:

Utilizing Eq. ( 4.10 ), we obtain:

which can be simplified by expressing

and

in terms of

and

This system of two equations with two unknowns has a non-zero
solution (i.e.
and
not both zero) if the determinant of the system is
zero (for more details on the mathematics, the reader is referred to any
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introductory book on linear algebra). This means that the product of the first
bracket in the top equation by the second bracket in the bottom equation,
minus the product of the second bracket in the top equation by the first
bracket in the bottom equation is zero:

or after simplification:

Using the same constants as in Eq. ( 3.34 ), we can rewrite Eq. ( 4.9 ) as:

Therefore, Eq. ( 4.15 ) can be simplified into:

In these equations, the only variable in the right hand side functions is
the energy E, while the only variable in the left hand side is the wavenumber
k. Similar to the finite potential well case, a solution in
of Eq. ( 4.17 )
allows us to determine the values of the energy as well as the wavefunctions
(after normalization).
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4.2.3. Energy bands
In the Kronig-Penney model, the crystal is assumed to be infinite. Therefore,
the periodic boundary condition of the Bloch wavefunction is unnecessary
and the wavenumber k can take a continuous range of values and is real (i.e.
not complex). Eq. ( 4.17 ) is most easily solved graphically. The shape of
the right hand side function of Eq. ( 4.17 ), which we will call
can be
visualized in Fig. 4.3.
Only values of
that are between —1 and +1 lead to allowed (real)
values for k. The areas where this occurs are shaded in Fig. 4.3. Because k is
determined through a cosine function, two opposite values of k are possible
for the same value for
. In these shaded areas, there is a continuous
range of values for (or E), corresponding to allowed energy bands. Some
values of , however, occur in non-shaded areas in Fig. 4.3, and are thus
“forbidden”, meaning that there is no possible state corresponding to these
values of energy. Such regions are called forbidden energy gaps. An
illustration of these energy bands is given in Fig. 4.4.
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Furthermore, as we can see from Fig. 4.3, for every given value of k
between
and
, several values of
(thus E) are possible. An
actual plot of the E-k relationship is given in Fig. 4.5 and is called the
energy spectrum, the band diagram or band structure. This type of diagram
is very important in determining the properties of an electron in a crystal.
An noteworthy feature, which is true for real crystals and which is easily
observed in this diagram, is that the slope of the energy band, i.e.
equal to zero at the center (k=0) and extremities
in which k is restricted between

and

is

This diagram,
is often referred to as the

reduced-zone representation, as opposed to the extended-zone representation
which we will now briefly discuss.
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In the extended-zone representation, instead of being restricted between
and
k is allowed to have larger values for higher values of
energy E. This does not change the wavefunction because of the Bloch
theorem. The band diagram is then “unfolded” into the diagram in Fig. 4.6.
For each energy band, the corresponding range of values for k is called a
Brillouin zone.
Finally, in a crystal, the expression
, which corresponded to the
particle momentum in the free particle case
is now referred to
as the quasi-momentum of the electron or the crystal momentum because it
includes the interaction of the electron with the crystal. This explains why
one can add integral multiples of
to the wavenumber without changing
the band structure of the crystal, while this would be meaningless if it was a
particle momentum.
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4.2.4. Nearly-free electron approximation
The Kronig-Penney model discussed previously is not the only method to
determine the band structure in crystals, but it is the simplest and leads to a
complete solution. Many other methods have been developed which can be
ideologically divided into two groups: one that uses the nearly-free electron
method, and the other the tight-binding method. Nevertheless, they all lead
to the same results as they are merely different descriptions of the same
relevant phenomena which we crudely obtained using the Kronig-Penney
model. In this sub-section, we will briefly discuss the principle nearly-free
electron approximation.
This method is based on the assumption that the periodic potential
introduces a small perturbation of the free-electron state., i.e. a perturbation
term is added to the potential energy in the Schrödinger equation,
wavefunctions and energy of the free particle to reflect this effect. Although
these perturbations are small, the mathematical computation results in
significant changes in the energy spectrum of a free electron. The resulting
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band diagram in the extended-zone representation is depicted in Fig. 4.7
(solid line) and compared with that of a free electron (dashed lines). The
discontinuous curve results from the “reflections” that the electron waves
with momenta of
experience at atomic lattice planes, where K
will be known as a reciprocal lattice vector (see section 3.4 for reciprocal
lattice). In the simple cubic lattice,

where d is the lattice

constant. These locations correspond to the boundaries of the Brillouin
zones defined in the previous sub-section.
The energy difference between branches at points
and
and
is the energy gap which appears as a result of the periodic potential in the
lattice. The value of the energy gap depends on the amplitude of the periodic
potential. When the periodic potential reduces to be zero, the energy gaps
close and the spectrum becomes that of a free particle as shown in Fig. 3.6.
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The band diagram can also be plotted in the reduced-zone representation
where the energy spectrum is reduced to the smallest first Brillouin zone of
range

as shown in Fig. 4.8.

4.2.5. Tight binding approximation
The other method commonly used to determine the band structure in a
crystal, the tight-binding approximation, employs atomic wavefunctions as
the basis set for the construction of the real wavefunction of an electron.
When initially isolated atoms with discrete electron energy levels are
brought together and arranged in a lattice with small interatomic distances
(typically
the potential of each atom will be distorted due to the
influence of other atoms. At the same time, the wavefunctions of electrons
from different atoms will overlap, i.e. the probability of presence of
electrons from different atoms will be non zero in the same position in
space. These result in a non zero probability for an electron to escape from
one atom to the nearest neighbor. This causes a broadening of the initially
discrete energy spectrum and creates energy bands of finite width instead. In
other words, an electron does not live at a certain atomic energy level for an
infinite time, but travels from site to site which is equivalent to the
movement of electrons in an energy band.
For the outer valence electrons which are usually of interest to us, the
overlapping of wavefunctions is large, so the width of the energy band
reaches several eV, i.e. is on the order of and even exceeds the spacing
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between the successive energy levels of an isolated atom. For electrons of
the inner atomic shell the level broadening is smaller, so energy levels
remain practically sharp ones. This level broadening is illustrated in Fig. 4.9
and Fig. 4.10.

Bringing atoms together and modifying their energy levels is the
ideology of the “tight binding approximation” because we start from tightly
bound electrons in the atoms, in contrast with the previous nearly-free
electron approximation approach where we began with the free-electron
model and progressed through a periodic potential model. With the tight
binding model we have come to the same picture as that obtained from the
nearly-free electron model.
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4.2.6. Heisenberg uncertainty principle
In the previous discussion, we have derived the wavefunctions of stationary
states from the Schrödinger equation. The real wavefunction of a particle
does not generally correspond to a stationary state but is a linear
superposition of stationary state wavefunctions, each having a different
energy or momentum (Eq. ( 3.14 )). Because the wavefunctions of stationary
states involve an imaginary exponential (see for example Eq. ( 4.1 )), this
linear superposition can be viewed as a Fourier series expansion of the real
wavefunction similar to the following expression in one dimension:

where A(k) would be a Fourier coefficient and k the variable associated
to x. Mathematical Fourier analysis dictates that the variables k and x are not
completely independent. The uncertainties on k and x is defined as
and
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where <x> is the average value of x. Fourier analysis requires that the
uncertainties in k and x are related by:

This is a general mathematical result and, in quantum mechanics, this
translates into the so called Heisenberg uncertainty principle:

These are direct results of the wave-particle duality and of the
probabilistic formalism of the wavefunction of a particle in quantum
mechanics. These express, in particular, that the position and the momentum
of a particle cannot be determined with the same precision, while the energy
cannot be determined at a known time.
The dynamics of a particle in quantum mechanics, e.g. for an electron in
a crystal, has therefore to be analyzed by considering “wavepackets”, i.e. the
sum of plane waves centered around a certain frequency or wavenumber.
This wavepacket can be considered to be analogous to a particle in classical
mechanics with an energy or a momentum.
Example
Q: From the Heisenberg uncertainty principle, estimate the
order of the minimum energy in an atom.
A: The Heisenberg uncertainty principle says that:
where p and x designate the momentum and
position of an electron in the atom, respectively. As the
size of an atom is ~1 Å, we can assume
for the
electron, and therefore determine the minimum value for
. The energy of the electron can be written as:
Using the free electron
rest mass, i.e.

we get:
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4.2.7. Dynamics of electrons in a crystal
The dynamics of electrons in a crystal can now be analyzed by considering
an electron as a wavepacket. We will continued with the one-dimensional
formalism of previous sub-sections.
Assuming that a wavepacket is centered around a frequency
and a
wavenumber k, it can be considered to be moving at a velocity
, called
group velocity, which characterizes the speed of propagation of the energy
that it transports. This velocity is defined by classical wave theory to be:

In quantum mechanics, this would correspond to the velocity of the
electron. From the wave-particle duality, the frequency of the wave is
related to the energy of the particle by
and Eq. ( 4.22 ) thus
becomes:

When an external force F acts on the wavepacket or electron so that a
mechanical work is induced, it changes the energy E by the amount:

where dx is the distance over which the force is exerted during the
interval of time dt. The force F can then be successively expressed as:

or:

after using Eq. ( 4.23 ). On another hand, differentiating Eq. ( 4.23 ) with
respect to time leads to:

116

Fundamentals of Solid State Engineering

or:

Eliminating

in Eq. ( 4.26 ) and Eq. ( 4.27 ), we find:

This expression resembles Newton’s law of motion when rewritten as:

where we have defined m* as:

m* is called the electron effective mass and has a very significant
meaning in solid state physics. Eq. ( 4.29 ) shows that, in quantum
mechanics, when external forces are exerted on the electron, the classical
laws of dynamics can still be used if the mass is changed in the
mathematical expressions for the effective mass of the electron.
Unlike the classical definition of mass, the effective mass is not a
constant but depends on the energy spectrum of the electron. The effective
mass brings into relationship the band structure found in previous subsections and the dynamics of an electron in a solid. This shows how
important it is to determine the band structure in the first place, and that an
electorn in a solid hardly resembles an electron in vacuum.
For example, in the case of a free electron, the energy spectrum was
parabolic (Eq. ( 3.14 )):
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where m is the mass of the electron. Using Eq. ( 4.30 ), the effective
mass can be found to be m* = m , which means that the effective mass of a
free electron is equal to its classically defined mass.
However, when the energy spectrum is not parabolic with respect to the
wavenumber k anymore, as for example depicted in Fig. 4.7, the effective
mass differs from the classical mass. We thus see that the presence of a
periodic potential results in a value of effective mass different from the
classical mass. The effective mass reflects the inverse of the curvature of the
energy bands in k-space (i.e.

Where the bands have a high curvature,

m* is small, while for bands with a small curvature (i.e. almost flat bands)
m* is large.
It is also worth noting that since

can be negative, m* can also be

negative, although it is not interpreted so, as we will see later by considering
holes (sub-section 4.2.10). A negative effective mass means that the
acceleration of the electron occurs in the direction opposite to the external
force exerted on it, as shown in Eq. ( 4.29 ). This phenomenon is possible
because of the wave-particle duality: an electron has wave-like properties
and thus experiences the reflection from lattice planes. Experimentally, if
the momentum given to an electron from an external force is less than the
momentum in the opposite direction given from the lattice (reflection), a
negative electron effective mass will be observed.
Finally, it should also be noted that experiments conducted to measure
the mass of an electron only lead to an estimate of its effective mass, or at
least “components” of it.
Example
Q: Assuming that the energy dispersion of a band in a
semiconductor can be expressed as:
where
Calculate the electron effective mass in
this band, in units of free electron rest mass
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A: We

make

use

of

the

formula:

In units of free
electron mass, we get:

4.2.8. Fermi energy
We have seen so far that the electron energy spectrum in a solid consists of
bands. These bands correspond to the allowed electron energy states. Since
there are many electrons in a solid, it is not enough to know the energy
spectrum for a single electron but the distribution of electrons in these bands
must also be known to understand the physical properties of a solid.
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Similar to the way the electrons fill the atomic orbitals with lower
energies first (Chapter 2), the electrons in a crystal fill the lower energy
bands first, while satisfying the Pauli exclusion principle.
Let us consider a solid where there are m energy levels and n electrons,
at equilibrium. Usually these numbers are extremely large and the number m
of allowed energy levels (taking into account the spin degeneracy) in a solid
is much larger than the number n of electrons (m>>n): for instance, an iron
metal with a volume of
will have approximately
atoms and
electrons. At equilibrium, when no electron is in an excited state (e.g. at the
absolute zero temperature, 0 K), the lowest n energy levels will be occupied
by electrons and the next remaining m-n energy levels remain empty.
If the highest occupied state is inside a band, the energy of this state is
called the Fermi level and is denoted by
That band is therefore only
partially filled. This situation usually occurs for metals and is depicted in
Fig. 4.11(b). In the case of semiconductors, all bands are either full or
empty. The Fermi level thus lies between the highest energy fully filled
band (called valence band) and the lowest energy empty band (called
conduction band), as shown in Fig. 4.11 (a). The energy gap between the
valence band and the conduction band is called the bandgap and is denoted
The location of the Fermi level relative to the allowed energy bands is
crucial in determining the electrical properties of a solid. Metals have a
partially filled free electron band, since the Fermi level lies inside this band,
which makes metals good electrical conductors as the higher energy
electrons can readily be excited into an empty energy state and contribute to
electrical conduction. By contrast, at 0 K, most semiconductors have
completely filled or completely empty electron bands, which means that the
Fermi energy lies inside a forbidden energy gap, and consequently they are
poor electrical conductors at low temperatures. The same can be said about
insulators. Insulators differ from semiconductors in that their energy gap is
much larger than
, where
is
the Boltzmann constant and T is the temperature in degrees K.
4.2.9. Electron distribution function
When the temperature is above the absolute zero, at thermal equilibrium, the
electrons do not simply fill the lowest energy states first. We need to
consider what is called the Fermi-Dirac statistics which gives the
distribution of probability of an electron to have an energy E at temperature
T:
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where
is the Fermi energy and
is the Boltzmann constant. This
distribution is called the Fermi-Dirac distribution and is plotted in Fig. 4.12
for various values of temperatures. This distribution function is obtained
from statistical physics. In this description, the interaction between electrons
is neglected, which is why we often talk of an electron gas.
In fact, a more general formulation of the Fermi-Dirac statistics involves
a chemical potential
instead of the Fermi energy
This chemical
potential depends on temperature and any applied electrical potential. But in
most cases of semiconductors, the difference between
and
is very
small at the temperatures usually considered.

At T=0 K, the Fermi-Dirac distribution in Eq. (4.31 ) is equal to unity
for
and zero for
This means that all the electrons in the crystal
have their energy below
At a temperature T>0 K, the transition from
unity to zero is less sharp. Nevertheless, for all temperatures,
when
To determine the Fermi energy, we must first introduce the concept of
density of states. So far, we have somewhat indexed energy states
individually, each having a certain energy. It is often more convenient to
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index these states according to their energy and determine the number of
states which have the same energy. This lead us to the density of states,
g(E), which is the number of allowed electron energy states (taking into
account spin degeneracy) per unit energy interval around an energy E.
Therefore, the knowledge of the Fermi-Dirac distribution, which tells the
probability of presence of an electron with energy E, and the density of
states, which tells how many electrons are allowed with an energy E,
permits the determination of the distribution of electrons in the energy
bands. The total number of electrons in the solid,
is therefore obtained
by summing the product of the Fermi-Dirac distribution and the density of
states over all values of energy:

where V is the volume of the solid. Because
is embedded into the
function
this equation shows how the Fermi energy can be calculated.
One important parameter for semiconductor devices is the concentration
or density of electrons n in the conduction band. The following discussion
provides a simplified overview of the formalism commonly used for this
parameter, and illustrates well the use of the Fermi-Dirac distribution. A
more detailed analysis will be provided in Chapter 8 which will discuss the
equilibrium electronic properties of semiconductors. Here, the density of
electrons n, with effective mass
, in the conduction band is given by:

where the integration starts from
which is the energy at the bottom of
the conduction band. In a bulk semiconductor, the density of states g(E) in
the conduction band is generally given by (see Chapter 5):

Combining this expression with Eq. ( 4.31 ), the density of electrons
becomes:
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or:

where:

is the effective density of states in the conduction band, and:

is the Fermi-Dirac integral. A more detailed discussion on the effective
density of states and the Fermi-Dirac integral will be given in Chapter 8.
4.2.10. Electrons and holes
We have seen that when the curvature of the E-k energy spectrum is
positive, such as near point O in the bottom band in Fig. 4.8, the electron
effective mass is positive.
However, when the curvature is negative, such as near point
in this
same band, the effective mass of the electron as calculated in sub-section
4.2.7 would be negative. In this case, it is more convenient to introduce the
concept of holes. A hole can be viewed as an allowed energy state that is
non-occupied by an electron in an almost filled band. Fig. 4.13(a) and (b)
are equivalent descriptions of the same physical phenomenon. In Fig.
4.13(a), we are showing the energy states occupied by electrons. In Fig.
4.13(b), we are showing the energy states in the valence band which are
occupied by holes, i.e. vacated by electrons.
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Electrons can move in such a band only through an electron filling this
non-occupied state and thus leaving a new non-occupied state behind. By
doing so, it is as if the vacated space or hole had also moved, but in the
opposite direction, which means that the effective mass of the hole is
therefore opposite that of the electron that would be at that same position, in
other words the effective mass of the hole is positive near point
in Fig.
4.8 and is computed as:

A hole can be viewed as a positively charged particle (energy state
vacated by an electron). Holes participate in the electrical charge transfer
(electrical current) and energy transfer (thermal conductivity).
Let us consider the concept of holes in more details. The probability of
the state k to be occupied by an electron is
. The probability of the
state not to be occupied is the probability to find hole in the state k and can
be written as:

The electrical current from the electrons in the band is:
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where
is the electron velocity at state k, q is the electron charge
(q>0) and the summation is performed over all states with wavenumber k in
the first Brillouin zone. This can be rewritten as:

We can now use the fact that the electron energy spectrum is always
symmetrical, i.e. E(k) = E(–k) , hence
from Eq. ( 4.23 ), and the
sum of velocities over the entire first Brillouin zone is zero. The first sum in
Eq. ( 4.42 ) is thus equal to zero and we obtain:

Therefore, the electrical current in a band incompletely filled with
electrons moving at speed
is equivalent to the current of positively
charged holes moving at speed . We thus see that in a band incompletely
filled with electrons, the electrical current can be represented by flow of
positively charged particles—holes.

4.3. Band structures in real semiconductors
In three-dimensional crystals with three-dimensional reciprocal lattices, the
use of a reduced zone representation is no longer merely a convenience. It is
essential, otherwise the representation of the electronic states becomes too
complex. How then can we display the band structure information from a
three-dimensional crystal, which needs of course four dimensions (E,
and
to describe it? The answer is to make representations of certain
important symmetry directions in the three-dimensional Brillouin zone as
one-dimensional E versus k plots. Only by doing so can we get all the
important information onto a two-dimensional page. Therefore when
looking at an E-k diagram, one is looking at different sections cut out of the
k-space.
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4.3.1. First Brillouin zone of an fcc lattice
The first Brillouin zone of an fcc lattice is shown in Fig. 4.14. Certain
symmetry points of the Brillouin zone are marked. Roman letters are mostly
used for symmetry points and Greek letters for symmetry directions,
specifically the , X, W, K and L points and the directions ,
and .
The following is a summary of the standard symbols and their locations in kspace, with a the side of the conventional cubic unit cell:

Note that there may be several equivalent positions for each of these
points. For example, there are six equivalent X symmetry points, located at
coordinates

and
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Using Miller indices, the symmetry directions can be denoted as:

These notations come from the crystal group theory where they are used
to label the symmetry operation groups at those particular high-symmetry
points and directions. For example,
is the symmetry group at the zone
center

and is isomorphic to the lattice point group.
Example
Q: Determine the coordinates of the L point in the first
Brillouin zone of a face-centered cubic lattice.
A: The first Brillouin of a face-centered cubic lattice with
side a is body-centered cubic with a side equal to

in

the
and directions, as shown in the figure below.
Let us take the point at the center of the first Brillouin
zone. The L point is exactly at the bisection point of
and the lattice point at
are thus:

Its coordinates
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4.3.2. First Brillouin zone of a bcc lattice
Similarly, the first Brillouin zone of a bcc lattice can be described in terms
of its principal symmetry directions as it is shown in Fig. 4.15.

The symmetry points are conventionally represented as , H, P and N
and the symmetry directions as
D,
and G. The various symmetry
points are:

Using Miller indices for the directions:
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4.3.3. First Brillouin zones of a few semiconductors
As discussed in Chapter 1, many semiconductors have the diamond or zinc
blende lattice structures. In these cases, the extrema in the E-k relations
occur at the zone center or lie for example along the high symmetry (or
<100>) and
(or <111>) directions. The important physical properties
involving electrons in a crystal can thus be derived from plots of the allowed
energy E versus the magnitude of k along these high symmetry directions.
Fig. 4.16 depicts the E-k diagrams characterizing the band structures in
Ge (Fig. 4.16(a)), Si (Fig. 4.16(b)), and GaAs (Fig. 4.16(c)).
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The lines shown here represent bands in the semiconductor. The three
lower sets of lines correspond to the valence band, while the upper bands
correspond to the conduction band. Note that the energy scale in these
diagrams is referenced to the energy at the top of the valence band,
is the
maximum valence-band energy,
the minimum conduction-band energy,
and
the bandgap. This is only a conventional choice and the
origin of energy can be chosen elsewhere.
The plots in Fig. 4.16 are two-direction composite diagrams. The <111>
direction is toward point L, the <100> direction is toward point X. Because
of crystal symmetry, the
portions of the diagrams are just the mirror
images of the corresponding
portions. It is therefore standard practice to
delete the negative portions of the diagrams. The left-hand portions
of the diagrams are shorter than the right-hand portions
as
expected from the geometry of Brillouin zone.
Valence band
In all cases the valence-band maximum occurs at the zone center, at k=0.
The valence band in each of the materials is actually composed of three subbands. Two of the bands are degenerate (have the same energy) at k=0,
while the third band is split from the other two. In Si the upper two bands
are almost indistinguishable in Fig. 4.16(b) and the maximum of the third
band is only 0.044 eV below
at k=0.
The degenerate band with the smaller curvature about k=0 is called the
heavy-hole band, and the other with larger curvature is called the light-hole
band. The band maximizing at a slightly reduced energy is called the spinorbit split-off band.
Conduction band
There are a number of sub-bands in each of the conduction bands shown
in Fig. 4.16. These sub-bands exhibit several local minima at various
positions in the Brillouin zone. However—and this is very significant—the
position of the conduction band absolute minimum in k-space, which is the
lowest minimum among all these sub-bands and which is where the
electrons tend to accumulate, varies from material to material.
In Ge the conduction band (absolute) minimum occurs right at point L,
the zone boundary along the or <111> direction in Fig. 4.16(a). Actually,
there are eight equivalent conduction band minima since there are eight
equivalent <111> directions. However, each minimum is equally shared
with the neighboring zone, and there is therefore only a four-fold
degeneracy or a multiplicity of 4. The other local minima in the conduction
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band occurring at higher energies are less populated and are therefore less
important.
The Si conduction band absolute minimum occurs at
from
the zone center along the or <100> direction. The six-fold symmetry of
the <100> directions gives rise to six equivalent conduction band minima
within the Brillouin zone. The other local minima in the Si conduction band
occur at considerably higher energies and are typically not important as they
would only have a negligible electron population unless some very strong
force could activate carriers to these higher extrema or if the temperature is
much higher.
Among the materials considered in Fig. 4.16, GaAs is unique in that the
conduction band minimum occurs at the zone center directly over the
valence band maximum. Moreover, the L-valley minimum at the zone
boundary along the <111> directions lies only 0.29 eV above the absolute
conduction band minimum at
. Even in thermal equilibrium at room
temperature, the L-valley contains a non negligible electron population. The
transfer of electrons from the
to the L-valley results in various
phenomena observed when an electrical field is present and is an essential
feature for some device operations such as in charge-transferred electron
devices (e.g. Gunn diodes, etc...).
Having discussed the properties of the conduction and valence bands
separately, we must point out that the relative positions of the band extreme
points in k-space is in itself an important material property. When the
conduction band minimum and the valence band maximum occur at the
same value of k, the material is said to be direct-gap type. Conversely, when
the conduction band minimum and the valence band maximum occur at
different values of k, the material is called indirect-gap type.
Of the three semiconductors considered, GaAs is an example of a directgap material, while Ge and Si are indirect-gap materials. The direct or
indirect nature of a semiconductor has a very significant effect on the
properties exhibited by the material, particularly its optical properties. The
direct nature of GaAs, for example, makes it ideally suited for use in
semiconductor lasers and infrared light-emitting diodes.

4.4. Band structures in metals
Although this Chapter was primarily devoted to the band structures of
semiconductors, which is of great importance in solid state devices, it would
not be complete without a few words on the band structures of metals. Fig.
4.17 and Fig. 4.18 are examples of electron band structures of two such
metals, aluminum and copper.
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As mentioned earlier in this Chapter, very different behaviors can be
seen between the band structures of metals and semiconductors. First of all,
there is no forbidden energy region (bandgap) in metals. All the energy
range drawn in these diagrams are allowed in metals, which is the most
critical difference between metals and semiconductors. Even at a
temperature of zero K, a metal has a band which is partially filled with
electrons and its Fermi level thus lies within this band. There is no such
distinction as valence and conduction bands as encountered in a
semiconductor.
The band structures in the
and
directions are
nearly the parabolic and are therefore similar to the free electron case.
Electrons in aluminum thus behave almost like free electrons.
The dashed lines in Fig. 4.17 and Fig. 4.18 are the E-k relation for a free
electron. One can see that the band structure in aluminum is very close to
that of free electrons. The energy spectrum of copper has less resemblance
to the free-electron E-k parabolic relation. The major difference between
copper and aluminum is the presence of a number of narrow bands below
in copper. These narrow bands are attributed to the 4d-orbitals of copper
atoms. The presence of these d-orbital-originated bands are a common
feature of most transition metals (such as iron, and nickel) and noble metals
(such as copper, gold and silver). These provide a degree of screening effect
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for electrons. The absence or presence of these d-band electrons is also at
the origin of the gray and red color appearance of aluminum and copper,
respectively. Indeed, when there is a d-band, as in copper, not all the
photons reaching the metal surface are reflected, but those photons with
sufficient energy can be absorbed by the d-electrons. As a result of this
“deficiency” of photons with certain energies, the copper appears red. A
similar explanation is valid for the yellow color of gold.

There are always many nearly-free electrons in metals that contribute to
the electrical and thermal conduction. On the contrary, semiconductors do
not have many free electrons when it is intrinsic (i.e. without impurities),
and carriers must be provided by a processing called doping. The
controllability of the doping level in semiconductors is one of the most
important reason why semiconductors are useful in making electronic and
optoelectronic devices and will be discussed later in this textbook.

4.5. Summary
In this Chapter, using simple quantum mechanical concepts, the energy
states of electrons in a periodic potential, such as the one encountered in a
solid, has been described through the Kronig-Penney model, as well as the
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nearly-free electron and the tight binding approximations. We introduced
the Heisenberg uncertainty principle, as well as the notion of band structure,
bandgap, Bloch wavefunction, effective mass, Fermi energy, Fermi-Dirac
distribution and holes. The band structures for the common semiconductors,
including Si, Ge and GaAs, have been illustrated after first describing the
conventionally used high symmetry points and orientations. The main
features in these band structures have been outlined. For comparison, the
band structures of a few metals, including aluminum and copper, has also
been provided and their main features described as well.
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Problems
1.

The size of an atom is approximately
To locate an electron
within the atom, one should use electromagnetic radiation of wavelength
not longer than,
What is the uncertainty in the electron’s
momentum if we are uncertain about its position by

2. Calculate the coordinates of the high-symmetry point U in Fig. 4.14.
3. Effective mass of electrons in bands. Explain the physical reasons why
electrons in energy bands can behave as if they have different masses.
Derive an expression for the effective mass and explain its significance
in terms of the curvature of the electron bands. Do the electrons actually
have a different mass?

4. Origin of electron bands in materials. Explain how electron energy
bands arise in materials, first beginning your discussion from the free
electron approximation and secondly beginning your discussion from
the tight-binding approximation.
The periodic potential in a one-dimensional lattice of spacing a can be
approximated by a square wave which has the value
at each
atom and which changes to zero at a distance of 0.1a on either side of
each atom. Describe how you would estimate the width of the first
energy gap in the electron energy spectrum.
5. Number of conduction electrons in a Fermi sphere of known radius.
In a simple cubic quasi-free electron metal, the spherical Fermi surface
just touches the first Brillouin zone. Calculate the number of conduction
electrons per atom in this metal.
6. We saw in Eq. ( 4.7 ) that the values for the wavevector k were discrete.
Explain why we can nevertheless depict the E-k relationship in a piececontinuous manner as in Fig. 4.5 and Fig. 4.6.

5. Low Dimensional Quantum Structures
5.1. Introduction
5.2. Density of states (3D)
Direct calculation
5.2.1.
Other approach
5.2.2.
5.3. Two-dimensional structures: quantum wells
Energy spectrum
5.3.1.
5.3.2.
Density of states
5.3.3.
Effect of effective mass
5.4. One-dimensional structures: quantum wires
5.5. Zero-dimensional structures: quantum dots
5.6. Optical properties of 3D and 2D structures
5.6.1.
Absorption coefficient
5.6.2.
Excitonic effects
5.7. Examples of low dimensional structures
5.7.1.
Quantum wires
5.7.2.
Quantum dots
5.8. Summary

5.1. Introduction
In Chapter 3, we have introduced the basic concepts and formalism of
quantum mechanics. In Chapter 4, we have determined the energy spectrum,
or energy-momentum or E-k relations, for electrons in a crystal which
governs their interaction with external forces and fields. Moreover, we saw
that the quantum behavior of particles is best observed in small, typically
nanometer scale (one billionth of a meter or
dimension structures,
as illustrated in the example of a particle in a 1-D box.
In such small structures in a crystal, the motion of an electron can be
confined in one or more directions in space. When only one dimension is
restricted while the other two remain free, we talk about a quantum well);
when two dimensions are restricted, we talk about a quantum wire; and
when the motion in all three dimensions is confined, we talk about a
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quantum dot. In solid state engineering, these are commonly called low
dimensional quantum structures and will be discussed in more detail in this
Chapter.
In the past few decades, recent progress in semiconductor crystal growth
technology has made it possible to control with atomic scale precision the
dimensions of semiconductor structures. There have thus been many
interesting developments and discoveries in the field of low dimensional
quantum structures, in an effort to achieve solid state devices operating at
ever higher speeds and consuming lower power, and exhibiting novel optical
capabilities.

5.2. Density of states (3D)
The concept of density of electronic states, or simply density of states, g(E)
has been briefly introduced in Chapter 4. It corresponds to the number of
allowed electron energy states (taking into account spin degeneracy) per unit
energy interval around an energy E. Most properties of crystals and
especially semiconductors, including their optical, thermodynamic and
transport properties, are determined by their density of states. And one of
the main motivation for considering low dimensional quantum structures is
that the ability to engineer their density of states. In this section, we will
present the calculation of the density of states in a bulk three-dimensional
crystal, which will serve as the basis for that of low dimensional quantum
structures.
An ideal crystal has a periodic structure, which means that it has to be
infinite since a surface would violate its periodicity. However, real crystals
have a finite volume. We saw in section 4.2 that one way to reconcile these
two apparently paradoxical features in crystals was to exclude surfaces from
consideration by using periodic boundary conditions (Born-von Karman).
This allows us to just consider a sample of finite volume which is
periodically repeated in all three orthogonal directions. A very important
consequence of this was the quantization of the wavenumber k of electron
states in a crystal, as expressed through Eq. ( 4.7 ).
The analysis in Chapter 4 was primarily conducted in one spatial
dimension (x) for the sake of simplicity. Here, it will be more appropriate to
consider all three dimensions, i.e. to use

5.2.1. Direct calculation
Let us assume that the shape of the crystal is a rectangular parallelepiped of
linear dimensions
and volume
The periodic
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boundary conditions, similar to Eq. ( 4.5 ), require the electron quantum
states to be the same at opposite surfaces of the sample:

Using the Bloch theorem, this conditions means that:

or:

where
are integers, while
and
are the
wavenumbers in the three orthogonal directions. These are in fact the
coordinates of the electron wavenumber vector or wavevector
Therefore, the main result of the periodic boundary
conditions is that the wavevector
of an electron in a crystal is not a
continuous variable but is discrete. Eq. ( 5.3 ) actually defines a lattice for
the wavevector
and the space in which this lattice exists is in fact the kspace or reciprocal space.
The volume of the smallest unit cell in this lattice is then
From Chapter 1, we know that there is exactly one
lattice point in each such volume, which means that the density of allowed
is uniform and equal to

in k-space. Moreover, from Chapter 4, we

understood that the wavevector was used to index electron wavefunctions
and therefore allowed electron states. The density of electron states per unit
k-space volume is therefore equal to:
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where the extra factor 2 arises from the spin degeneracy of electrons.
Example
Q: Calculate the density of states in k-space for a cubic
crystal with a side of only 1 mm. Is the density of state
in k-space too low?
A: The density of states in k-space is given by:
This
number may look small, but if we compare with the
volume of the first Brillouin zone, we will find that this
density of states is actually very high. For example,, for
a face-centered cubic lattice with a lattice constant of
(e.g. GaAs), the volume of its first
Brillouin
zone
in
k-space
is
given
by:
Therefore, the total number
of

possible states in this first Brillouin zone is:

The density of states g(E) as defined earlier is therefore related to its
counterpart in k-space,

by:

where dE and
are unit interval of energy and the unit volume in kspace, respectively. In order to obtain g(E), one must first know the
relationship, which is equivalent to the E-k relationship in one dimension,
and which gives the number of wavevectors
associated with a given
energy E. This is a critical step because the differences in the density of
states of a bulk semiconductor crystal, a quantum well, a quantum wire and
a quantum dot arise from it.
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For a bulk semiconductor crystal, the electron density of states is
calculated near the bottom of the conduction band because this is where the
electrons which give rise to the most important physical properties are
located. Furthermore, we choose the origin of the energy at the bottom of
this band, i.e.
Extrapolating from the results of Chapter 4, the shape of
the
relationship near the bottom of the conduction band can generally
be considered parabolic:

where k is the norm or length of the wavevector
and
is the
electron effective mass as defined in sub-section 4.2.7. Using this
expression, we can express successively:

When considering orthogonal coordinates, the unit volume in k-space is
defined given by:

which is equal, when using spherical coordinates, to:

Therefore, by replacing into Eq. ( 5.7 ), we get:

Using Eq. ( 5.6 ) to express k in terms of E, and replacing into
Eq. (5.10):
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Now, by replacing into Eq. ( 5.5 ), we obtain successively:

Finally, using Eq. ( 5.4 ), we get:

where a “3D” subscript has been added to indicate that this density of
states corresponding to the conduction band of a bulk three-dimensional
semiconductor crystal. This density of states is shown in Fig. 5.1.
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Note that, if the origin of the energies has not been chosen to be the
bottom of the band
then
would be replaced by

Example
Q: Calculate the number of states from the bottom of the
conduction band to 1 eV above it, for a
GaAs
crystal. Assume the electron effective mass is
in GaAs.
A: The number of states from 0 to 1 eV above the bottom
of the conduction band is obtained by integrating the
three-dimensional
density
of
states
Since the expression for

is

5.2.2. Other approach
A more elegant approach, but more mathematically challenging as well,
to calculating the density of states is presented here. This method will prove
easier when calculating the density of states of low dimensional quantum
structures. The density of states g(E) as defined earlier can be conceptually
written as the sum:
g(E)=2x(number of states which have an energy
which can be mathematically expressed as:

equal to E)
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where the summation is performed over all values of wavevector
since it is used to index the allowed electron states.
is a special even
function, called the Dirac function, and is defined as:

Some of the most important properties of the Dirac function include:

In addition, in crystals of macroscopic sizes the differences between
nearest values of

are small, as they are proportional to

Therefore, in practice, the discrete variable

can be considered as quasi-

continuous. For this reason the summation of a function
allowed states represented by a wavevector
an integration over a continuously variable

The factor

over all

in k-space can be replaced by
such that:

is the volume occupied by a reciprocal lattice point in

k-space. Eq. ( 5.13 ) can therefore be rewritten into:
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found in Eq. ( 5.11 ):
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as a function of

Eq. ( 5.17 ) therefore becomes:

and after the change of variable

Using Eq. ( 5.15 ), and because E>0:

which is the same expression as Eq. ( 5.12 ) for

5.3. Two-dimensional structures: quantum wells
5.3.1. Energy spectrum
A quantum well is formed when the motion of electrons is confined in one
direction (e.g. x), while it remains free to move in the other two directions
(y,z). This situation is most easily achieved by sandwiching a thin and flat
film semiconductor crystal between two crystals of another other
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semiconductor material in such a way that a potential step is achieved, as
shown in Fig. 5.2. The electrons are confined in the region
In the
following discussion, we chose
the potential step, to be finite.

This energy profile is in fact a potential that an electron experiences
when moving through the structure. This is in addition to the crystal periodic
potential of Chapter 4, which will not be brought into the discussion as it is
already taken into account by considering an effective mass for the electron.
The potential in the x-direction is analogous to the case of a particle in a
finite potential well as discussed in sub-section 3.3.3. The height of the
potential barrier is now the difference between the conduction band energies
in the different semiconductors, which is called the conduction band offset
and denoted
The contribution to potential in the y and z directions is
constant and is chosen to be zero, similar to the case of a free particle, as
discussed in sub-section 3.3.1. The total potential can therefore be expressed
as:
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and the time independent Schrödinger equation becomes:

where m* is the electron effective mass. The shape of the potential in
Eq. ( 5 . 2 2 ) implies that the motion in the x-direction and that in the (y,z)plane are independent. It is common practice to use the subscripts
and
to denote the motion and energies for the x-direction and (y,z)-plane
respectively. For example,

is used to denote the position vector in the x

direction and
the position vector in the (y,z)-plane. The total threedimensional wavefunction can therefore be represented by the product of
two functions, one dependent on x alone and the other on (y,z) only,
and the total energy spectrum consists of the
sum of two independent contributions:
Now let us
consider the wavefunctions and energy spectrum in more detail.
(1) In-plane motion
In the (y,z)-plane, the motion of the electron is similar to that of a free
particle discussed in sub-section 3.3.1. The wavefunction
can
therefore be considered to be a plane wave similar to Eq. (3.13 ) and can be
expressed as:

where A is a normalization constant. The energy spectrum in the (y,z)
plane is given by:
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Note that these expressions are correct only for small values of the
momentum such that

where

is a reciprocal lattice vector.

This restriction arises from the fact that we are not considering a completely
free particle, but rather an electron in a crystal. For a more precise
discussion on what happens near a reciprocal lattice vector, the reader may
be referred to the Kronig-Penney model in Chapter 4.
(2) Motion perpendicular to well plane
In the x-direction, the discussion is the same as that of a particle in a
finite potential well conducted in sub-section 3.3.3. Although no analytical
solution was derived, the main results can be summarized as follows.
The set of equations Eq. ( 3.34 ) to Eq. ( 3.36 ) yields the quantized
allowed energy levels
momenta
and extinction coefficients
for
an electron in this potential well, indexed by an integer
And these
quantities must satisfy Eq. ( 3.28 ):

Note that we are now using the effective mass of the electron, m*. The
spacing between consecutive energy levels is on the order of

from

consists of an
Eq. ( 3.22 ). For
the wavefunction
oscillatory function inside the well (0<x<a) and a decaying exponential
outside the well. If needed, this wavefunction can be calculated using
Eq. ( 3.29 ), Eq. (3.31 ) and the values of
and
as illustrated in
Fig. 5.3.
For an electron in a perfect crystal, the quantization of the energy levels
and momenta is significant only when the dimensions of the confining
structure (e.g. a) become on the order of or less than the electron de Broglie
wavelength (Eq. (3.3 )).
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In a real crystal, however, there are defects which introduce
perturbations of the potential periodicity. This results in the broadening of
the initially discrete energy levels, and the magnitude of this broadening can
be estimated to be

where

is a characteristic time between “electron

collisions”, or electron lifetime, which can be understood as the average
duration for an electron between two consecutive encounters with defects. A
detailed discussion on electron collisions is beyond the scope of this
textbook, and the reader is referred to further reading.
In such a situation, the quantization of the energy levels can be resolved
only if the energy spacing between consecutive levels
than the broadening

In other words, the inequality

ensures that the quantized behavior can be observed.

is larger
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5.3.2. Density of states
The total energy spectrum for an electron in a quantum well is given by
considering Eq. ( 5.25 ) and Eq. ( 5.26 ):

where the values of
are continuous, while
is quantized and
indexed by an integer n. Similar to Eq. ( 5.13 ) in sub-section 5.2.2, the
density of states for quasi-two-dimensional electrons in quantum well is the
number of allowed electron energy states (taking into account spin
degeneracy) per unit energy interval around an energy E and is given by:

where the factor 2 arises from the spin degeneracy. In this case, because
one dimension is quantized while the other two remain continuous, the
summation in Eq. ( 5.16 ) is performed on two coordinates only:

where S is the cross-section area of the crystal, in the (y,z)-plane.
Eq. ( 5.28 ) then becomes:

Now, we must determine the relation between

as a function

of
in order to perform the integration in Eq. ( 5.30 ). For this, we
follow the same analysis conducted in Eq. ( 5.7 ) to Eq. ( 5.11 ). Eq. ( 5.25 )
yields:
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where
is the norm or length of the vector
two dimensions, Eq. ( 5.9 ) becomes:
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On the other hand, in

Thus:

and Eq. ( 5.30 ) becomes:

The integral will be zero if the argument of the Dirac function, i.e.
never reaches zero when the variable x is varied from 0 to
In other words:

This can be best expressed by considering the step function which is
defined as:

Therefore, we can write:
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and Eq. ( 5.34 ) becomes:

This relation expresses that, in a quantum well, the density of states of
quasi-two-dimensional electrons is a discontinuous function of energy and is
incremented by an amount of
allowed value of

each time the energy E crosses an

as shown in Fig. 5.4. The region between two

consecutive values of
corresponds to an energy subband, and inside
each subband the density of states is constant.

The modification of the density of states in a quantum well (2D) from
that in the bulk case (3D), shown in Fig. 5.4, reflects the change in the
motion of an electron. The in-plane motion is two-dimensional, which
makes the density of states independent of energy in a subband. For the
motion perpendicular to the well plane, we have a new quantum number n,
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introduced in Eq. ( 5.26 ), which replaces the one direction of
of the
three-dimensional case. The acceleration of an electron in this direction
results in an increase of the quantum number n and thus a transition to the
next subband as illustrated by the staircase in Fig. 5.4.
It can be mathematically demonstrated that the density of states for twodimensional and three-dimensional electrons do coincide at values of
as illustrated in Fig. 5.4, although this is beyond the scope of this
discussion.
This considerable dependence of the density of states on the
dimensionality of the structure is a key property of low dimensional
structures which opens new possibilities in device applications.
Example
Q: Calculate the number of states between the first and the
second energy levels in a quantum well of thickness 25
Å and area of
Assume that the energy difference
between the first two energy levels is 0.3 eV, that the
electron effective mass in the quantum well is
where
is the free electron rest mass.
A: Similar to the three-dimensional case, the number of
states is equal to:

where

and

are the first and second energy levels in the quantum
well, respectively. Since the expression for
is
given
by
(we
assume
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5.3.3. Effect of effective mass
In the previous discussion, we have only considered one value for the
electron mass m* for the sake of simplicity. In reality, two effective masses
must be considered for the electron in each of the crystals depicted in Fig.
5.2. The effective mass of the electron traveling across the structure thus
depends on position, m*(x). Two Schrödinger equations must then be
considered:

The other important change concerns the boundary conditions outlined
in Eq. ( 3.30 ). The continuity of the first derivative of the wavefunction
is no longer valid, but must be replaced by the continuity of the
product

which takes into account the spatial

dependence of the electron effective mass. As a result, the boundary
conditions in Eq. ( 3.30 ) must be replaced by:

5.4. One-dimensional structures: quantum wires
A quantum wire is formed when the motion of electrons in the conduction
band is confined in two directions (e.g. x and y), while it remains free to
move in the remaining direction (z). This can be physically achieved by
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surrounding a small cross-section, rectangular semiconductor crystal with
two crystals which have higher bandgap energies.
One way to mathematically treat this situation is to start from the results
of a quantum well where the confinement in the x direction has already been
considered, and to introduce the confinement in one of the remaining
directions (e.g. y). This is not the only way to model quantum wires, and
does not lead to generalized expressions of wavefunctions and energy, but
gives taste of what is happening. The results can be readily transposed from
those of a quantum well and are as follows.
The total wavefunction can be considered the product of three
components:

Only the wavefunction in the z-direction can be easily expressed as a
plane wave:

where A is a normalization constant. The total energy is the sum of three
components:

where n and m are integers
used to index the quantized energy
levels,
and
and quantized wavenumbers,
and
which result from the confinement of the electron motion in the x- and ydirections, respectively. The values for
and
can be
determined, for example, by solving the finite potential well problem in subsection 3.3.3.
The most important characteristic of a quantum wire is its electron
density of states in the conduction band which is given by:
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In this one-dimensional case, we can make use of the quasi-continuous
nature of to write the identity:

which allows us to simplify Eq. ( 5.44 ) into:

where L is the length of the quantum wire. Moreover, in the onedimensional case, we have:

Therefore, Eq. ( 5.46 ) becomes:

Using Eq. ( 5.15 ) and the same argument as Eq. ( 5.38 ), we obtain:

This expression means that, in a quantum wire, the density of states
depends on the energy like
consecutive energy levels

in each of the subband defined by two
as shown in Fig. 5.5.
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Eq. ( 5.49 ) also reveals infinite divergences at points where the energy
E coincides with the bottoms of quasi-one-dimensional subbands at
. These discontinuities take place in an idealized model. In
real structures, they are smeared out by the electron collisions mentioned
earlier, in sub-section 5.3.1. The maximum values of
in Fig. 5.5 are not
infinite, but correspond to the value of Eq. ( 5.47 ) when the denominator is
equal to

where

is the electron lifetime

discussed earlier.

5.5. Zero-dimensional structures: quantum dots
An ideal quantum dot, also known as a quantum box, is a structure capable
of confining electrons in all three dimensions, thus allowing zero dimension
(0D) in their degrees of freedom. In quantum dots, there is thus no
possibility for free particle-like motion. The energy spectrum is completely
discrete, similar to that in an atom, as will be briefly derived below.
In a quantum dot of rectangular shape, the wavefunction of an electron
does not involve any plane wave component, in contrast to other low
dimensional quantum structures. The total energy is the sum of three
discrete components:
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where n, m and l are integers (1,2,...) used to index the quantized energy
levels,
and quantized wavenumbers,
and

which result from the confinement of the electron motion in the x-

, y-, and z-directions, respectively. The values for
can be determined, for example, by solving the finite potential well problem
in sub-section 3.3.3 in all three directions.
As for the quantum wire, the most important characteristic of a quantum
dot is its electron density of states in the conduction band which is given by:

There is no further simplification of this expression. The density of
states of zero-dimensional electrons consists of Dirac functions, occurring at
the discrete energy levels E(n,m,l), as shown in Fig. 5.6.
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Again, the divergences in the density of states shown in Fig. 5.6 are for
ideal electrons in a quantum dot and are smeared out in reality by a finite
electron lifetime
Since quantum dots have a discrete, atom-like energy spectrum, they can
be visualized and described as “artificial atoms”. This discreteness is
expected to render the carrier dynamics very different from that in higherdimensional structures where the density of states is continuous over a range
of values of energy. For example, due to the lack of allowed energy states at
most energy values, the phenomena that involve a change in the electron
energy are more restricted.

5.6. Optical properties of 3D and 2D structures
5.6.1. Absorption coefficient
The properties of the density of states derived in previous sections for in
low-dimensional structures are most clearly observed in the optical
properties of such structures. In this section, we will briefly discuss the
optical properties in three-dimensional and two-dimensional structures. In
semiconductors, the transition of an electron from the valence band to the
conduction band can result from the absorption of photons (Fig. 5.7(a)),
while the transition of an electron from the conduction band to the valence
band may result into the emission of photons (Fig. 5.7(b)). The optical
properties are thus intimately related to the density of allowed states in the
conduction and valence bands.
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The absorption process is characterized by the absorption coefficient,
which is usually expressed in units of
This quantity depends
on the incident photon energy hv and expresses the ratio of the number of
photons actually absorbed by the crystal per unit volume per second to the
number of incident photons per unit area per second. Thoroughly
determining the expression of
goes beyond the scope of this discussion,
and only the final result will be succinctly presented.
The calculation of the absorption coefficient resembles that of the
density of states, but takes into account the
relationships in both the
conduction band for electrons (with effective mass
and the valence band
for holes (with effective mass
This consideration results from two
important conservation laws that rule the optical absorption process: (i) the
total energy (electron+hole+photon) must be conserved, (ii) the total
momentum or wavevector must also be conserved. The absorption
coefficient can then be found to be proportional to the density of states
calculated in previous sections, e.g. Eq. ( 5.12 ) and Eq. ( 5.38 ), with the
effective mass m* replaced by the reduced effective mass defined as:

For example, in a three-dimensional bulk semiconductor structure:

where hv is the incident photon energy,
is the energy gap of the
semiconductor, and V is the sample volume. The expression
is called
the electron-hole or joint density of states because it takes into account the
density of states in both the conduction and valence bands.
In reality, the absorption spectra do not repeat exactly the joint density
of states because of electron-phonon interaction and excitonic effects.

5.6.2. Excitonic effects
Let us consider excitonic effects in more detail. An electron excited into the
conduction band is a negatively charged particle which will interact with the
resulting hole created in the valence band (positively charged particle). This
pair of charged particles forms a unit called the exciton. In an exciton, the
electron and the hole attract each other and move together as a single
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particle consisting of a coupled (i.e. not free) electron-hole pair. This pair
resembles a hydrogen atom where the role of the nucleus is played by the
hole.
An exciton has two degrees of freedom: the relative motion of the
electron and the hole, and the motion of the exciton as a single unit. As in
the case of the hydrogen atom, the relative motion is quantized and the
energy spectrum of an exciton consists of discrete energy levels in the
bandgap corresponding to the ground state and the excited states of an
exciton. Using the results of section 2.2, we obtain the energy associated
with the relative motion of an exciton:

where
is an integer, and
is the exciton Rydberg energy.
This shows that, similarly to the hydrogen atom, the energy spectrum of the
relative motion of an exciton consists of discrete levels. Each level is
indexed by a main quantum number n and the wavefunctions are
characterized by orbital quantum numbers
and magnetic
quantum numbers
The Rydberg energy is given by Eq. (
2.6):

with
is the dielectric constant of the material,
is the permittivity
of free space and h is Plank’s constant. Furthermore, by defining an exciton
Bohr radius,
derived from Eq. ( 2.4 ) such that:

we can rewrite the Rydberg energy as:
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The first fraction is similar to Eq. ( 2.5 ) and expresses the hydrogen
atom analogy for the exciton.
The energy spacing between the ground state exciton level and the
bottom of the conduction band is called the exciton binding energy, and
physically represents the energy needed to separate the electron and the hole
into two free particles. It is usually denoted
and is equal to from Eq. (
5.54).
When excitons are involved in the optical absorption process, the
absorption spectrum exhibits additional sharp peaks within the energy gap,
near the bandgap energy
corresponding to the excitonic energy levels.
This is illustrated in Fig. 5.8 for a bulk semiconductor (3D). In addition,
even at higher energies, deep inside the conduction band where excitons are
typically not encountered, the absorption coefficient is still influenced by the
Coulomb interaction between electrons and holes.

It should be noted that in bulk semiconductors, the presence of excitons
has been identified only at cryogenic temperatures, because an exciton has a
small binding energy and electron-phonon interaction, for example, at
higher temperatures may easily annihilate the exciton into free electrons and
holes, i.e. the lifetime of an exciton is very short. However, in low
dimensional structures one can observe excitonic effects at much higher
temperatures because the spatial confinement results in smaller dimensions
and thus a larger exciton binding energy.
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Similar arguments can be applied to show that, when excitons are
present, the absorption spectrum in quantum wells with must exhibit a
similar peak-like behavior, as illustrated in Fig. 5.9 for GaAs/AlGaAs
quantum well structures. These peaks correspond to the ground state exciton
levels associated with each subband. The optical absorption follows the
exciton peaks near each subband rather than the steps in the density of
states.

5.7. Examples of low dimensional structures
The optical properties of low dimensional quantum structures, arising from
their peculiar density of states, are often put to use in semiconductor
optoelectronic devices, such as semiconductor laser diodes which will be
described in more detail in Chapter 15. Such low dimensional structures are
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fabricated in practice using a succession of processes involving epitaxy,
lithography, and etching, which will all be discussed in Chapters 11 and 13.
An illustration of the principle of quantum wells, wires, and dots is shown in
Fig. 5.10.

Low dimensional quantum structures have been most beneficial for
semiconductor laser diodes, leading to low threshold current, high power,
and weak temperature dependence devices. All these properties in
conjunction with their small size have made laser diodes attractive for
applications involving densely packed laser arrays, and the monolithic
integration of lasers with low power electronics such as computer optical
interconnects, optoelectronic signal processing, and optical computing.
An illustration of the effect of low dimensional quantum structures on
the properties of optoelectronic devices is shown in Fig. 5.11 which
illustrates the theoretical predictions for threshold currents in semiconductor
lasers based on active regions with different low dimensional structures. By
using quantum dots instead of a bulk layer, the threshold current may be
reduced by more than 20 times. This is due to the abrupt energy dependence
of the density of states in low dimensional quantum structures which can
enhance the light amplification mechanisms and thus allows lasing to occur
at lower currents.
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5.7.1. Quantum wires
Fig. 5.12 shows an example of a quantum wire, which has been etched in a
thin film of doped GaAs deposited on an undoped GaAs substrate. Inside the
rectangular stripe, there is a highly conductive channel where the electrons
are confined and which forms a quantum wire and whose width is narrower
than that of the stripe. In GaAs wires, the minimum diameter of the channels
can be about 80 nm.
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Another example of quantum wire is shown in Fig. 5.13. The structure
was made by using etching a doped thin GaAs film, in such a way that it
undercuts the crystal from the surface, i.e. GaAs material is removed below
the remaining stripe. The resulting structure thus has a triangular crosssection, and a highly conductive channel is present inside it which is where
the electrons are confined and a quantum wire is formed.
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The fabrication of quantum pillars or vertical quantum wires, as shown
in Fig. 5.14, in doped (multilayer) semiconductors is more complicated. The
processing steps are shown in Fig. 5.14(c) which result in the structure
shown in Fig. 5.14(b). A sub-micrometer diameter metal dot is laid down
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onto the film (step 2), and the pillar structures are formed by an etching
process (step 3), through which parts of the material are selectively
removed. The electrons are thus confined laterally inside the pillars. This
structure is then filled with polyimide, a polymeric material, and etched
back to expose the top of the metal dot (steps 4 & 5). The whole surface can
then be coated with metal, making contact to the metal dots and thus the
vertical quantum wire. The fabrication methods can be refined so that any
single pillar can be contacted.
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5.7.2. Quantum dots
The structure shown in Fig. 5.14 can also be used as a quantum dot if the
carriers can be confined vertically at the top and bottom of the pillars, in
addition to being confined laterally by the side-walls of the pillars. This can
be achieved by choosing the two barrier layers (AlGaAs in Fig. 5.14(a))
sufficiently thick.
Another method of realizing semiconductor quantum dots consists of
making use of a strain induced transformation that occurs naturally in the
initial stages of growth of lattice mismatched materials. This type of growth
usually starts atomic layer by atomic layer, and after a certain critical
thickness is reached, nanometer size islands spontaneously forms. This is
known as the Stranski-Krastanow growth mode. These islands show good
size uniformity and large surface densities. In this method, the growth has to
be interrupted immediately after the island formation, and before the islands
reach a size for which strain relaxation and defects occur. This spontaneous
island formation during growth precludes the interface quality problems
often associated with low dimensional quantum structures achieved through
etching. This breakthrough has created some excitement in the physics
community by providing the opportunity for experimental verification of the
effects of three-dimensional quantum confinement in semiconductor
structures.
Several reports worldwide show remarkable agreement on the optical
properties of these structures, finding that the delta function density of states
expected from 0D quantum structures manifested itself in ultra sharp light
emission peaks. Compound semiconductors that have been used until now
for quantum dots include InAs and InGaAs on GaAs, InAlAs on AlGaAs,
InAs on InP, and InP on InGaP and GaP.

5.8. Summary
In this Chapter, we showed that the motion of electrons in a crystal could be
spatially confined in one, two or even three directions at a time by designing
and fabricating an adequate semiconductor structure: a quantum well, wire
or dot. When the amount of confinement is sufficient, quantum mechanical
effects arise and lead to the discretization of the energy spectrum, i.e. the
quantization of allowed energy levels and momenta of electrons.
The major characteristic of low dimensional quantum structures is their
density of states which shows a steep dependence on energy, especially for
lower dimensionality systems. The density of states is intimately related to
the optical properties of a semiconductor structure, through its absorption
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coefficient, and therefore directly
optoelectronic devices that use it.
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Problems
1. In this Chapter, we used the effective mass of the electron in the
Schrödinger equation. Explain why it was necessary to do so, whereas it
was not necessary in the infinite and finite potential well in Chapter 3.
2. Eq. ( 5.21 ) gave the expression of the density of states of electrons in

the conduction band:

Determine the

density of states of holes in the valence band. How does it differ from
Eq. (5.21 ). Keep the same origin of energy.
3. Assuming that all the allowed energy states in the conduction band are
occupied by electrons, give an expression (an integral) for the total
number of electrons in the conduction band. What would be the value of
this integral? Explain what is wrong with this assumption.
4. Determine the exciton Bohr radius and Rydberg energy for the
following semiconductors: GaAs, InP, InAs, GaN. Use the light-hole
effective mass. Show the values of the constants you used to carry the
numerical computation.
5. Consider a 50Å GaAs and
well structure.

layers forming a quantum

The electrons are all located at the first energy state (e) and holes are at
(h). The general expression of the first energy state is determined as
where a is the width of the quantum well and m is the
effective mass of the particle considered.
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What is the photon energy of the light emitted when the electron and the
hole recombine as shown in the above figure?
6. Let us assume a quantum dot which is spherical. The electrons or holes
are confined at energy states with the following expression:

where m is the effective mass of the electron or hole,
and the value of

is given by
Now consider very small GaAs quantum dots of
radius l0nm. If the electron drops from the second state
to the first
state
what is the photon energy of the light emitted from this
transition?
Draw the energy diagram for GaAs quantum dots with radius 5nm,
l0nm, and 15 nm. How does the first energy state change as a function
of radius?

6. Phonons
6.1. Introduction
6.2. Interaction of atoms in crystals: origin and formalism
6.3. One-dimensional monoatomic harmonic crystal
6.3.1.
Traveling wave formalism
6.3.2.
Boundary conditions
6.3.3
Phonon dispersion relation
6.4. Sound velocity
6.5. One-dimensional diatomic harmonic crystal
6.5.1.
Formalism
6.5.2.
Phonon dispersion relation
6.5.3.
Extension to three-dimensional case
6.6. Phonons
6.7. Summary

6.1. Introduction
In previous Chapters, we have considered the electrons in a crystal that
consisted of a rigid lattice of atoms. This represented a good approximation
because the mass of an atom is more than 2000 times as high as that of an
electron. However, in order to interpret a number of solid state phenomena
involving electrons and atoms, a more refined model needs to be considered,
in which the atoms are slightly vibrating around their equilibrium positions
in the lattice. In this Chapter, we will present a simple, yet relatively
accurate mathematical model to describe the mechanical vibrations of atoms
in a crystal.

6.2. Interaction of atoms in crystals: origin and formalism
We saw in section 2.5, when discussing the formation of bonds in solids,
that these equilibrium positions were achieved by balancing attractive and
repulsive forces between individual atoms. The resulting potential U(R)
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curve for an atom as a function of its distance R from a neighboring atom is
shown in Fig. 6.1.
The origin of these forces lies in the electrostatic interaction between the
electrical charges (nuclei and electron clouds) in the two neighboring atoms.
Since we know that electrons are constantly moving in an atom, in a non
deterministic manner (thus the name “cloud”), one can easily understand
that the attractive and repulsive forces do not balance each other at all times,
but rather the attractive force would be stronger than the repulsive force at a
certain time and then weaker shortly afterwards. On average, a balance of
forces is still achieved. We therefore realize that the positions of atoms in a
lattice are not fixed in time, but that small deviations do occur around the
equilibrium positions. Such vibrations are also more intense at higher
temperatures.

Let us now develop a simple mathematical model for such atomic
vibrations and introduce the formalism that will be used in the rest of the
text. We start by considering two neighboring atoms, one at the origin (R=0)
and the other at a distance R, while its equilibrium position is at
A
one-dimensional analysis will be considered at this time. The potential
energy U(R) in Fig. 6.1 of the second atom can be conveniently expressed
with respect to the equilibrium values at through what is called the Taylor
expansion (see Appendix A.5):
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where

are the first, second and third

derivatives of U(r), respectively, evaluated at
displacement. The first derivative

is called the

is in fact equal to zero, because it

is calculated at the equilibrium position
which is where the potential
U(r) reaches a minimum. Therefore, only the displacement terms
with an exponent n larger than or equal to 2 are left. The usefulness of the
Taylor expansion resides in the fact that at small deviations from
equilibrium, i.e.
it is reasonable to approximate U(R) with only
the first few terms of the expansion in Eq. ( 6.1 ).
By denoting
and
the displacement,
Eq. ( 6.1 ) can be rewritten:

where

and

are constants of the model,

determined by the nature of the atoms considered. The first term in the right
hand side of Eq. ( 6.2 ),
with an elastic force equal to

is in fact the potential energy associated
where

is the

elastic force constant. The negative sign means that F acts as a restoring
force, i.e. in the direction opposite to the displacement u of the atom.
In the following sections, we will limit the analysis to the first term in
the expansion in Eq. ( 6.2 ) and denote

Because the atomic vibrations described by this potential only involve
second order displacements, such a solid is generally referred as a harmonic
crystal in which the interactions between atoms can be modeled by a spring.
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This formalism is valid in solids up to all reasonable temperatures. We will
apply this formalism to two cases of one-dimensional lattice and derive a
few macroscopic physical properties of crystals. The mathematical treatment
will be conducted within classical mechanics, which does not reduce its
generality, and the results will be easily translated into quantum mechanics.

6.3. One-dimensional monoatomic harmonic crystal
In this simple model, we consider a one-dimensional (linear) lattice with a
period a and with identical atoms of mass M, vibrating around each lattice
point, as depicted in Fig. 6.2. Each atom is indexed by an integer n, and its
displacement from its equilibrium position is denoted
The atoms are
taken to oscillate in the same direction as the lattice (i.e. longitudinal
vibration). All the results obtained for this artificial one-dimensional model
prove to be true for three-dimensional lattices as well.

6.3.1. Traveling wave formalism
In this one-dimensional case we will take into account only the interaction
between nearest neighbors, an assumption that affects little the final results.
When considering two neighboring atoms, the forces that are exerted on
each one can be modeled as resulting from a spring which links the

Phonons

175

interacting atoms, as the one shown in Fig. 6.2. In other words, the force
acted on the atom:
by the
atom is
and by the
atom is
where C is the quasi-elastic force constant, a characteristic of the spring.
Although this spring formalism is obviously crude, it nevertheless describes
the interaction between atoms rather well. This is because the elastic force
constant C arises from Eq. ( 6.3 ) and corresponds to the first level of
approximation for the interactions between atoms. The resultant force acting
on the atom is therefore:

The equation of motion for the
atom is then expressed using classical
mechanics Newton’s mass action law:

where M is the mass and

the acceleration of the

atom. We thus

obtain a large number of coupled differential equations, where the unknown
functions are the displacements
We seek solutions to the Eq. ( 6.5 ) in
the form of traveling waves such as:

where A is the amplitude of the displacement, k is the wavenumber of
the wave and
its angular frequency. This expression is typical of a
traveling wave because it satisfies the relation:

which shows that the value of the displacement
at the
atom at a time t is the same as the displacement
at the
atom at an
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This means that the magnitude of the displacement is

like a wave that is traveling a distance a in space during a time

The

velocity at which the wave is traveling is therefore equal to:

The wavelength and frequency v of the traveling wave are related to
the wavenumber or angular frequency through the definition relations:

6.3.2. Boundary conditions
Before solving the equation of motion in Eq. ( 6.5 ), we must introduce the
boundary condition that the linear array of atoms is finite and consists of N
atoms with the first and last atoms being equivalent, i.e.
This is the periodic or Born-von Karman boundary conditions which we
have already encountered in section 5.2. This is a reasonable assumption
because macroscopic crystal specimens consist of a very large number of
atoms. And since the interaction forces are significant only between
neighboring atoms, the motion of boundary atoms on the “surface” of the
specimen do not affect the motion of all the other atoms inside the sample.
Because of the general exponential expression of
(Eq. ( 6.6 )), these
conditions lead to the discretization of the wavenumber k, similar to what
was obtained in Chapter 5:

where m = 0,±1... is an integer. In fact, only N different values of
wavenumber k are necessary. Indeed, if two wavenumbers k and k’ differ
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from each other by an integer times

which is

equivalent to say that their corresponding integers m and m’ differ by an
integer times N (e.g. m ’=m+N), then they lead to the same function
as
seen through the simple calculation:

which is valid for any point (na) and any time (t). This means that k and
k' are physically indistinguishable. In other words, the basic interval of
variation of k can be chosen as:

And all the physical properties of our one-dimensional crystal that
depend on the wavenumber k must be periodic with a period

Again we

arrive at the concept of the first Brillouin zone introduced in Chapter 4 for
electronic states. And the quantity

is a reciprocal lattice period. Of

course, we can (and must) always choose the number of atoms N so large
that the variation of k could be considered as quasi-continuous.

6.3.3. Phonon dispersion relation
Now we can solve the equation of motion in Eq. ( 6.5 ), by substituting Eq. (
6.6 ) into it:

which successively becomes, after simplification of the exponential and
the constant A:

or:
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where

we

have

made

use

of

the

trigonometric

relation:

This last expression can also be rewritten as:

where

This relation is called the phonon dispersion

relation and is plotted in Fig. 6.3.

We see that the solutions of Eq. ( 6.5 ) of the traveling-wave type exist
only if the relation in Eq. ( 6.14 ) is satisfied by the wavenumber k and the
angular frequency of the traveling wave. The frequency and wavenumber
of the traveling wave characterizing the lattice vibrations are not specific to
one particular atom, but are rather a property of the entire lattice. As such,
the term phonon is used to designate lattice vibrations, and a frequency and
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a wavenumber are associated with each phonon. A more detailed discussion
on phonons can be found in section 6.6.
For a small wavenumber
i.e. in the long wave limit, Eq. ( 6.14 )
becomes:

where we have used the approximation for the sine function:
for
which is in fact the Taylor expansion of the sine function near zero
(see Eq. ( 6.1 )). Eq. ( 6.15 ) means that the angular frequency
is
proportional to the wavenumber k in the long wave limit.

6.4. Sound velocity
It is known that a solid can transmit sound. This is in fact accomplished
through the vibrations of atoms similar to the ones discussed in the previous
section. The sound velocity is the speed at which sound propagates and is
related to velocity of a traveling wave as discussed below.
In section 6.3, we have already hinted that the velocity of the traveling
wave was given by the ratio of the angular frequency to the wavenumber in
Eq. ( 6.8):

Using Eq. ( 6.13 ) and Eq. (6.14), we obtain:

where:

Therefore:
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This quantity is called the phase velocity because it represents the
velocity of the phase of the wave or, in other words, the speed at which the
peak of the wave travels in space. The phase velocity is plotted in Fig. 6.4,
and we see that it never reaches zero.
There is another quantity of interest which is the group velocity of a
traveling wave which represents the velocity of a wave packet and therefore
of the wave energy, and is defined as:

Using Eq. ( 6.13 ) and Eq. ( 6.14 ), we obtain:

and therefore:

The group velocity is also plotted in Fig. 6.4. We see that this quantity
drops to zero when

i.e. at boundary of the first Brillouin zone.

For small values of wavenumber
i.e. in the long wave limit or for
small vibrations, the phase and group velocities are equal to
This velocity is called the sound velocity.
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Example
Q: Estimate the order of magnitude for the elastic constant
C of silicon, given that the sound velocity in silicon is
A: Starting form the expression for the sound velocity:
where a=5.43 Å and

are the

lattice constant and mass of a silicon atom respectively.
We thus have:
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6.5. One-dimensional diatomic harmonic crystal
6.5.1. Formalism
In the previous sections we have discussed the motion of atoms in a onedimensional monoatomic crystal where all the atoms are identical, with a
mass M, and their equilibrium positions are equally spaced (spacing a). In
crystallography terms, we considered a basis of one atom per unit cell. A
more general description of atomic motion in a crystal involves a basis with
more than one atom.
In this section we will consider a one-dimensional diatomic harmonic
crystal. Ionic crystals such as NaCl, CsCl, atomic crystals such as Si and Ge
and binaries are examples of lattices whose unit cells contain two atoms
each. The following parameters need to be introduced for a complete
diatomic model. The masses of the two different atoms (labeled 1 and 2) in a
unit cell will be denoted
and
respectively, with
The
equilibrium distance between the two atoms in a unit cell is generally
arbitrary, but we will chose it to be half the primitive unit cell length for
simplicity, i.e. a/2. In addition, the elastic force constant C, as defined in Eq.
( 6.2 ), should be different depending on if an atom interacts with its front or
its back neighbor. But for simplicity, we will consider only one force
constant C. In spite of these simplifications, the discussion and the results
will not lose their generality, even if the mathematical steps will be
significantly simpler.
Each diatomic basis will be indexed by an integer n. The displacement
of atom 1 from its equilibrium position will be denoted
while the
displacement of atom 2 will be denoted
The atoms are taken to
oscillate in the same direction as the lattice (i.e. longitudinal vibration). All
these parameters and their simplifications are summarized in Fig. 6.5.
Two coupled sets of equations of motion, similar to Eq. ( 6.5 ), need to
be considered; one for the displacement of the
atom 1 and one for the
displacement of the
atom 2:
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Here again, we seek solutions to the set of Eq. ( 6.23 ) in the form of
traveling waves with the same wavenumber k and angular frequency

where A and B are the amplitude of the displacements.

6.5.2. Phonon dispersion relation
Substituting these traveling wave expressions into Eq. ( 6.23 ), we obtain:
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Simplifying by

the

first

expression

and

the second , we get:

After re-arranging the terms with A and those with B:

Expressing the sum of exponentials with trigonometric functions, we

get:

This system of equation has a non zero solution, i.e. A and B not both
equal to zero, if and only if the determinant of the system is zero:

which becomes after developing the products:

or:
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This equation is of the form
and has two solutions for

, denoted

with
and

and

such that:

Therefore, the solutions of Eq. ( 6.27 ) are:

which can be simplified into:

Using the trigonometric identity
becomes:

this equation

which constitutes the phonon dispersion relation in the model
considered, similar to that obtained in Eq. ( 6.14 ). This expression always
has a meaning since the argument of the square root is always positive
because we have, for any value of masses
and
and value of
wavenumber k:
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and therefore:

There are thus two possible dispersion relations, denoted
and
relating the angular frequency to the wavenumber. Both are plotted
in the first Brillouin zone in Fig. 6.6. These plots represent the so-called
phonon spectrum of a one-dimensional diatomic harmonic crystal. The
values for

and

at k = 0 and

can be easily calculated

from Eq. ( 6.29 ) (note that we have chosen
The top curve in Fig.
6.6 corresponds to
and is called the optical phonon branch or simply
optical phonon, while the bottom branch corresponds to
and is called
the acoustic phonon branch or simply acoustic phonon.

Now, for small values of wavenumber
an approximate
expression can be derived from Eq. ( 6.29 ). To do so, we use start by using
an approximate expression for the cosine function in the Eq. ( 6.29 ):
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This approximation is in fact the Taylor expansion of the cosine function
near zero (see Eq. ( 6.1 )). We therefore obtain successively:

and

by using the approximation

for

(again this comes

from the Taylor expansion of
for small values of x). Eq. ( 6.29 ) can
then be approximated by the following expression:

Consequently, in the long wave limit, the angular frequency of the
acoustic phonon branch can be written as:

which means that the angular frequency
in the acoustic phonon
branch is proportional to the wavenumber k, similar the result obtained in
Eq. ( 6.15 ). In other words, in the acoustic branch in the long wave limit,
the traveling wave is equivalent to the elastic wave of a one-dimensional
atomic chain regarded as a continuous media. This is why the
branch
is called the acoustic branch.

188

Fundamentals of Solid State Engineering

In the same limit, the angular frequency of the optical phonon branch
can be expressed from Eq. ( 6.31 ) as:

which shows that the angular frequency
in the optical phonon
branch is a constant in the long wave limit.
Furthermore, the ratio of the displacement amplitudes A and B defined in
Eq. ( 6.24 ) can be take two different values, depending on the branch
chosen, calculated from either one of Eq. ( 6.25 ):

Again, in the long wave limit
we have

and for the acoustic phonon branch,

as seen from Eq. ( 6.31 ) and

too, so that:

which demonstrates that, in this case, the vibrations of the two atoms in
one primitive unit cell have exactly the same amplitude and phase (i.e.
direction), as shown in Fig. 6.7.
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but for the optical phonon branch, this
from Eq. ( 6.32 ) and therefore, by

substituting into Eq. ( 6.33 ):

which shows that, in the long wave limit of the optical branch, the
vibrations of the two atoms in one primitive unit cell have a specific
amplitude ratio and opposite phases (i.e. directions), as shown in Fig. 6.8.
Actually, the ratio of the amplitudes is such that the vibrations of the two
atoms in a primitive unit cell leave the position of their center of gravity
unchanged. Therefore, if the two atoms are ions of opposite charges, such as
in the case of GaAs or InP, these oscillations result in a periodic oscillation
of the amplitude of the dipole moment formed by these two charged ions, as
discussed in sub-section 2.5.6. Such oscillations of the dipole moment are
frequently optically active, i.e. are involved in the absorption or emission of
electromagnetic (infrared mostly) radiation. This explains the use of the
term “optical” for the
branch of lattice vibrations.

6.5.3. Extension to three-dimensional case
So far, we have only considered a one-dimensional atomic crystal. A real
crystal expands in all three dimensions of space and lattice vibrations are
more complicated. For example, the vibrations can occur in all three
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directions, regardless of the equilibrium position alignment of the atoms,
and need to be expressed using a displacement vector
wavevector

Moreover, a

must be used, similarly to the way it was done in Chapter 4

for three-dimensional electronic band structures. This wavevector
also
indicates the direction of propagation of the traveling wave. The expression
of the displacement, given for the one-dimensional case in Eq. ( 6.6 ),
becomes in the three-dimensional case now:

where
is the amplitude vector of the displacement, and
is the
dot product between the wavevector and the equilibrium position
of the
atom considered.
In spite of this increased complexity, all the features obtained in the
present simplified study remain valid. In particular, there still exist two
types of phonons, as shown in the example of dispersion spectrum in Fig.
6.9: acoustic phonons, for which the vibration frequency goes to zero in the
long wave limit

and optical phonons, for which the frequency goes

to a non-zero finite value in the long wave limit. Each type of phonon is
further divided into two main categories: transversal and longitudinal
phonons. The terms “transversal” and “longitudinal” refer to the direction of
atomic displacements
with respect to direction of propagation
perpendicular for transversal and parallel for longitudinal.
For example, in Fig. 6.9, the transversal acoustic (TA), longitudinal
acoustic (LA), transversal optical (TO) and longitudinal optical (LO)
phonon branches are shown.
In general, for a three-dimensional crystal with s atoms per unit cell,
there are always three acoustic branches, two transversal and one
longitudinal. There are also 3s-3 optical branches. Fig. 6.9 shows a typical
example for s=2. A monoatomic Bravais lattice (s=1) can only have acoustic
phonon branches.
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6.6. Phonons
In Chapter 4, the treatment of the electrons in a crystal led to energy levels
and momenta which do not correspond to an individual electron but are
properties of the lattice. Earlier in this Chapter, we have hinted that the
characteristics of the traveling waves arising from lattice vibrations are not
specific to one particular atom but are rather a property of the entire lattice
too. We thus have to consider the collective excitation of the crystal as a
whole, and talk about a lattice wave. Each type of vibration is called a
vibrational mode and is characterized by a wavevector

and a frequency

In a quantum mechanical treatment, especially when lattice waves
interact with other objects (e.g. electrons, electromagnetic waves or
photons), it is easier to regard a lattice wave as a quasi-particle or phonon
with a momentum and a (quantized) energy such that:

This is analogous to the quantization of the electromagnetic field
discussed in sub-section 3.1.1. The energy in Eq. ( 6.37 ) is the quantum unit
of vibrational energy at that frequency. Because phonons involve vibrational
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energy stored in the crystal, phonons can interact with other wave or
particles such as for example electrons, photons, and phonons. These types
of interaction lead to the experimentally observable physical properties of
crystals.
The velocity of a phonon is given by the group velocity of the
corresponding traveling wave, defined as the gradient of the frequency with
respect to the wavevector:

In cartesian coordinates with unit vectors
written as:

this relation can be

In this quantum picture, the propagation of harmonic lattice waves, i.e.
up to the second order term in Eq. ( 6.2 ), is equivalent to the free movement
of non-interacting phonon quasi-particles, also called “phonon gas”, and
their description is similar to that of photons.
In particular, any number of identical phonons may be present
simultaneously in the lattice, in any of the phonon mode characterized by a
wavevector

A phonon gas thus obeys the Bose-Einstein statistics which

says that the average number of phonons in a given mode
determined by:

where

is then

is the Boltzmann constant, and T is the absolute temperature.

At high temperatures, i.e.
be approximated by:

the exponential in Eq. ( 6.40 ) can
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where we have used the approximation
for
(again
this comes from the Taylor expansion of exp(x) for small values of x).
Therefore:

which expresses that the average number of

phonons in a given mode is proportional to the temperature, at high
temperatures.
As mentioned earlier, phonons can interact with other phonons. Such
interaction would correspond to anharmonic vibrations in the classical wave
picture, which arise from cubic and higher order terms in Eq. ( 6.1 ) and Eq.
(6.2).
Example
Q: Estimate the average number of phonons in a given
mode at low temperatures.
A: The average number of phonons N(E) with an energy E
is

given

temperatures,
expression

by:

we
for

have
N(E)

can

be

At

low

and

the

simplified

into:

6.7. Summary
In this Chapter, we have described the basic formalism for treating the
interaction between atoms in a crystal, through the simple examples of onedimensional monoatomic and diatomic harmonic lattices. Several important
concepts have been introduced such as the lattice vibration modes, traveling
waves, dispersion relations, acoustic and optical branches, longitudinal and
transversal branches, and sound velocity. We realized that these lattice
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vibrations could be quantized in the same manner as the electromagnetic
field and can thus be considered as quasi-particles, or phonons, with a
momentum and an energy and which follow the Bose-Einstein statistics.
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Problems
1. Explain why there is no optical phonon in dispersion curve for the onedimensional monoatomic chain of atoms.
2. Let us model a rigid bar as a linear monoatomic chain of atoms, as in
section 6.3 with the same notations. We further assume that the
equilibrium interatomic separation is a and that its cross-section is
Its Young’s modulus
is defined as the ratio of the stress applied in
one direction divided by the relative elongation in this same direction.
The stress is the ratio of the interatomic force
divided by the
cross-section area
on which this force is applied. The relative
elongation is the interatomic displacement divided by the equilibrium
separation. The Young’s modulus has the dimension of a pressure and is
expressed in Pa (Pascal).
The solid density
is the ratio of the mass of the solid to its volume.
Here, we assume that the mass of an atom is M and that there is only
one atom in a volume of
Show that the sound velocity defined in Eq. ( 6.18 ) is equal to the ratio:

3. The one-dimensional monoatomic harmonic crystal (section 6.3) is in
fact a particular case of the diatomic model described in section 6.5, for
which the two atoms are identical. To prove this, show that the
expression in Eq. ( 6.29 ) can be transformed into an expression similar
to Eq. ( 6.13 ). What considerations do you have to take into account to
do this?
4. Another way to prove this can be done graphically. Determine the
difference in the phonon frequencies of the acoustic and optical
branches at the zone center and zone boundary in the diatomic model for
the limit of two identical atoms. Plot the shapes of the optical and
acoustic branches in the dispersion relation, as done in Fig. 6.6, for four

different ratios of masses:

and 1. Show that, in the case of

two identical atoms, there is actually only one acoustic branch and no
optical branch for the dispersion relation plot as in Fig. 6.3.
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5. Plot the average number of phonons

for a least

five values of T to show its evolution with increasing temperatures. For
each one, plot the function
approximation for

and show that it is a good

for high temperatures, i.e.

7. Thermal Properties of Crystals
7.1. Introduction
7.2. Phonon density of states (Debye model)
7.2.1.
Debye model
7.2.2.
Phonon density of states
7.3. Heat capacity
7.3.1.
Lattice contribution to the heat capacity (Debye model)
7.3.2.
Electronic contribution to the heat capacity
7.4. Thermal expansion
7.5. Thermal conductivity
7.6. Summary

7.1. Introduction
In Chapter 6, we built simple mathematical models to describe the
vibrations of atoms, first in a one-dimensional and then extended for a threedimensional harmonic crystal. These models led us to introduce a quasiparticle called phonon, with an associated momentum and energy spectrum.
As such, phonons are found to be responsible for a few physical phenomena
in crystals.
In this Chapter, we will employ the results of the phonon formalism
used in Chapter 6 to interpret the thermal properties of crystals, in particular
their heat capacity, thermal expansion and thermal conductivity.

7.2. Phonon density of states (Debye model)
7.2.1. Debye model
The Debye model was developed in the early stages of the quantum theory
of lattice vibration in an effort to describe the observed heat capacity of
solids (section 7.3). The model relies on a simplification of the phonon
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dispersion relation (see for example Eq. ( 6.29 ), Fig. 6.6 or Fig. 6.9). In the
Debye model, all the phonon branches are replaced with three acoustic
branches, one longitudinal (l) and two transversal (t), with corresponding
phonon spectra:

where n (=l or t) is an index; k is the norm or length of the wavevector
and
are the longitudinal and transversal sound velocities,
respectively. This model corresponds to a linearization of the phonon
spectrum as shown in Fig. 7.1. But this linearization implies that the
frequency depends solely on the norm of the wavevector. Some boundary
conditions therefore need to be changed in this model.
Indeed, we remember that the range for the wavevector was restricted to
the first Brillouin zone in the real phonon dispersion relation. The Born-von
Karman boundary conditions of section 5.2 limited the total number of
allowed values for to the number N of atoms in the crystal of volume V
considered. We saw in Chapter 5 that the volume occupied by each
wavevector was

The volume of the first Brillouin zone is then

and must be equal to

where

is the Debye wavenumber

such that the relation (7.1) is valid in the range

We thus obtain:

This wavenumber corresponds to a Debye frequency

defined by:

where
is the sound velocity in the material. The Debye frequency is
characteristic of a particular solid material and is approximately equal to the
maximum frequency of lattice vibrations. It is also useful to define the
Debye temperature
such that:
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will become clear in the following discussion.

Example
Q: Calculate the Debye wavelength for GaAs, given that
the density of GaAs is
A: We make use of the expression giving the Debye
wavenumber:

which is related to the

Debye wavelength through:
where N is the number of atoms in the volume V. By
definition
of
the
density,
we
have:
where

and

are the

masses of a Ga and an As atom, respectively. The factor
2 arises from the fact that half the atoms in the volume
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are Ga atoms, and the other half are As atoms.
Therefore, we can write:

or

7.2.2. Phonon density of states
The phonon density of states

is the number of phonon modes

per

unit frequency interval which have a frequency
equal to a given value
It can be calculated in a way similar to that used for the electron density
of states in sub-section 5.2.2.

where the summation is performed over all phonon modes
and
phonon branches labeled n. Because the crystal has macroscopic sizes, the
strictly discrete wavevector
can be considered quasi-continuous, as was
done in Chapter 5 and the discrete summation can be replaced by an integral
(Eq.(5.16)):

where V is the volume of the crystal considered. The summation here is
actually performed over all values of
Eq. ( 7.5 ) then becomes:

We now make use of Eq. ( 5.9 ):

in the first Brillouin zone.
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where k is the norm or length of the wavevector
Eq. ( 7.7 ) becomes:
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Therefore,

where the integration is now from 0 to the Debye wavenumber
in
agreement with the Debye model described earlier. Substituting Eq. (7.1 ),
we get successively:

or:

after the change of variable
(and thus
There is a
non zero solution only if there is a wavenumber k between 0 and
such
that
and:

Remembering that the Debye model takes into account one longitudinal
(l) and two transversal (t) modes, we obtain:
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which can also be rewritten as:

where:

is the inverse average sound velocity. This phonon density of states is
illustrated in Fig. 7.2 where we have a parabolic relation. Although the
Debye model is a simple approximation, the choice of
ensures that the
area under the curve of
is the same as for the real curve for the density
of states. Moreover, this expression is precise enough to determine the
lattice contribution to the heat capacity both at high and low temperatures.

203

Thermal Properties of Crystals

7.3. Heat capacity
7.3.1. Lattice contribution to the heat capacity (Debye model)
When heat is transferred to a solid, its temperature increases. Heat has a
mechanical equivalent which is an energy and is generally expressed in units
of calorie with 1 calorie corresponding to 4.184 Joule. Different substances
need different amounts of heat energy to raise their temperature by a set
amount. For example, it takes 1 calorie to raise 1 g of water by 1 degree K.
The same amount of energy, however, raises 1 g of copper by about 11 K.
This property is quantitatively measured using the heat capacity or
specific heat C, which is the amount of heat energy needed for a substance
to raise its temperature by one degree K. It is also the ratio of the energy dE
which needs to be transferred to a substance to raise its temperature by an
amount dT. The heat capacity is characteristic of a given substance, and its
units are
or
and it is an important parameter of a solid. A few
values of specific heat for elements in the periodic table are given in Fig.
A.7 in Appendix A.1. The heat capacity at constant volume is defined as:

This phenomenon is closely related to phonons because, when a solid is
heated, the atomic vibrations become more intense, more phonons or
vibration modes are created. A measure of the heat energy received by a
solid is therefore the change in the total energy carried by the lattice
vibrations. This total energy E can be easily expressed using the following
integral, knowing the average number of phonons
(Eq. ( 6.40 )), the
phonon density of states
and that a phonon with frequency has an
energy
(Eq. ( 6.37 )):

In the Debye model, we can use Eq. ( 7.13 ) for
Eq.(7.15)as:

and rewrite

204

Fundamentals of Solid State Engineering

or:

Note that the previous integral is performed only up to the Debye
frequency, as the phonon density of states is equal to zero beyond that point.
Using the change of variable

(and thus

this

equation becomes:

Let us now make use of the Debye temperature
defined in Eq. ( 7.4 )
and the Debye wavenumber in Eq. ( 7.2 ) to express:

Using Eq. ( 7.4 ) for the boundary of the integral, Eq. ( 7.18 ) can then
be rewritten as:
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or simply

integral in Eq. ( 7.19 ) is evaluated close to zero, i.e.

the
The

function in the integral can thus be approximated as follows:

where we have used the approximation
result, Eq. ( 7.19 ) becomes successively:

As a

and finally:

The heat capacity is thus obtained after differentiating this expression
with respect to the temperature as in Eq. ( 7.15 ):

This relation shows that, for high temperatures, i.e.
the heat
capacity is independent of temperature. In fact, this could have been easily
calculated using classical theory. Indeed, in classical statistical
thermodynamics, each mode of vibration is associated with a thermal energy
equal to
T . Therefore, for a solid with N atoms, each having 3 degrees of
freedom, we get 3N modes, the total thermal energy is then

T, as
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derived in Eq. ( 7.20 ), and the heat capacity is found to be equal to
Eq. ( 7.21 ). This is known as the law of Dulong and Petit, which is based on
classical theory. The molar heat capacity, that is the value of the heat
capacity for one mole of atoms is calculated for N equal to the Avogadro
number
and is:
This shows that, at high temperatures
the classical model.
For low temperatures however, where

the Debye model fits

or simply

the heat capacity is not constant with temperature anymore. This
is where the quantum theory of phonons is needed and where the accuracy
of the Debye model is best appreciated. In this case, the integral in Eq. (
7.19 ) can be extended up to infinity without much error. Moreover, the
exponential fraction in the integral can be expressed as:

because
becomes:

and

Therefore, the integral in Eq. ( 7.19 )

where the integral
integration by parts:

can be simplified after the following successive
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Thus, Eq. ( 7.23 ) can be rewritten as:

The sum in this expression corresponds to
which is called the
“Rieman zeta function” evaluated at 4, and is equal to:

And Eq. ( 7.19 ) becomes:

or:
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To determine the heat capacity, we must differentiate this expression
with respect to the temperature as in Eq. ( 7.15 ):

or:

where N is the number of atoms in the crystal. This relation shows that,
for low temperatures, i.e.
the heat capacity is proportional to
The experimentally measured heat capacity is shown in Fig. 7.3 for a few
solids as a function of temperature. The figure shows that the Debye model
is in good agreement with experimental observations, both in the high
temperature and the low temperature regions.
Throughout this discussion, we realized that the Debye temperature
played a significant role in the heat capacity of a material. It indicates the
separation between the high temperature region where classical theory is
valid and the low temperature region where quantum theory is needed. The
Debye temperature can be measured by fitting the experimental data of Fig.
7.3 to Eq. ( 7.27 ). The Debye temperatures for a few solids are listed in
Table 7.1.
Example
Q: Calculate the Debye temperature for InP, given that the
and the mass
density of InP is
A: We make use of the expression giving the Debye
temperature:

where the Debye frequency
is calculated knowing
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similarly to the

previous example. Numerically, we successively obtain:
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7.3.2. Electronic contribution to the heat capacity
The previous discussion has considered the contribution of lattice vibrations
or phonons to the heat capacity. This is valid for dielectric, i.e. insulating,
materials. But, unlike dielectric materials, metals have a large number of
free electrons,
which can also absorb thermal energy, thus increase the
overall heat capacity of the metal. The contribution of electrons to the total
heat capacity, denoted
can be found as:

where
is the total number of free electrons in the crystal,
is the
Fermi energy,
the Boltzmann constant and T the absolute temperature.
The mathematical steps involved in the calculation of
are quite
challenging and are beyond the scope of this textbook. Only a few defining
equations will be listed here. The heat capacity
is defined by:

where E is the energy of all the electrons in the crystal and is given by:
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where
is the Fermi-Dirac distribution defined in Eq. (4.31 ) and
is the three-dimensional electronic density of states of free electrons
given by:

with m* being the electron effective mass. The temperature dependence
of E is included in the Fermi-Dirac distribution function.
We can see from Eq. ( 7.28 ) that the electronic contribution
to the
heat capacity depends linearly on temperature and thus can be discriminated
from the
dependence of the lattice or phonon contribution denoted
(Eq. ( 7.27 )) at low temperatures. It is interesting to consider the ratio of
to

where
temperature

is the Debye temperature. By introducing the Fermi
such that:

Eq. ( 7.32 ) becomes:
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The ratio

expresses the average number of free electrons that each

atom contributes to the crystal. Eq. ( 7.34 ) shows that, as the temperature is
increased, the contribution of the lattice to the heat capacity exceeds that of
electrons. This occurs at a temperature such that
or:

Numerically, one can find that this temperature is only a few percent of
the Debye temperature, i.e. a few degrees K (Table 7.1). This means that the
contribution of electrons to the heat capacity can only be seen at very low
temperatures.
Example
Q: Calculate the ration of

at 4.2, 30, 77, and 296

K for Cu (assume
and
A: We start from the expression for the above ratio:
Since Cu has two free
electrons per atom, we can write

This leads to:

which

gives:
0.00023 (296K).

0.023 (30K), 0.034 (77K),
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7.4. Thermal expansion
Beside a few notable exceptions, it is commonly known that the volume of a
heated solid increases. This phenomenon is called thermal expansion.
When designing a device or system that has to operate within a range of
temperatures, thermal expansion can prove to be a serious concern. Almost
every industry runs thermal cycling tests on their products to determine
whether or not thermal expansion is a possible failure mechanism. The
problem is most severe when two materials of different thermal expansion
coefficients are permanently bonded together, such as in integrated circuits.
If there is no room to accommodate thermal effects, stress will build within
the package until one or both materials crack or fracture.
Let us take for example a rod of length L. Over a wide range of
temperatures, many materials exhibit an expansion
which is proportional
to the increase in temperature
The coefficient of linear expansion
is
called the thermal expansion coefficient and is defined by the following
relationship:
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The linear expansion coefficients of a few solids are shown in Table 7.2.
Thermal expansion means that the average distance between atoms increases
when the temperature goes up, and is therefore related to atomic vibrations
or phonons in a solid. It can be easily understood that at a higher
temperature, the atomic vibrations will be more intense, the distances
between atoms higher and therefore the overall solid volume will be larger.
The mathematical treatment of this relationship is beyond the scope of the
discussion. We will merely give a brief and simple description of the
phenomenon.
We saw in section 6.2 that the equilibrium interatomic distance
is
determined by the minimum of the atomic interaction potential energy U(r).
In thermodynamics, for such a system at thermal equilibrium at a
temperature T, the average interatomic distance is denoted <R> and is given
by the Maxwell-Boltzmann distribution:

By introducing the displacement
and expressing U(R) as a
function of x as was done in section 6.2 (Eq. ( 6.2 )), we can rewrite this
equation as:

or:

For low temperatures and thus small vibrational amplitudes
one can approximate the potential energy U(x) with terms up to the second
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as was done in Eq. ( 6.3 ). This is the harmonic

approximation. In this case, the exponential

is an even function of x,

is an odd function of x, and therefore:

and

This means that, in the harmonic case, the average interatomic
distance <R> is exactly
the distance corresponding to the potential
energy minimum.
At higher temperatures, the atomic displacement x is large enough so
that higher order terms in Eq. ( 6.2 ) need to be included
causing
anharmonicity effects. In this case, the exponential
is not an even or
odd function of x anymore, and the integral fraction in Eq. ( 7.38 ) is strictly
positive. As a result,
which means that the average interatomic
distance becomes larger than
i.e. there is thermal expansion. We see that
thermal expansion is a direct result of anharmonicity effects in the atomic
interaction potential.

7.5. Thermal conductivity
In the previous few sections, we saw that a lattice could receive and store
thermal energy, heat through lattice vibrations i.e. by creating more
phonons, or through free electrons in a metal by gaining more kinetic
energy. The lattice vibrations generate waves that can propagate, while free
electrons can move in a metal. The thermal energy can thus be transported
from one end of the solid to another. This characteristic is called thermal
conductivity and is also an important parameter when designing a device or
system. Indeed, solid state devices and systems, such as laser diodes,
generally conduct electrical currents and may thus generate heat. Depending
on the thermal conductivity of the materials used, heat may build up and
lead to failure of the device or system.
The thermal conductivity of a solid is quantified through a positive
parameter called the thermal conductivity coefficient
(read “kappa”)
which is defined as:
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where
is the thermal current density, i.e. the thermal energy
transported across an unit area per unit time. This is expressed in units of
or
is the temperature gradient, which is the rate at
which the temperature changes from one region of the solid to another. The
thermal conductivity coefficient thus has the units of
A few
values of thermal conductivity are given in Fig. A.5 in Appendix A.1.
Eq. ( 7.39 ) expresses that there is a flux of thermal energy within the
solid as a result of a difference of temperature between two regions. The
minus sign means that the thermal energy flows from the higher temperature
region to the lower temperature region. This relation is analogous to the
electrical current which originates from a difference in electrical potential.
In Eq. ( 7.39 ), we assumed that the thermal current and the temperature
gradient occurred along one direction. In a three-dimensional case, the
current and the gradient would be simply replaced by vectors. The
simplification here does not reduce the generality of the physical concepts
which will be derived. Moreover, in this section, we will only be interested
in the qualitative properties of the thermal conductivity. An exhaustive
mathematical treatment can therefore be avoided.
Thermal conductivity can be viewed as the result of quasi-particle
collisions with one another or against material imperfections (defects,
boundaries) so that their energy can be transferred in space. These collisions
are also often referred to by using the more general term scattering. The
mathematical model commonly followed makes use of the kinetic theory of
gases, in which: (i) each quasi-particle is modeled as a free moving particle
in space with a momentum and an energy, (ii) which is subject to
instantaneous collision events with other particles, (iii) the probability for a
collision to occur during an interval of time dt is proportional to dt, (iv) and
the particles reach thermal equilibrium only through these collisions.
Similar to the heat capacity, there are two contributions to the thermal
conductivity: a lattice contribution (phonons) denoted
and an electronic
contribution (electrons) denoted
The lattice contribution
can be regarded as the thermal conductivity
of a phonon gas. Using the kinetic theory of gases, the following expression
can be derived for the lattice contribution:
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is the heat capacity per unit volume of the solid

considered and
is the average phonon velocity. The parameter is the
mean free path of a phonon between two consecutive collisions and is
central to the thermal conductivity process.
There are two types of phonon-phonon interactions in crystals. The first
one involves what is called normal processes which conserve the overall
phonon momentum:
where
and
are the
momenta of three interacting phonons. The second type is called umklapp
processes and is such that:
where n=1, 2, 3... is an
integer, and
is a reciprocal lattice vector. Eq. ( 7.40 ) was first applied by
Debye to describe thermal conductivity in dielectric (insulating) solids.
At very low temperatures, i.e.
the average number of
phonons given in Eq. ( 6.40 ) tends toward zero. The phonon-phonon
scattering becomes negligible and the mean free path is determined by the
scattering of phonons against the solid imperfections or even the solid
boundaries. thus increases until it is equal to the geometrical size of the
sample. Then, the thermal conductivity behaves as the heat capacity
and has a

dependence (Eq. ( 7.27 )). In particular,

These are shown in Fig. 7.4(a) for A and Fig. 7.4(b) for
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For higher temperatures, i.e.
we saw in section 6.6 that the
average number of phonons is proportional to T. Thus, phonon-phonon
interactions become increasingly dominant as the temperature increases.
Since the collision frequency should be proportional to the number of
phonons with which a phonon can collide, ends up being proportional to
1/T at higher temperatures, as shown in Fig. 7.4(a). At the same time, we
saw that in the heat capacity
saturates at high temperatures
(Eq. ( 7.21 )). The thermal conductivity
therefore has a 1/T dependence
in this regime, as shown in Fig. 7.4(b).
The other contribution to the thermal conductivity arises from electrons
and mainly concern metals which have a large concentration of free
electrons. Here again, the kinetic theory of gases leads to an expression of
the electronic contribution
similar to Eq. ( 7.40 ):

where

is the electronic contribution to the heat capacity per unit

volume of the solid considered and is the average electron velocity. The
parameter
is the mean free path of an electron between two consecutive
collisions. We will not discuss here the various scattering mechanisms for
an electron because of their large number and complexity. Nevertheless, we
will conclude by providing a numerical estimate of this contribution and
compare it to the lattice contribution.
At room temperature, on the one hand, a typical phonon has a mean free
path of
cm, a velocity of
and a heat capacity of 25
yielding a thermal conductivity of
On the
other hand, for a pure (perfect) metal, an electron has a mean free path of
a velocity of
and a heat capacity of 0.5
yielding a thermal conductivity of
This clearly shows
that the electrons in a pure metal are responsible for almost all the heat
transfer. However, if the metal has many defects, the phonon contribution
may be comparable with the electron contribution.
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7.6. Summary
In this Chapter, we have shown that phonons in a solid are responsible for
an important contribution to the thermal properties of crystals, including
heat capacity, thermal expansion and thermal conductivity. The Debye
model of phonons was presented and allowed to accurately describe the
temperature dependence of the heat capacity, the thermal conductivity
coefficient measured experimentally in a crystal.
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Problems
1. Why is the Debye temperature of diamond so much larger than that of
silicon?
2. Starting from the expression of the total energy carried by the lattice

vibrations in Eq. ( 7.19 ), show that the heat capacity

can

be written as:

3. Find the room temperature lattice constants for the following crystals:
aluminum, copper, iron, silicon, germanium, diamond. Plot their values
for a temperature up to 1000 °C.
4. Find the numerical values for the thermal conductivity coefficient for
the following semiconductor crystals: silicon carbide, diamond, silicon;
and for the following metals: copper, gold. Is there a relation between
the thermal conductivity coefficients of these crystals and their Debye
temperature? Explain.

8. Equilibrium Charge Carrier Statistics in
Semiconductors
8.1.
8.2.
8.3.
8.4.
8.5.
8.6.
8.7.
8.8.
8.9.
8.10.

Introduction
Density of states
Effective density of states (conduction band)
Effective density of states (valence band)
Mass action law
Doping: intrinsic vs. extrinsic semiconductors
Charge neutrality
Fermi energy as a function of temperature
Electron concentration in a n-type semiconductor
Summary

8.1. Introduction
In Chapter 4, we discussed the quantum mechanical states of electrons in a
periodic crystal potential and the resulting formation of energy bands. We
also introduced the concept of effective mass, that of holes, and the Fermi
energy which provides an easy way to differentiate a semiconductor from a
metal.
In semiconductor devices, most of the properties of interest find their
origins in the electrons in the conduction band and the holes in the valence
band. Two major functions are important in understanding the behavior of
these electrons and holes: the density of states and the Fermi-Dirac
distribution function, both of which have been discussed in Chapter 4 and
Chapter 5. In this Chapter, we will establish the basic relations and
formalism for the distribution of electrons in the conduction band and holes
in the valence band at thermal equilibrium. We will also introduce the
notion of doping and extrinsic semiconductors, in contrast to pure or
intrinsic semiconductors.
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8.2. Density of states
In Chapter 5, we calculated the density of states of electrons the conduction
band in a three-dimensional semiconductor to be:

where
is the electron effective mass in the conduction band,
is the
bottom of the conduction band and V is the volume of the crystal
considered. The subscript “c” in
indicates that we are considering the
conduction band. This expression was calculated for a single band minimum
and is valid for direct-gap semiconductors, such as GaAs, where the
conduction band minimum occurs at the zone center. However, in the case
of real semiconductors, one has to take into account the degeneracy or
number of equivalent of the conduction band minima in the first Brillouin
zone.
For example, we saw in Fig. 4.16(a), that the conduction band minimum
in Ge occurred along the <111> direction. As there are eight equivalent
<111> directions, there are eight equivalent conduction band minima in Ge.
However, because the minima occur exactly at the boundary of the first
Brillouin zone, each minimum is shared with two neighboring zones and
therefore only contributes one half to the density of states. Thus
i.e.
the expression in Eq. ( 8.1 ) needs to be multiplied by a factor 4. In addition,
we also saw in Fig. 4.16(b) that the conduction band minimum in Si occurs
at
in the first Brillouin zone along the <100> direction. Since
the <100> direction has a six-fold symmetry, this gives rise to six equivalent
conduction band minima within the first Brillouin zone, and
because
the minimum is strictly inside the first Brillouin zone. The expression in Eq.
( 8.1 ) then needs to be multiplied by 6. Finally, for GaAs, as shown in Fig.
4.16(c), the conduction band minimum occurs at the zone center and the
expression in Eq. ( 8.1 ) remains unchanged, i.e.
In other words, the full density of states of electrons in the conduction
band is

The value of the electron effective mass
was determined in
Eq. ( 4.30 ), in the simple case of a one-dimensional crystal, as the curvature
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of the conduction band or, in other words, the second derivative of the
energy spectrum E(k) such that E(k) can be approximated as:

In the more general case of a three-dimensional crystal, the effective
mass is a 3x3 matrix and each element is function of the direction in which
the two derivatives of the energy spectrum
are performed,
If the energy spectrum can be approximated as:

or

where
and
correspond to the values of the second partial
derivatives in the
and
respectively; then the electron
effective mass
that is considered in Eq. ( 8.2 ) is the average of these
three masses and is given by:

In the particular case when the energy spectrum can be approximated as:

where and
are customarily called the transverse electron effective
mass and the longitudinal electron effective mass, respectively; then the
electron effective mass
that is considered in Eq. ( 8.2 ) is the average of
these three masses and is given by:

Example
Q: GaN has the wurtzite crystal structure. The first
Brillouin zone is shown in the figure below. From the
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calculation of the band structure of GaN, it can be seen
that there is a shallow conduction band minimum at the
symmetry point K in the reciprocal lattice. To calculate
the density of states given by the expression
what
degeneracy factor

is

the

which should be used?

A similar relation can be obtained for the electronic density of states in
the valence band

where
is the hole effective mass which accounts for the curvature of
the valence band, and
is the top of the valence band. In this expression,
there is no degeneracy factor from crystal symmetry because the top of the
valence band is unique and always occurs at the center of the first Brillouin
zone.
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We saw in section 4.3 that the valence band of a semiconductor is
composed of two main sub-bands, the heavy-hole and light-hole bands, each
with a different curvature and thus with their own hole effective masses:
and
for the heavy-hole effective mass and light-hole effective mass,
respectively. As a result, the hole effective mass
that is considered in Eq.
( 8.8 ) is the following average of these two masses:

8.3. Effective density of states (conduction band)
As discussed in sub-section 4.2.9, the density of states merely provides
information about the allowed energy states. To obtain the concentration of
electrons in the conduction band, we must multiply this density of states
with the Fermi-Dirac distribution (Eq. ( 4.31 )) which gives the probability
of occupation of an energy state:

Expanding this expression using Eq. ( 8.2 ) and Eq. ( 4.31 ), we get:

Making the change of variable

and thus

the previous integral becomes:

We can define the Fermi-Dirac integral as in Eq. ( 4.38 ):
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using:

Eq. ( 8.12 ) can be rewritten as:

and therefore Eq. ( 8.11) becomes:

Remembering that

or:

with:

this can be simplified as:
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is called the effective conduction band density of states. The FermiDirac integral defined in Eq. ( 8.13 ) is often approximated with simpler
experssions. One commonly encountered situation is when
A semiconductor in this situation is called a nondegenerate semiconductor. Let us give a numerical example. At room
temperature (T=300 K), we have
Therefore, we can consider
that we are in the presence of a non-degenerate semiconductor when the
Fermi energy
is away from the bottom of the conduction band
by a
few times 25.9 meV. This is illustrated in Fig. 8.1(a).

This approximation means that the Fermi energy is rather far from the
bottom of the conduction band and inside the bandgap, and that x<<-l in Eq.
( 8.13 ). Therefore, the exponential function dominates in the denominator
for all positive values of y>0, i.e.:
Thus:

The integral on the right hand side can be transformed by integrating by
parts:
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Making now the change of variable
we get the well known integral:

and thus

Substituting in Eq. ( 8.18 ), we obtain for a non-degenerate
semiconductor:

and from Eq. ( 8.18 ) and Eq. ( 8.14 ):

This expression is much simpler than Eq. ( 8.18 ) and is more amenable
for calculations. However, when the Fermi energy is close to or even higher
than the bottom of the conduction band, we have a so called degenerate
semiconductor, we cannot make this approximation anymore and the FermiDirac integral has to be used.

8.4. Effective density of states (valence band)
A similar derivation can be performed for the concentration or density of
holes p in the valence band:

Equilibrium Charge Carrier Statistics in Semiconductors

229

which we obtained from Eq. ( 8.10 ) after replacing the density of states
with that in the valence band and the limit of integration for an energy
below the top of the valence band
Moreover, the Fermi-Dirac
distribution
has been replaced with (see Eq. ( 4.40 )):

which gives the probability of the state at energy E not to be occupied by
an electron, and thus to be occupied by a hole.
Expanding Eq. ( 8.22 ) using Eq. ( 8.8 ) and Eq. ( 8.23 ), we get:

Using the change of variable

and:

in the previous integral and identifying it with the Fermi-Dirac integral,
we obtain a relation similar to Eq. ( 8.17 ) for p:

or:

where:
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is called the effective valence band density of states.
Example
Q: Find the ratio of the heavy-hole concentration to the
light-hole concentration for GaAs.
A: We know that the hole concentration is related to the
hole
effective
mass
through:
The Fermi-Dirac
integral is the same for the heavy-hole and light-hole
bands, and the only difference comes from the effective
masses. Therefore, we can write:

In

GaAs, this ratio is:

Similar to what we saw in section 8.3, the general expression in
Eq. ( 8.18 ) can be simplified in the case of a non-degenerate semiconductor
for which
This situation is of most interest and is
illustrated in Fig. 8.2(a). It corresponds to the one where the Fermi energy is
rather far from the valence band and inside the bandgap.
In this situation, the concentration of holes has a simplified expression
similar to Eq. ( 8.21 ):
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8.5. Mass action law
We saw that a non-degenerate semiconductor has its Fermi energy far away
from both the bottom of the conduction band and the top of the valence
band, by about a few times
(25.9 meV at room temperature). This
situation is more often encountered in practice that one may believe, and
most of the discussion from now will therefore be in this approximation
unless stated otherwise.
An important parameter is the product of n and p given in Eq. ( 8.21 )
and Eq. ( 8.29 ) given by:

or:

where
is the bandgap energy of the semiconductor. This
relation is very important as it is valid for any value of n or p. This relation
is usually called the mass action law. However, it does not hold in the
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degenerate semiconductor case. It is common practice to introduce the
intrinsic carrier concentration, which is defined as:

This parameter is a function of the semiconductor effective masses and
the temperature. This concentration is qualified as “intrinsic” because for an
intrinsic semiconductor, the number of electrons and holes are equal, i.e.
n=p, and we thus have from the previous relation:

Example
Q: Calculate the intrinsic electron concentration for
undoped GaAs at room temperature (300 K).
A: For a homogeneous non-degenerate semiconductor, like
undoped GaAs, the mass action law gives the intrinsic
electron concentration as:

where is the bandgap of GaAs (1.424 eV). For GaAs,
the degeneracy factor
is equal to 1 because the
conduction band minimum is at the center of the
Brillouin zone. In addition, the hole effective mass
is
calculated from the heavy-hole and light-hole effective
masses:

We therefore get:
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8.6. Doping: intrinsic vs. extrinsic semiconductor
The energy band structures of the semiconductors that have been discussed
so far corresponded to those of an intrinsic semiconductor, which is a pure
and perfect semiconductor crystal. At a temperature equal to the absolute
zero (0 K), the valence band of such a crystal is completely filled with
electrons and there is no electron in the conduction band. Indeed, we saw
that the Fermi energy of a semiconductor lies within a forbidden energy gap
(sub-section 4.2.8). Since the Fermi-Dirac distribution function has an exact
step shape at T=0 K (Fig. 4.12), there is no electron with an energy
including the conduction band, and all the electrons are located at an energy
This phenomenon directly results from the fact that the outer shell of
each constituent atom of a semiconductor is fully filled with eight electrons,
through sharing with the other atoms it is bonded to. For example, in the
case of a silicon crystal, illustrated in Fig. 8.3, each Si atom is bonded to
four neighboring Si atoms. A Si atom originally has four electrons in its
outer shell (it is in the column IV of the periodic table), each of which is
shared with one different neighboring atom. Every Si atom has therefore a
total of eight electrons: its original four electrons and one electron from each
of the four neighboring Si atoms.
We thus see that all the outer shell electrons are shared into bonds and
thus there is no extra free electron which can move. Moreover, all the outer
shell “spots” are filled with electrons, therefore there is no room for a
potential electron to move into. As a result, the electrical conductivity of a
pure semiconductor is low. This is why a pure semiconductor is an insulator
at the absolute zero temperature.
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In order to either increase the number of free electrons or increase the
number of “spots” where a potential electron can move into, we need to
replace some of the Si atoms with other elements, called dopants, which are
not isoelectronic to it, i.e. not with the same number of outer shell electrons.
This process is called doping, which results in an extrinsic semiconductor. A
dopant is thus an impurity of the semiconductor crystal. Because the dopant
replaces or substitutes a Si atom, it is called a substitutional dopant. The
concentration of such dopants typically introduced in a semiconductor is in
the range of
to
which is low in comparison with the
concentration of atoms in a crystal
There are two
types of doping: n-type doping and p-type doping, depending on the nature
of the dopant introduced. Such a dopant can be introduced intentional or
unintentionally during the synthesis of the semiconductor crystal.
The n-type doping is achieved by replacing a Si atom with an atom with
more electrons in the outer shell. This can be achieved for example by using
phosphorous (P), an element from the column V of the periodic table, which
has five electrons in its outer shell. The result is shown in Fig. 8.4.
As we can see, four of the electrons in the outer shell of the P atom are
involved in covalent bonds with its four neighboring Si atoms. The fifth
electron is therefore free to move in space. The P atom is therefore called a
donor in silicon because it can give away an electron which can in turn
participate in electrical conductivity phenomena. Once an electron is given
away, the phosphor atom becomes a positively charged ion and is then
called an ionized donor. This ionization process is generally achieved
through thermal excitation of an electron from the outer shell of the donor
atom.
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Because the dopant is a perturbation of the periodicity of the crystal
lattice, it leads to additional energy levels in the bandgap. Because the
dopant concentration is low in comparison with the density of crystal atoms,
the dopant energy level is definite, i.e. there is no energy band associated
with it. We can then talk about a donor energy level
as shown in Fig.
8.5(a). Moreover, because the P atom easily gives away an electron,
is
closer to the conduction band than the valence band. The ionization energy
of the dopant is the difference
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The other type of doping, p-type doping, is achieved by replacing a Si
atom with an atom with fewer electrons in the outer shell. This can be
achieved for example by using gallium (Ga), an element from the column III
of the periodic table, which has three electrons in its outer shell. The result
is shown in Fig. 8.6.

As we can see, all three electrons in the outer shell of the Ga atom are
involved in covalent bonds with three of its four neighboring Si atoms.
There thus remains an open location that can be filled with an electron. The
Ga atom is therefore called an acceptor in silicon because it can “accept” or
“capture” an extra electron from a neighboring covalent bond, thus leaving a
new available location for electron capture. Once an electron is captured, the
gallium atom becomes a negatively charged ion and is then called an ionized
acceptor. This movement of electrons is involved in electrical conductivity
phenomena. Remembering the concept of holes discussed in sub-section
4.2.10, we can see that this electron movement is equivalent to the
movement of a hole in the opposite direction, as illustrated in Fig. 8.7. The
Ga atom, an acceptor (of electrons) in silicon, can then be also considered as
a donor of holes.
Here again, the p-type dopant is a perturbation of the periodicity of the
crystal lattice and leads to additional localized energy levels (i.e. not bands)
in the bandgap at
which is called acceptor energy level, as shown in Fig.
8.5(b). Because the Ga atom easily captures an electron,
is closer to the
valence band than the conduction band. The ionization energy of the p-type
dopant is the difference
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A semiconductor may contain donors (with a concentration
and
acceptors (with a concentration
at the same time. We then talk about
compensation and say that the semiconductor is compensated. The overall
behavior of this semiconductor depends on the relative difference between
and
In either case of n-type and/or p-type doping, the mass action
law expressed in Eq. ( 8.30 ) remains valid as long as we have a nondegenerate semiconductor.

8.7. Charge neutrality
A semiconductor crystal, be it intrinsic or extrinsic, must be electrically
neutral at a macroscopic viewpoint. Indeed, even if dopants are introduced,
they are electrically neutral, and therefore the semiconductor crystal remains
globally neutral too. As the dopants get ionized, they create mobile electrons
and holes in the crystal. But, the persistent accumulation of electrical
charges can be ruled out, because these mobile electrons and holes would
then be attracted to these would-be accumulated charges and neutralize
them.
Before mathematically expressing the electrical neutrality condition, we
must first count all the electrical charges present in the crystal. The negative
charges include the electrons in the conduction band, with a concentration n,
and the ionized acceptors with a concentration
The positive charges
include the holes in the valence band, with a concentration p, and the
ionized donors with a concentration
The charge neutrality relation can
then be written as:
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For a given semiconductor crystal, the concentrations n and p solely
depend on the Fermi energy
through Eq. (8.21 ) and Eq. ( 8.29 ) in the
non-degenerate case, or Eq. ( 8.18 ) and Eq. ( 8.27 ) in the general case. The
concentrations of ionized donors
and acceptors
depend also on the
Fermi energy for a given dopant nature and total concentration as follows:

where
is the Fermi energy,
and
are the donor and acceptor
energy levels in the bandgap respectively,
and
are the total donor and
acceptor concentrations respectively. The factor 2 in Eq. ( 8.34 ) arises from
the two possible values of spin for an electron, and the factor 4 in
Eq. ( 8.35 ) arises from the two possible values of spin and the fact that there
are two degenerate sub-bands in the valence band at the center of the
Brillouin zone: the heavy-hole band and the light-hole band (sub-section
4.3.3). Similar to the Fermi-Dirac distribution, the Eq. ( 8.34 ) and
Eq. ( 8.35 ) are derived from statistical physics.
The charge neutrality equation is a very important property because it
gives an implicit equation which can be used to determine the Fermi energy.
Once the Fermi energy is determined, the concentration of electrons in the
conduction band and that of holes in the valence band can be readily
calculated through Eq. (8.21 ) and Eq. ( 8.29 ) in the non-degenerate case,
or Eq. ( 8.18 ) and Eq. ( 8.27 ) in the general case.

8.8. Fermi energy as a function of temperature
An example of such calculation is given here, first for an intrinsic and then
for a n-type extrinsic and non-degenerate semiconductor.
In the intrinsic case, we assume there is no dopant, i.e. the total
concentration of dopant is
Substituting in Eq. ( 8.33 ), we
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therefore obtain Eq. ( 8.32 ) again. Now, by identifying n in Eq. (8.21 ) and
Eq. ( 8.32 ), we can write an expression for the Fermi energy:

which becomes, knowing that

After taking the logarithm of this relation:

or:

This equation shows that the Fermi energy in an intrinsic semiconductor
lies near the middle of the bandgap, and is offset by an amount that varies
with temperature. At the absolute zero temperature, the Fermi energy is
exactly at the middle of the bandgap.

Example
Q: Determine how far the Fermi energy is from the middle
of the bandgap of GaAs at 296 K.
A: The Fermi energy is given the expression:
The energy difference
between the Fermi energy and the middle of the
bandgap is therefore given by the logarithm function:
which is given by the
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ratio:

In GaAs, the degeneracy

factor
is equal to 1 because the conduction band
minimum is at the center of the Brillouin zone. In
addition, the hole effective mass
is calculated from
the heavy-hole and light-hole effective masses:
This

leads

to:

For an extrinsic semiconductor, an expression similar Eq. ( 8.37 ) cannot
be easily obtained, as one needs to estimate the concentrations of ionized
donors
or acceptors
as a function of the total concentrations,
which is beyond the scope of this textbook. Nevertheless, the following
discussion will enable us to qualitatively understand the variation of the
Fermi energy as a function of temperature.
We know that, at the absolute zero temperature (T=0 K), the Fermi
energy
is such that all the electrons have an energy below
and no
electron has an energy higher than
Therefore, in a n-type doped semiconductor at T=0 K, the Fermi energy
is located between
and
as illustrated in Fig. 8.8(a), which means that
the Fermi energy is much closer to the bottom of the conduction band than
in the case of an intrinsic semiconductor. This proximity has the very
important consequence that the concentration of electrons in the conduction
band is much larger than for an intrinsic semiconductor, as a result of the
shape of the Fermi-Dirac distribution shown in Fig. 4.12, when the
temperature is raised. These electrons can easily participate in electrical
conduction phenomena.
By contrast, in a p-type doped semiconductor at T=0 K, the Fermi
energy
is located between
and
as illustrated in Fig. 8.8(b), which
means that the Fermi energy is much closer to the top of the valence band
than in the case of an intrinsic semiconductor. This proximity also has the
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very important consequence that the concentration of holes in the valence
band is much larger than for an intrinsic semiconductor, as a result of the
shape of the Fermi-Dirac distribution shown in Fig. 4.12, at room
temperature. And these holes can easily participate in electrical conduction
phenomena.

For very high temperatures, all the donors or acceptors are ionized and
we have:
Thus, the contribution from dopants to the
charged carriers is limited, which is typically to a maximum of
At
the same time, the intrinsic contribution to the concentrations of electrons
and holes, given by Eq. ( 8.32 ), is such that (take

Moreover, from Eq. ( 8.19 ) and Eq. ( 8.28 ), we saw that the effective
density of states

and

both increase as

Therefore, the intrinsic

contribution to n and p also increases as
i.e. is not limited when the
temperature increases, unlike the contribution from dopants. The charge
neutrality relation in Eq. ( 8.33 ) then becomes:
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This means that at very high temperatures, the charge carriers in an
extrinsic semiconductor behave as in an intrinsic semiconductor. This also
means that the Fermi energy tends to the expression given in Eq. ( 8.37 ).
From these qualitative arguments, we can schematically illustrate the
evolution of the Fermi energy as a function of temperature in Fig. 8.9 for a
n-type and a p-type semiconductor.

8.9. Carrier concentration in a semiconductor
Before concluding this section on the electrical charge distribution at
equilibrium, let us consider the example of a non-degenerate, n-type doped
semiconductor. Here again, we will not go in a detailed numerical analysis,
but will provide the main qualitative results. The total dopant concentration
will be denoted
Assuming there is no acceptor
the charge
neutrality relation in Eq. ( 8.33 ) is now:

Several levels of approximations, corresponding to several temperature
regimes, can be considered to further simplify this expression. But prior to
conducting the discussion, we should point out that holes in the
semiconductor originate only from the intrinsic contribution, not an extrinsic
source such as a dopant (we chose
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The first regime corresponds to high temperatures. As discussed in the
previous sub-section, all the donors are ionized
However, the
concentrations of electrons n and holes p are much higher than the total
concentration of donors
and thus follow their expressions for
the intrinsic case, i.e.:

As the temperature is lowered, while the donors remain ionized
the intrinsic contribution to the concentrations of electrons and
holes diminishes. Below a certain temperature, these contributions become
negligible in comparison to
or
In this second temperature regime, p
can be neglected
because the only contribution to p is the
intrinsic contribution. Therefore, Eq. ( 8.40 ) becomes:

This is the most interesting characteristic of an extrinsic semiconductor.
Indeed, if the concentration of donors can be intentionally controlled in the
crystal during the synthesis, the concentration of electrons in the conduction
band is precisely determined.
As the temperature is further lowered, we reach a third regime where all
the donors are not ionized anymore
At the same time, we still
have

In this case, Eq. ( 8.40 ) becomes:

At low temperatures, the Fermi energy
lies between the bottom of the
conduction band
and the donor level
Therefore,
and the
expression for
in Eq. ( 8.34 ) can be simplified to become:
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or:

Let us now calculate the product
On the one hand, it is equal to
from Eq. ( 8.43 ). On the other hand, it is equal to:

after using Eq. ( 8.21 ) and Eq. ( 8.44 ). We then obtain:

which yields:

The three expressions of n in Eq. ( 8.41 ), Eq. ( 8.42 ) and Eq. ( 8.47 )
provide good approximations of the concentration of electrons in the
conduction band as a function of temperature. It is customary to plot this
concentration in a logarithmic scale for n and as a function of inverse
temperature (i.e.

so that the slopes of the curve can be directly

correlated to the bandgap energy
in Eq. (8.41 ) and the ionization energy
in Eq. ( 8.47 ). This is very simply shown in the schematic diagram in
Fig. 8.10. Here, the temperature dependence of
from Eq. ( 8.19 ))
has been neglected in comparison to the temperature dependence of the
exponential terms.
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In the case of a p-type semiconductor, with an acceptor concentration
the following hole concentrations for the various regimes discussed
previously can be determined.
In the first regime, at high temperatures, the concentrations of holes p
and electrons n are much higher than the total concentration of acceptors
and thus follow their expressions for the intrinsic case, as in
Eq.(8.41):

In the second regime, Eq. ( 8.42 ) can be transformed for a p-type
semiconductor into:

In the third regime, as the temperature is further lowered, Eq. ( 8.43 )
can also be transformed for a p-type semiconductor into:
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From Eq. ( 8.35 ), using the same computation as conducted between

Eq. ( 8.44 ) and Eq. ( 8.47 ), we get:

8.10. Summary
In this Chapter, we have first described the equilibrium properties of charge
carriers in a semiconductor. We introduced the concepts of effective density
of states, mass action law, intrinsic and extrinsic semiconductor. The n-type
and p-type doping of semiconductors has been discussed, with its
consequence on the charge neutrality in the solid. We also discussed the
importance of the Fermi energy.
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Problems
1.

Calculate the conduction band effective density of states for Si, Ge and
GaAs at 300 K. Plot it in logarithmic scale as a function of the logarithm
of the temperature.

2. Calculate the valence band effective density of states for Si, Ge and
GaAs at 300 K. Plot it as a function of temperature, in logarithmic scale.
We know that the valence band is degenerate at the center of the
Brillouin zone as there is a heavy-hole band (with effective mass
and a light-hole band (with effective mass
The effective mass to be

used in Eq. ( 8.28 ) is then:
3. Calculate the intrinsic carrier concentrations for Si, Ge, GaAs, and GaN
at 300 K, in the non degenerate case. Plot their evolution as a function
of temperature, in logarithmic scale.
4. From the periodic table, give examples of n-type and p-type dopants for
Ge and GaAs. Is silicon a n-type or a p-type dopant in GaAs? Interpret.
5. Give an expression for the charge neutrality relation when double
acceptors are present with a concentration
Double acceptors accept
one or two electrons. Use the same notations as those in section 8.3.
6. Plot the evolution of the Fermi energy as a function of temperature in
intrinsic GaAs.
7. Give a diagram of the evolution of the Fermi energy as a function of
when it varies from
to
at room temperature.
8. Consider a p-type doped GaAs semiconductor at 300 K with an
experimentally measured hole concentration of
The ptype dopant has an energy level such that
Assuming there is no donor, determine the proportion of ionized
acceptors. Determine the total concentration of acceptors.
9. Consider a n-type doped GaAs semiconductor at 300 K with an
experimentally measured electron concentration of
The n-
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type dopant has an energy level such that
Assuming there is no acceptor, determine the proportion of ionized
donors. Determine the total concentration of donors.

9. Non-Equilibrium Electrical Properties of
Semiconductors
9.1. Introduction
9.2. Electrical conductivity—Ohm’s law
9.2.1. Ohm’s law in solids
9.2.2. Case of semiconductors
9.3. Hall effect
9.3.1. P-type semiconductor
9.3.2. N-type semiconductor
9.3.3. Compensated semiconductor
9.4. Charge carrier diffusion
9.4.1. Diffusion currents
9.4.2. Einstein relations
9.4.3. Diffusion lengths
9.5. Quasi-Fermi energy
9.6. Carrier generation and recombination mechanisms
9.6.1. Carrier generation
9.6.2. Direct band to band recombination
9.6.3. Schokley-Read-Hall recombination
9.6.4. Auger band to band recombination
9.6.5. Surface recombination
9.7. Summary

9.1. Introduction
In the previous Chapter, we established the basic relations and formalism for
the distribution of electrons in the conduction band and holes in the valence
band at thermal equilibrium.
Although the equilibrium state for electrons and holes in a
semiconductor is the result of interactions between carriers or between
carriers and phonons, it does not depend on the way this state is reached.
The knowledge of the equilibrium properties is therefore not sufficient and
this is all the more true since semiconductor devices usually work under
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non-equilibrium conditions. In this Chapter, we will thus discuss the
dynamics of electrons and holes, including electrical conductivity, Hall
effect, diffusion, as well as recombination mechanisms.

9.2. Electrical conductivity
9.2.1. Ohm’s law in solids
Because electrons and holes are charged particles, they can move in an
orderly manner in a semiconductor under the influence of an electric field
for example. This motion generates an electrical current, called drift current,
which is at the origin of the electrical conductivity phenomenon of certain
solids. The magnitude of this current determines whether a solid is a “good”
or a “bad” conductor, and is directly related to the density of mobile
electrical charge carriers in the solid. In this section, we will try to model the
electrical conductivity in solids starting from the Drude model, which is a
general model and is valid for any solid which contains mobile charge
carriers. This model is based on the kinetic theory of gases which was
briefly mentioned in section 7.5.
In this model, an electron from the gas of electrons is considered as (i) a
free moving particle in space with a momentum and an energy, (ii) which is
subject to instantaneous collision events (e.g. with other particles such as
electrons, atom cores or with irregularities in the crystal), (iii) the
probability for a collision to occur during an interval of time dt is
proportional to dt, (iv) and the particles reach their thermal equilibrium only
through these collisions.
Let us start by conceptually considering an electron with an electrical
charge -q in a uniform electric field strength
The force exerted on this
electron is constant and equal to
such that:

Newton’s action mass law is

where
is the velocity of the electron and m is its mass (in a
semiconductor
the effective mass). This relation means that the
acceleration of the electron is constant and therefore that its velocity
increases linearly with time. As the velocity cannot increase indefinitely, we
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understand the need for collision events to prevent the electron velocity
from reaching extremely high values.
The current density vector
is a vector which is parallel to the flow of
charge and whose magnitude is equal to the amount of electrical charge (in
Coulomb) that passes per unit time through a unit area surface perpendicular
to the flow of charges, as shown in Fig. 9.1(a). The current density is
expressed in units of

The current density can be determined by calculating the number of
electrons which will traverse the surface S, during a time interval dt. Such
electrons are in fact located in the volume defined between the surfaces
denoted by S and S’ in Fig. 9.1(b). This volume is equal to

where A

is the area of the surface S.
Assuming that there is a concentration n of electrons in this region of
space, and that all of them have a velocity
the total amount of electrical
charge traversing the surface S with area A, during a time interval dt is:

The magnitude of the current density is thus the expression in Eq. ( 9.2 )
divided by the area and the time interval. Because the current density vector
is parallel and in opposite direction to the flow of electrons, we obtain:
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In fact, the electrons do not all have the same velocity

individually,

but the expression in Eq. ( 9.3 ) remains valid by considering that is the
average velocity of the electron gas as a whole. Indeed, if there was no
electric field, because collisions are a statistical process, the electrons are as
likely to move in one direction in space as in another after a collision. The
average velocity vector of the electron gas is thus zero and there would be
no electrical current, as expected.
In order to calculate the average velocity of the electron gas that results
from the elecric field, we have to introduce, as was done in earlier Chapter
5, a characteristic time called electron relaxation time
which is the
average duration between two consecutive collisions or scattering events.
Such duration typically range on the order of
s in metals. The
probability of a collision to occur is in fact proportional to

The average

velocity is then called drift velocity and is denoted
This quantity can
be estimated by integrating Eq. ( 9.1 ) over time from t = 0 and

We see that the drift velocity is proportional to the electric field strength
and this proportionality factor is called the mobility of electrons in the solid:

This quantity is expressed in units of
and it represents the
velocity that an electron gains per unit electric field strength (velocity
divided by electric field strength
This parameter has little
use in metals but will be most useful in semiconductors. The drift current
density, which results from the drift of electrons in the electric field, can
then be written using Eq. ( 9.3 ):
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A “drift” superscript has been added to emphasize that this is the drift
current density. Here again, we see that the current density is proportional to
the electric field strength. This proportionality factor is called the
conductivity, is denoted
and is expressed in units of
or inverse

It is also common practice to consider the inverse of the conductivity
which is called the resistivity of the material:

The linear relation in Eq. ( 9.7 ) is called Ohm’s law. In strong electric
fields, deviations from this linear dependence may occur, but one can keep
the general expression for the current density in Eq. ( 9.7 ) by considering a
field-dependent conductivity
In this case, the relation is called the
generalized Ohm’s law.
Example
Q: Estimate the electron mobility in Cu.
A: The charge carriers in Cu are electrons, and their
mobility is related to the resistivity of Cu through:
where n is the electron concentration
participating in the conduction. Since there are two
electrons in valence shell of copper, this concentration
can be determined by the concentration of Cu atoms or
the density of Cu

where

is the mass of a Cu atom. Assuming the resistivity
of Cu is about
we get the mobility:
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For many, Ohm’s law is more commonly recognized through the
relation

where I is the current, V the voltage and R the resistance

of an electrical component. Indeed, let us consider a parallelepiped shaped
solid, as depicted in Fig. 9.2. We assume the electric field in the solid is
uniform and that the electrical current flows perpendicularly to a side of the
parallelepiped with surface area WH, as shown in Fig. 9.2.

In this configuration, the electrical current I is equal to the magnitude of
the current density multiplied by the area WH, i.e.
The
voltage V is equal to the magnitude of the electric field strength
multiplied by the length L of solid considered, i.e.
get successively:

We therefore
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We thus recognize the relation:

where:

and A=WH is the area of the surface perpendicular to and traversed by
the electrical current flow. The quantity R is called the resistance of slab of
solid considered. This expression relates a macroscopic quantity (resistance)
to an internal property of the solid (resistivity).

9.2.2. Case of semiconductors
So far, the discussion has been general and valid for any solid that contains
mobile charge carriers. In the case of semiconductors, a few modifications
to the previous results need to be made.
A semiconductor has two types of charge carriers which can contribute
to the electrical conduction: electrons in the conduction band and holes in
the valence band. There are thus two separate contributions to the drift
current:

where each of the

is expressed through Eq. ( 9.7 ) using

the carrier concentrations n and p, mobilities and
and effective masses
and
of the electron and the hole, respectively, in th semiconductor
considered. Note that, unlike electrons, the holes flow in the same direction
as the electric field, because of their positive charge. We thus obtain:
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and

The total drift current density can then be written as:

The typical room temperature conductivity in metals is
while the conductivity in semiconductors depends on the carrier
concentrations and therefore the doping level, as discussed in Chapter 8.
The conductivity in semiconductors depends much more strongly on the
temperature than that in metals. This is because in semiconductors, at a
temperature of 0 K, the Fermi energy lies within the forbidden gap (Fig.
4.11) and there is no electron in the conduction band (and thus no hole in the
valence band) as the Fermi-Dirac distribution is strictly equal to zero there
(Fig. 4.12). By increasing the temperature, it is therefore possible to increase
the concentrations of electrons in the conduction band and enhance
electrical conductivity as the Fermi-Dirac distribution is not strictly equal to
zero any more. By contrast, in metals, the Fermi energy lies within the
conduction band which is thus partially filled (Fig. 4.11), and an increase in
temperature will not significantly affect the concentration of electrons in it.

9.3. Hall effect
At the end of the
century, physicists knew that if a metal wire carrying
an electrical current was placed in a magnetic field, it experienced a force.
The origin of this force was not known. In 1879, E.H. Hall tried to prove
that this force was exerted only on the mobile charges (electrons) in the
wire. By doing so, he conducted an experiment where an electrical current
was run through a fixed conductor perpendicularly to a magnetic field.
Let us consider the Hall effect experiment geometry illustrated in Fig.
9.3. An electrical current, with current density
in the x-direction, is run
through a parallelepiped shaped solid. A magnetic induction or flux density
is directed perpendicularly to the current, in the z-direction. The
movement of holes and electrons is shown in Fig. 9.3 as well.
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9.3.1. P-type semiconductor
Let us now assume that the solid only contains one type of charge carriers,
and that they are holes. With the electrical current in the (+x)-direction, a
hole moves also in the x-direction with a velocity
as shown in Fig. 9.3.
At the same time, it is subject to the Lorentz force equal to:

which is in the y-direction. If the sample was without limits, the hole
would exhibit a cyclotron (circular) motion around an axis parallel to
In
the case of a finite size solid as the one shown in Fig. 9.4, holes would
accumulate on one of its sides to create a surplus of positive charges. At the
same time, negative charges would appear on the opposite side from the
deficiency of holes there. This separation of charges results in an electric
field strength
called Hall electric field and shown in Fig. 9.4, which
drives holes in the y-direction, opposite to the Lorentz force.
At equilibrium, the Lorentz force and the force due to the Hall electric
field must balance each other. This can be expressed mathematically as:

258

Fundamentals of Solid State Engineering

The Hall electric field strength is thus:

The component of the Hall electric field strength in the y-direction (i.e.
in the geometry shown in Fig. 9.4 is:

From Eq. (9.12), we get:

where p is the hole concentration in the solid and we can rewrite
Eq. (9.17) as:

This expression contains macroscopic quantities which are characteristic
of the material (p), parameters of the experiments (J and B) and quantities
which are experimentally measured
Through this relation, we can
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easily extract properties characteristic of the materials from experiments. It
is common practice to introduce the Hall constant given by:

The Hall constant therefore yields a direct measure of the hole
concentration in the solid. We can define a hole Hall mobility as:

This Hall mobility has the same units as the drift mobility encountered
in Eq. ( 9.12 ) in section 9.2, i.e.
However, it differs from the
drift mobility by a factor, called the Hall factor, which is determined by the
temperature and the types of scattering involving the charge carriers.
Experimentally, this factor is taken to be equal to unity and only one
mobility is considered. This can be illustrated by the fact that one can arrive
at Eq. ( 9.20 ) from Eq. ( 9.19 ) by using the expression in Eq. ( 9.13 )
applied to holes only.

9.3.2. N-type semiconductor
In the case of a solid which contains only electrons as the mobile charge
carriers, a similar analysis can be conducted. The motion of an electron in
the Hall effect experiment is shown in Fig. 9.5. We can see that the electrons
are deflected in the same direction as the holes in Fig. 9.4.
However, because electrons have a negative charge, the Hall electric
field is in the opposite direction in comparison to the one from holes:

The Hall electric field strength is thus:
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The component of the Hall electric field strength in the y-direction (i.e.
in the geometry shown in Fig. 9.5 is:

because

From Eq. ( 9.12 ), we have:

and we can rewrite Eq. (9.23) as:

This expression is similar to Eq. ( 9.18 ) and the Hall constant defined in
Eq. ( 9.19 ) becomes:
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Here again, we see that the Hall constant yields the electron
concentration in the solid. Moreover, it is negative, whereas it was positive
when holes were the only charge carrier. The Hall constant is therefore a
good method to determine if a semiconductor is p-type or n-type. The
electron Hall mobility given by Eq. ( 9.20 ) is now transformed into:

Similar to the previous case, the electron Hall mobility is usually taken
equal to the electron drift mobility.

9.3.3. Compensated semiconductor
In a compensated semiconductor, both types of mobile charge carriers are
present. The analysis is slightly more complicated and only the results are
presented here.
The Hall constant is now given by:

where p and n are the hole and electron concentrations, and are the
hole and electron mobilities, all of which are positive parameters. The Hall
mobility is the combination of the mobilities of the electrons and holes:

9.4. Charge carrier diffusion
In an inhomogeneous solid, certain regions may exhibit more electrons or
holes than other regions. These will then migrate from the high
concentration areas to the low concentration areas. This is a universal and
natural phenomenon, called diffusion. This process finds its roots in the
imbalance of a thermodynamic chemical potential. One may picture the
diffusion process as a drop of ink in a glass of clear water which slowly
spreads in the entire volume of water. Because electrons and holes are
charge carriers, their diffusion generates an electrical current, which is very
important in many semiconductor devices.
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9.4.1. Diffusion currents
In this section, we will describe a simple one-dimensional model for the
diffusion of electrons and holes in a semiconductor. Let us assume the
electron concentration n(x) is not uniform in the x-direction, as
schematically illustrated in Fig. 9.6.

The diffusion process is mathematically described by Fick’s first law of
diffusion which says that the flux, i.e. the number of electrons passing per
unit time a unit area surface perpendicular to the x-direction is given by:

where
is called the diffusion coefficient or diffusivity and has the
units of
We use the subscript “n” to identify that this is the
diffusivity for electrons. The negative sign in this expression means that the
flux of electrons is in the direction opposite to the gradient (or slope) of
concentration, as illustrated in Fig. 9.6.
Using a similar approach as for the electrical drift process in section 9.2
to count the number of electrons that pass the unit area surface in Fig. 9.6
per unit time, we can extract the electron diffusion velocity

Non-Equilibrium Electrical Properties of Semiconductors

263

which leads to:

The movement of these electrons creates an electrical current. The
diffusion current density of electrons is then determined from Eq. ( 9.12 ):

Similar relations to Eq. ( 9.31 ) and Eq. ( 9.32 ) can be obtained for the
diffusion of holes:

where p is the concentration of holes. Note that there is a sign change
from Eq. ( 9.32 ) to Eq. ( 9.34 ) which is due to the positive charge of the
hole. There is no such sign change from Eq. ( 9.31 ) to Eq. ( 9.33 ), because
the origin of the diffusion process is not dependent on the electrical charge.

9.4.2. Einstein relations
The drift and the diffusion of electrons and holes are intimately related
processes, because both contribute to the observed electrical current in a
semiconductor.
Let us continue on our simple one-dimensional model and consider a
finite size solid onto which a uniform external electric field strength
is applied. As a result, the electrons will be drifting to one side of
the solid and a concentration gradient will be achieved. These electrons will
then start to diffuse in the direction opposite to this electrical drift until a
balance is reached.
The drift current density is given by Eq. ( 9.12 ):
E ; while
the electrical diffusion current density is given by Eq. ( 9.32 ):
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At the thermal equilibrium of this system, the sum of
these two current densities:

must be equal to zero, i.e.:

This first order differential equation can be rewritten as:

which leads to the solution:

where n(0) is the electron concentration at x=0. We see that we obtain an
exponential-like distribution for this concentration. However, at thermal
equilibrium, this quantity also obeys the Boltzmann statistics, which is
analogous to the Boltzmann probability distribution we encountered in
Chapter 3. For a non-degenerate semiconductor, the electron concentration
in this statistics is given by:

because qEx is the potential energy of the electron in an electric field
strength of magnitude E . Identifying Eq. ( 9.38 ) and Eq. ( 9.39 ), we obtain
the relation:
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or:

A similar relation can be obtained for holes:

Eq. ( 9.40 ) and Eq. ( 9.41 ) are called the Einstein relations and are valid
only for a non-degenerate semiconductor. For a degenerate semiconductor, a
factor involving the Fermi-Dirac integral (Eq. ( 8.13 )) needs to be
considered in the above expressions. These relations are important because
they provide a mathematical link between the drift and diffusion processes.
9.4.3. Diffusion lengths
In the diffusion model considered so far, an electron or a hole can diffuse
indefinitely in space. However, in most real case situations, the diffusion
range is much more limited.
Let us consider the diffusion of electrons in a one-dimensional
semiconductor model, where excess carriers are continuously generated at
x=0 and are then allowed to diffuse toward
By the term “excess
carrier”, we mean that electrons in addition to the thermal equilibrium
concentration
are injected into the semiconductor. The mechanisms by
which this is achieved will be discussed later in the text. We will denote:

the excess electron concentration which is a function of position. A
possible shape for
is shown in Fig. 9.7.
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During the diffusion process, an electron will experience recombination,
i.e. they will not travel in space indefinitely but will be stopped, for example
when it encounters a hole (remember that a hole is an allowed state vacated
by an electron), or when it gets trapped by a defect in the semiconductor
crystal (e.g. an ionized donor which is positively charged).
The recombination mechanisms are numerous and diverse. However, it
is possible to mathematically express their effects in a simple manner. For
this, we introduce a characteristic time,
called the electron
recombination lifetime such that the recombination rate of an electron at a
location where there is an excess
of electrons is given by:

This quantity has the units of
and expresses the change in the
excess carrier concentration per unit time.
Let us now consider an infinitesimal region of space, located between
and
+ dx, as illustrated in Fig. 9.8. This region experiences an influx and an out-flux of electrons, denoted respectively
and shown in Fig. 9.8.

and
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there is a net in-flux or accumulation of

electrons, but if
there is a net out-flux or depletion of
electrons in this region. Under steady-state conditions, there must not be a
never-ending accumulation or depletion of electrons. The in-flux of
electrons must therefore be equal to the sum of the out-flux of electrons and
the number of electrons recombining within this region. The later quantity is
equal to
multiplied by the width of the region dx, because we can
assume that the function R(x) does not vary too much over a narrow width
dx around the point x0. Numerically, this translates into:

From Eq. ( 9.29 ), we can write:
and

But, From Eq. ( 9.42 ), we easily see that:

and therefore:
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Eq. ( 9.44 ) becomes then:

which can be rewritten as:

At the limit of

i.e. an infinitesimal region, the left hand side

expression becomes the derivative of

evaluated at

This relation is valid for any arbitrarily chosen position
that the following equation must be satisfied:

i.e.:

which means

Equating to Eq. ( 9.43 ), we get the differential equation that governs the
shape of the excess electron concentration

This equation can be rewritten as:
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From this expression, we can easily see that the quantity
has the
same dimension as the square of a distance. We can then define a distance
called diffusion length for electrons, given by:

The solution to Eq. ( 9.48 ) then has the general form:

Here A and B are constants and are determined from boundary
conditions. For example, let us assume the sample is delimited by x=0 and
and that is thick enough so that all the excess electrons have been
recombined before they reach its limit:
as shown in
Fig. 9.7. We thus have:

From this expression, we see the significance of the diffusion length in
determining the spatial distribution of the electrons in the diffusion process
as the characteristic length of path that a particle travels before recombining.
A similar diffusion length can be determined for holes and is given by:

where

is the hole recombination lifetime.

Example
Q: Assume that, in n-type silicon, the characteristic time for
the minority carriers (holes) is
estimate the
diffusion length of these minority carriers at 300 K.
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A: The diffusion length is given by

From

the Einstein relations, we can determine the diffusion
coefficient:
being about

The hole mobility in silicon
we get:

9.5. Quasi-Fermi energy
In section 8.5, we calculated the equilibrium electron concentration in the
conduction band and the hole concentration in the valence band using
the Fermi-Dirac distribution and arrived at Eq. ( 8.18 ) and Eq. ( 8.27 ) in
the general case, and Eq. ( 8.21 ) and Eq. ( 8.29 ) in the non-degenerate. For
a given semiconductor material, these concentrations depended solely on a
single parameter, the Fermi energy
Under non-equilibrium conditions, where the electron and hole
concentrations in their respective bands are given by:

the Fermi-Dirac distribution is not valid any more. However, it is
convenient to maintain the mathematical formalism of the equations
mentioned previously, and this is most often done for a non-degenerate
semiconductor only.
Therefore, by analogy with Eq. ( 8.21 ), the non-equilibrium electron
concentration in the conduction band is given by:
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where the quantity
is used instead of the Fermi energy
This
quantity is called the electron quasi-Fermi energy. Using this expression,
Eq. ( 8.21 ) and Eq. ( 9.53 ), we can write:

Therefore, under non-equilibrium conditions, the difference between the
quasi-Fermi level and the Fermi level determines the relative excess electron
concentration with respect to the equilibrium concentrations.
Using this quasi-Fermi energy, it is possible to define a quasi-FermiDirac distribution for electrons, which is analogous to Eq. ( 4.31 ) with
replaced by

A similar concept can be introduced for holes in the valence band. The
hole quasi-Fermi energy
is defined such that:

A quasi-Fermi-Dirac distribution for holes can also be defined by
analogy with Eq. ( 8.23 ):

The quasi-Fermi-Dirac distributions allow to conduct separate
mathematical computations for electrons and holes in an easier manner. At
equilibrium, the electron and hole quasi-Fermi energies are both equal to the
Fermi energy, i.e.
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Example
Q: Estimate the difference between the quasi-Fermi
energies
and
and the Fermi energy
in an
intrinsic semiconductor, given that the excess carrier
concentration
is 1 % of
A: The quasi-Fermi energies
and
is related to the
excess carrier concentration through the expression:

where
and
are the equilibrium electron and hole
concentrations and are both equal to the intrinsic carrier
concentration
since the semiconductor is assumed
intrinsic at equilibrium. Therefore

and

we obtain:

9.6. Carrier generation and recombination mechanisms
In the previous section, we briefly talked about excess carriers and their
recombination. We also introduced a recombination lifetime
in order to
avoid a detailed description of the recombination process.
Excess carriers can exist when the semiconductor is not in its
equilibrium state, as a result of additional energy that it received from
phonons (heat), photons (light) or an electric field for example. In a
recombination process, the amount of excess carriers is reduced and the
excess energy is transferred or released.
In this section, we will discuss the four major recombination
mechanisms encountered in semiconductors, including direct band-to-band,
Schokley-Read-Hall, Auger, and surface recombination. We will also
attempt to express the recombination lifetime in each case in terms of
known semiconductor parameters.
We will denote by:
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the excess electron and hole concentrations, respectively, where and
are the equilibrium electron and hole concentrations.
It is important, at this time, to clearly distinguish “equilibrium state”
from “steady-state”. A system is said to be under equilibrium if it is not
subject to external fields or forces. A system under the influence of external
fields or forces is under steady-state if the parameters that describe it (e.g.
carrier concentrations) do not vary with time.

9.6.1. Carrier generation
Before discussing the various recombination mechanisms, we must first
review how carriers are generated in the first place. There are essentially
two major types of generation.
The first one corresponds the thermal generation of carriers and exist
under all conditions, whether in equilibrium or non-equilibrium. The
thermal generation rate will be denoted
and is expressed in units of
The other type is the generation resulting from external factors, such as
optical absorption, electrical injection etc... This process occurs only in
non-equilibrium situations and the associated generation rate, denoted G, is
called the excess generation rate.
For each generation mechanism, there exists a recombination
mechanism which is its counterpart. The generation and recombination of
carriers are the inverse of each other.

9.6.2. Direct band-to-band recombination
In this type of recombination, an electron from the conduction band
recombines with a hole in the valence band. This process is best pictured in
the E-k diagram shown in Fig. 9.9.
This recombination can be equivalently viewed as an electron which
goes from a state in the conduction band to an allowed state in the valence
band. This seems natural if we remember that a hole in the valence band is
in fact an allowed electronic state that has been vacated by an electron. The
energy that the electron thus loses is released in the form of a photon or light
as shown in Fig. 9.9. We say that this is a radiative recombination.
This process is most likely to occur between the minimum of the
conduction band and the maximum of the valence band, and at the center of
the first Brillouin zone where the momenta of the recombining electron and
hole are both zero. Direct band-to-band recombination is therefore most
likely to occur in direct bandgap semiconductors, such as GaAs.
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Let us look at this recombination mechanism in more detail. In the
present case, the recombination rate, first introduced in Eq. ( 9.43 ), is
proportional to both the concentration of electrons in the conduction band n
and that of holes in the valence band p because these are the particles that
are recombining. We can then write:

where r(T) is the recombination coefficient, which is expressed in units
of
and T is the temperature.
In a non-equilibrium situation when the excess generation rate is non
zero, the net change in the electron and hole densities is given by:

where we used the fact that the equilibrium concentration
does not
vary with time. At equilibrium, the excess generation rate G is equal to zero,
thus the recombination rate must balance the thermal generation rate:
Since at equilibrium we have
and
we can write from Eq. ( 9.60 ):
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where is the intrinsic carrier concentration given in Eq. ( 8.31 ). From
now, we will also omit the temperature dependence of r(T) to simplify the
equations.
Let us now consider the relaxation process, which occurs after the
external source of generation is removed (G = 0). Taking into account Eq.
( 9.60 ) and Eq. ( 9.62 ), Eq. ( 9.61 ) becomes:

Using Eq. ( 9.59 ), we can expand this expression into:

i.e.:

One obvious simplification can be immediately made in the previous
expression as
from Eq. ( 8.31 ). For further simplicity, we can
assume the
i.e. the concentration of excess electrons is equal to
the concentration of excess holes, which seems natural in order to ensure
charge neutrality locally in the semiconductor at all times. Eq. ( 9.64 ) then
becomes:

We can successively transform Eq. ( 9.65 ) into:
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Each of the terms in the left hand side is a logarithmic derivative. By
integrating with respect to time from 0 to t, we get successively:

Taking the exponential on both sides of this last equation, we obtain:

And solving for

we get:

This shows the general form for the change in the excess electron
concentration as a function of time. The only parameters of the variation are
the equilibrium concentrations
and
the initial excess electron
concentration
and the recombination coefficient r(T). This
complicated expression can be drastically simplified in some cases.
For weak excitation levels, i.e.
Eq. ( 9.66 )
becomes:
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or simply:

and similarly for

By defining a direct band-to-band recombination lifetime for electrons
and holes as:

we obtain:

This is the same lifetime introduced in Eq. (9.43 ). Indeed, in the current
conditions, we have by using Eq. (9.61 ) and Eq. ( 9.70 ):
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which is analogous to Eq. ( 9.43 ).

9.6.3. Schokley-Read-Hall recombination
The previous band-to-band recombination most often occurs in pure
semiconductor. When defects or impurities are present in the crystal, which
is nearly always the case to some extent, energy levels appear in the
bandgap and may participate in the recombination mechanisms. These are
called Schokley-Read-Hall recombinations (SRH) and the energy is not
released in the form of a photon but is rather given to the crystal lattice in
the form of phonons. Such processes are also sometimes called band-toimpurity recombinations. This is therefore a non-radiative recombination.
In the present model, we consider the steady-state generation and
recombination of electrons and holes involving an impurity level, also called
recombination center, with an energy
in the bandgap, as shown in Fig.
9.10. Let us assume that electrons and holes are generated at a rate equal to
G, which is the excess generation rate of sub-section 9.6.1.
There are four possible electron transitions which can involve this level:
(a) the capture of an electron from the conduction band by the center, (b) the
emission of an electron from the center into the conduction band, (c) the
emission of an electron from the center into a vacant state in the valence
band, and (d) the capture of an electron from the valence band by the center.
The transition (c) can be equivalently viewed as the capture of a hole by the
center, and (d) as the emission of a hole from the center into the valence
band. Each of these transitions is illustrated in Fig. 9.10.
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The recombination of electrons or holes is enhanced by the presence of
the impurity level if the probability of transitions (a) and (c) is higher than
that of (b) and (d).
If the probability of (a) and (b) is higher than (c) and (d), the impurity
level plays more the role of an electron recombination center. If the
probability of (c) and (d) is higher than (a) and (b), the impurity level plays
more the role of a hole recombination center.
Before analyzing each transition in more detail, let us first assume there
is a density
of impurity related states at an energy
At thermal
equilibrium, the density of the recombination center states which are
occupied by electrons is then given by:

where is the Fermi-Dirac distribution given by Eq. ( 4.31 ). And the
density of the recombination center states which are empty of electrons at
equilibrium is given by:

However, when carriers are transiting through the recombination centers
in Fig. 9.10, the density of occupied and empty center states is different
from their equilibrium values. We thus introduce a non-equilibrium
distribution function f such that the densities of occupied and empty center
states are
and
respectively. Knowledge of the exact value
of this function is not important in analyzing each of the transitions
illustrated in Fig. 9.10.
(1) Transition rates
Let us first discuss the transition (a), i.e. the capture of an electron from
the conduction band by the center. The capture rate, or concentration of
electrons captured by the center per unit time, is denoted and is expressed
in units of
It must be proportional to the density of electrons in the
conduction band n and the density of empty centers
In addition, should also depend on a parameter which describes “how
often an electron encounters the recombination center”. This parameter is
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the product

of two quantities: the electron thermal velocity

(in

units of
and the capture cross-section
of electrons for this
particular recombination center
These two parameters can
be better understood by considering the illustration in Fig. 9.11. It shows
that the electrons which have a velocity
and which will reach a surface
of area
time.

are located in a volume equal to the product

during a unit

The electron thermal velocity in a non-degenerate semiconductor is
given by:

where m is the mass of the electron. The thermal velocity is on the order
at room temperature.
The capture cross-section of electrons for a recombination center
characterizes the interaction between an electron and this center. It
corresponds to the effective area around the center that an electron
experiences when it is approaching the center. The cross-section depends on
the type of interaction involved between the electron and the center: the
stronger the interaction is, the larger the influence of the capture crosssection is.
is usually determined empirically and is on the order of
of

The capture rate

in the transition (a) is therefore equal to:
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The emission of an electron from the center into the conduction band,
corresponding to transition (b) in Fig. 9.10, is characterized by an emission
rate
which has the same units as
This quantity is equal to the density
of occupied center states
multiplied by the electron emission
probability
which is a parameter characteristic of the recombination
center in the semiconductor:

Because the transitions (c) and (d) are analogous to (a) and (b) but
involve holes instead of electrons, we can easily determine the hole capture
rate
and the hole emission rate
from those for electrons Eq. ( 9.75 )
and Eq. ( 9.76 ).
Indeed,
must be proportional to the density of holes in the valence
band p, the density of centers which are occupied (by electrons)
the
thermal velocity of holes which is the same as that of electrons given in Eq.
( 9.74 ) and the capture cross-section of holes
for the center considered:

Gv must be equal to the density of center states which are empty (of
electrons)
multiplied by the hole emission probability

All these expressions for the recombination and emission rates are not
independent, but must satisfy a few equations arising from the conservation
of electrons and holes. The total number of electrons (or holes) recombined
must be equal to the number of electrons (or holes) generated, thus we can
write:
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(2) Emission probabilities and
At equilibrium, the excess generation rate G is equal to zero. Moreover,
the electron and hole densities are equal
and
respectively, and the
distribution function f is equal to
All the other parameters remain
unchanged. Therefore, by expressing Eq. ( 9.79 ) at equilibrium using Eq. (
9.75 ) to Eq. ( 9.78 ) we get:

which allow to extract the electron and hole emission probabilities:

This last set of equations can be simplified by using the expression of
the Fermi-Dirac distribution in Eq. (4.31 ) to calculate:

and by using the expressions of
and
given in Eq. ( 8.21 ) and
Eq. ( 8.29 ) for a non-degenerate semiconductor:

This last quantity can be denoted
and would correspond to the
electron density in the conduction band if the Fermi energy was equal to the
recombination center energy level

Non-Equilibrium Electrical Properties of Semiconductors

283

A similar expression can be derived for:

Therefore, Eq. ( 9.80 ) is simplified into:

(3) The non-equilibrium distribution function f
The non-equilibrium distribution function, included in the expressions of
the transition rates in Eq. ( 9.75 ) to Eq. ( 9.78 ), can be determined by
eliminating of the excess generation rate G in Eq. ( 9.79 ). For this, we
calculate the difference between the two expressions in Eq. ( 9.79 ):

which becomes:

Using Eq. ( 9.84 ), we obtain:

and, after simplifying by

Thus:

and
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(4) Recombination lifetimes
The net recombination rate of electrons from the conduction band is
given by the difference between the recombination rate
and the
generation rate
i.e.:

This quantity is also equal to the net recombination rate of holes from
the valence band in view of Eq. ( 9.79 ):

Using the non-equilibrium distribution function (9.84) and the
expressions for
and in Eq. ( 9.75 ), Eq. ( 9.76 ) and Eq. ( 9.84 ), we
can calculate successively:

From the definitions of and
in Eq. ( 9.82 ) and Eq. ( 9.83 ), we
have
where is the intrinsic carrier concentration. The previous
equation can then be simplified into:

Introducing the excess carriers
assuming
we get:

and

as in Eq. ( 9.59 ), and still
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Here we have also used the relation
This expression can be
further simplified by first considering two particular cases.
(i) For low excess carrier concentrations, i.e. weak excitation levels
where
and for a n-type semiconductor, where we can assume
that n0 is much higher than
and
Eq. ( 9.89 ) becomes:

which can be rewritten, by taking into account Eq. (9.86 ):

From this last expression, we can introduce a recombination lifetime
such that:

i.e.:

Note that the subscript “p” has been used for this lifetime, because it
depends on the capture cross-section of holes. This corresponds to a lifetime
of holes. Therefore, in a n-type semiconductor, the excess carrier lifetime
approaches that of holes.
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(ii) In the second case, still
semiconductor this time, where we can assume that
and
Eq. ( 9.89 ) becomes:

but for a p-type
is much higher than

Here again, we can rewrite this as:

with:

Here, the suffix “n” has been used, because the lifetime depends on the
capture cross-section of electrons. This corresponds to a lifetime of
electrons. Therefore, in a p-type semiconductor, the excess carrier lifetime
approaches that of electrons. Using the expressions in Eq. (9.91 ) and Eq. (
9.92 ), we can simplify Eq. ( 9.89 ):

From Eq. ( 9.86 ) and Eq. ( 9.87 ), we can write:

We can now introduce the Schockley-Read-Hall recombination lifetime
such that:
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i.e.:

which becomes independent of time for weak excitation levels

From this relation, we can easily find the two previous particular cases,
i.e. that for a n-type semiconductor:
and for a p-type
semiconductor:

9.6.4. Auger band-to-band recombination
Unlike the direct band-to-band or the SRH processes, in the Auger band-toband, or simply Auger recombination, the energy that is released when an
electron recombines with a hole is transferred to a third particle, an electron
in the conduction band or a hole in the valence band. This carrier particle is
called an Auger electron or Auger hole. The energy that this third particle
acquires is subsequently released in the form of heat or phonons into the
lattice. Auger recombination is an intrinsic non-radiative mechanism which
is more effective at higher temperatures and for smaller bandgap
semiconductors. This recombination mechanism occurs most often in doped
direct bandgap semiconductors.
There are three possible Auger recombination mechanisms, depending
on what type of Auger carrier is excited, and where it is excited. These are
illustrated in Fig. 9.12.
The first process, shown in Fig. 9.12(a), is called a CHCC process to
indicate that an electron from the conduction band (C) recombines with a
hole in the valence band (H) to lead to the excitation of another electron
which remains in the conduction band (CC). In the case of an Auger hole,
the valence band structure is more complex than the conduction band, as we
saw in sub-section 4.3.3. We must then distinguish whether this hole is
excited into the light-hole band (CHLH process, Fig. 9.12(b)) or the spinorbit split-off band (CHSH process, Fig. 9.12(c)).
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In all three cases, the total energy and the total momentum
of
the system constituted by the three particles must be conserved.
Similar to the direct band-to-band recombination, the Auger
recombination rates are expressed in units of
and are proportional, in
all three processes, to the density of electrons in the conduction band n and
that of holes in the valence band p, because these are the particles which are
recombining.
In the CHCC case, this rate is also proportional to the density of
electrons which are susceptible to be excited, i.e. n again. The
recombination rate in the CHCC process is therefore given by:

where
is the Auger recombination coefficient for this case and is
expressed in units of
For the CHLH and CHSH processes, the same argument leads to a
compounded recombination rate equal to:

where is the Auger recombination coefficient when Auger holes are
excited.
The total Auger recombination rate is therefore:
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We can now follow the same analysis as the one conducted for the direct
band-to-band recombination in order to determine the Auger recombination
lifetime. We start from the rate Eq. ( 9.61 ). At equilibrium,

and

G=0, and the thermal generation rate is thus equal to:

Let us now consider the relaxation process, which occurs after the
external source of generation is removed (G = 0). Taking into account
Eq. (9.99 ) and Eq. ( 9.100), Eq. (9.61 ) becomes:

where
is the excess electron and hole concentrations defined
in Eq. ( 9.59 ). This expression can be expanded using Eq. ( 9.59 ) and we
obtain:

We can now introduce the Auger recombination lifetime
that:

such
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which becomes independent of time for weak excitation levels

9.6.5. Surface recombination
The surface of a semiconductor is a violation of the crystal periodicity, and
therefore gives rise to energy levels within the bandgap near the surface,
corresponding to traps. However, unlike the previously discussed carrier
recombination mechanisms which occur in the bulk solid, surface
recombination occurs at the surface of the solid. Moreover, the surface
recombination takes place even in pure material. Such processes play an
important role in semiconductor device technology.
The energy levels introduced by the surface traps can be considered as a
special case of recombination centers in Schokley-Read-Hall recombination
mechanism. The same analysis as in sub-section 9.6.4 can be conducted here
for surface recombination, provided a surface density of recombination
centers
is used instead of the bulk density of centers
All the other
parameters would keep the same meaning.
The excess surface recombination rate is the number of electrons or
holes which are recombined per unit area of the surface and per unit time. It
is thus expressed in units of
and can be obtained by analogy with the
SRH recombination in Eq. ( 9.89 ):

Here,
is the excess electron concentration near the surface
considered. We can rewrite this relation as:

where:
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This quantity is expressed in units of
and has thus the same
dimension as a velocity. It is called the surface recombination velocity.

9.7. Summary
In this Chapter, we have first described a few important non-equilibrium
transport phenomena involving charge carriers. First was the electrical
conductivity (Ohm’s law) in the presence of an external electric field. There,
we introduced the concepts of conductivity, resistivity, as well as carrier
collision or scattering. Then, the Hall effect was described for a n-type and
then a p-type semiconductor in the presence of perpendicular electric and
magnetic fields. There, we introduced the notion of carrier mobility.
Thirdly, the diffusion of charge carriers in an inhomogeneous
semiconductor has been discussed, leading to the concepts of diffusion
length and the Einstein relations.
The recombination mechanisms of charge carriers in a semiconductor
have been described, including the direct band-to-band, Schockley-ReadHall, Auger and surface recombination processes. The concept of
recombination lifetime and capture cross-section were introduced.
Finally, we introduced the notion of quasi-Fermi energy to describe the
electron and hole distribution under non-equilibrium conditions, while at the
same time maintaining the same mathematical formalism as under
equilibrium conditions.
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Problems
1. Consider the semiconductor slab shown in the figure below with
dimensions L=1 cm, W=0.2 cm and H=0.25 cm, and with a resistivity of
What would be the resistance one would measure across
opposite faces in all three directions (x, y, and z)? Knowing there is a
uniform concentration
of electrons in this semiconductor
(and no holes), calculate the mobility of these electrons.

2. Consider the semiconductor block with a resistivity of
and
shown in the figure below. The width of this block is constant but
follows the relation: W=1+2(L-x) cm when x is varied from 0 to L. The
other dimensions are L=1 cm and H=0.25 cm. Calculate the resistance in
the x-direction. For this, you may consider the semiconductor block as a
series of parallelepipedic slabs next to one another.

3. Do the same as in Problem 2, but in the y-direction.
4. Consider the Hall effect measurement experiment depicted in the figure
below. The dimensions of the semiconductor slab are L=2 mm, W=1
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mm and
Assume the current
the voltages
and
and a magnetic induction
Determine if the semiconductor is n-type or p-type, the Hall constant,
the carrier concentration, the Hall mobility, the conductivity, the
resistivity of the semiconductor (assumed uniform).

5. Consider an experiment where excess electrons are generated in a
“burst” at
in a semiconductor, resulting in the concentration
profile n(x) shown in the figure below.

Draw the shape of the concentration profile n(x) as a result of the onedimensional diffusion in the x-direction. No other external forces are
present. Draw several shapes corresponding to several times after the
initial “burst”.
6. Do the same as in Problem 5 but consider, in addition, that there is an

electric field strength

in the direction as shown in the figure below.
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7. The electron mobility in a Ge crystal is experimentally found to be
proportional to
(i.e. the mobility decreases with increasing
temperature). Knowing that this mobility is 4000
at 300 K,
determine the electron diffusion coefficient at 300 K and 77 K.
Compare.
8. Consider a n-type Si semiconductor at room temperature with an excess
electron concentration which decreases from
to zero over an
distance of 1 mm. Determine the diffusion length of these electrons.
9. Assume a one-dimensional model in which holes are generated at a rate
of G(x,t). Let be the recombination lifetime for holes, and
be the

equilibrium hole concentration. Give an expression for

i.e. the

rate of change for the hole concentration at position x, as a function of
the diffusion current
and the parameters defined previously.
This relation is called a continuity equation and states that the total
number of holes must be accounted for. Using Eq. ( 9.34 ), rewrite this
relation such that it involves the hole concentration p(x,t) as the only
unknown.

10.
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10.1. Introduction
Until now, our discussion was based solely on homogeneous
semiconductors whose properties are uniform in space. Although a few
devices can be made from such semiconductors, the majority of devices and
the most important ones utilize non-homogeneous semiconductor structures.
Most of them involve semiconductor p-n junctions, in which a p-type doped
region and a n-type doped region are brought into contact. Such a junction
actually forms an electrical diode. This is why it is usual to talk about a p-n
junction as a diode. Another important structure involves a semiconductor in
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intimate contact with a metal, leading to what is called a metalsemiconductor junction. Under certain circumstances, this configuration can
also lead to an electrical diode.
The objective of Chapter will first be to establish an accurate model for
the p-n junction which can be at the same time mathematically described.
This model will be the ideal p-n junction diode. The basic properties of this
ideal p-n junction at equilibrium will be described in detail. The nonequilibrium properties of this p-n junction will then be discussed by deriving
the diode equation which relates the current and voltage across the diode.
Deviations from the ideal diode case will also be described. Finally, this
Chapter will also discuss the properties of metal-semiconductor junctions
and compare them with those of p-n junctions.

10.2. Ideal p-n junction at equilibrium
10.2.1. Ideal p-n junction
The ideal p-n junction model is also called the abrupt junction or step
junction model. This is an idealized model for which we assume that the
material is uniformly doped p-type with a total acceptor concentration
on
one side of the junction (e.g. x<0), and the material is uniformly doped ntype with a total donor concentration
on the other side (e.g. x>0). For
further simplicity, we will consider a homojunction, i.e. both doped regions
are of the same semiconductor material. We will restrict our analysis to the
one-dimensional case, as illustrated in Fig. 10.1.

In the p-type doped region far from the junction area, the equilibrium
hole and electron concentrations are denoted and
respectively. In the
n-type doped region far from the junction area, the hole and electron
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concentrations are denoted
and
respectively. These carrier
concentrations satisfy the mass action law in Eq. ( 8.31 ):

where
is the intrinsic carrier concentration in the semiconductor
material considered. We further assume that all the dopants are ionized,
which leads to the following carrier concentrations for the p- and n-type
regions, respectively:

A few typical values for these concentrations are given in parenthesis. It
is important to remember that both a p-type, or a n-type, isolated
semiconductor is electrically neutral.
10.2.2. Depletion approximation
However, when bringing a p-type semiconductor into contact with a n-type
semiconductor, the material is not electrically neutral everywhere anymore.
Indeed, on one side of the junction area, for x<0, there is a high
concentration of holes whereas on the other side there is a low concentration
of holes. This asymmetry in carrier density results in the diffusion of holes
across the junction as shown in Fig. 10.2. By doing so, the holes leave
behind uncompensated acceptors (x<0) which are negatively charged. A
similar analysis can be carried out for electrons as there is also a asymmetry
in the density of electrons on either side of the p-n junction. This leads to
their diffusion and makes the material positively charged for x>0 as the
electrons leave behind uncompensated donors, as shown in Fig. 10.2.
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This redistribution of electrical charge does endure indefinitely. Indeed,
as positive and negative charges appear on the x>0 and x<0 sides of the
junction respectively, an electric field strength E(x), called the built-in
electric field, will result and is shown in Fig. 10.3. As discussed in Chapter
9, this electric field will generate the drift of the positively charged holes
and the negatively charged electrons. By comparing Fig. 10.2 and Fig. 10.3,
we can see that the drift of these charge carriers counteracts the previous
diffusion process. An equilibrium state is reached when the diffusion
currents
and drift currents
are exactly balanced for each type
of carrier, i.e. holes and electrons taken independently:
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There is a transition region around the p-n junction area with a width
in which the electrical charges are present. This region is called the space
charge region and is schematically shown in Fig. 10.4(a). The charge
distribution within this region is modeled as follows: we consider that there
is a uniform concentration of negative charges for
equal to
(where
is the total concentration of acceptors in the p-type
region), and a uniform concentration of positive charges for
and
equal to
(where
is the total concentration of donors in the ntype region). The quantities
and
are positive and express how much
the space charge region extends on each side of the junction, as illustrated in
Fig. 10.4(b). The width of the space charge region, also called depletion
width, is then given by:
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Outside of this space charge region, we assume that the semiconductor is
at thermal equilibrium, i.e. is electrically neutral without any charge
depletion and that the hole and electron concentrations are given by
Eq. ( 10.2 ). These regions will be called the bulk p-type and bulk n-type
region. The carrier concentrations must therefore somehow go from a high
value on one side of the junction to a low value on the other side, and this
occurs within the space charge region, as illustrated in Fig. 10.5. In
particular, we have:
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This model is called the depletion approximation. In this model, there is
no free holes or electrons in the space charge region: the depletion of
carriers is complete. The electric field exists only within this space charge
region.
Because the entire p-n structure must globally remain electrically
neutral, and therefore the space charge region must be neutral as a whole,
we must equate the total number of negative charges on one side of the
junction to the total number of positive charges on the other side, i.e.:

where A is the cross-section area of the junction, and after
simplification:
Eq.(10.6)
Combining Eq. ( 10.4 ) and Eq. ( 10.6 ), we can express the quantities
and
as a function of the depletion width
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These show that the space charge region extends more in the p-type
region than in the n-type region when
and reciprocally.
Example
Q: Estimate the thickness ratio of the depletion region in
the p-type side
and the n-type side
for an abrupt p-n junction in the
depletion approximation.
A: The thicknesses of the depletion region in the p-type
side and the n-type side are denoted
and
respectively. Their ratio is such that:

10.2.3. Built-in electric field
The built-in electric field strength can be calculated using Gauss’s law
which can be written in our one-dimensional model as:

where is the permittivity of the semiconductor material. This relation
can be rewritten for either sides of the junction:

From these relations we see that the electric field strength varies linearly
on either side of the junction. By integrating Eq. ( 10.9 ) using the boundary
conditions assumed in the depletion approximation:
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that the electric field strength is equal to zero at the limits of the space
charge region
and
we obtain successively:

For x=0, we obtain two expressions for the electric field strength from
the two previous expressions for E(x):

And these expressions are equal, according to Eq. ( 10.6 ). Therefore,
the global electrical neutrality of the p-n structure ensures the continuity of
the built-in electric field strength. A plot of E(x) is shown in Fig. 10.6.
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10.2.4. Built-in potential
As a result of the presence of an electric field, an electrical potential V(x)
also exists and is related to the electric field strength through:

The potential is constant outside the space charge region because the
electric field strength is equal to zero there. An analytical expression for the
electrical potential can be obtained by integrating Eq. ( 10.11 ):

where we chose the origin of the potential at x=0 and applied the
continuity condition of the potential at x=0. This potential is plotted in Fig.
10.7.

The total potential difference across the p-n junction is called the built-in
potential and is conventionally denoted
or
It can be obtained by
evaluating the potential difference between
and

This can be rewritten as:
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and
Eq. ( 10.7 ), we obtain:
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as a function of the depletion width given in

Another independent expression of the built-in potential can be obtained
by expressing the balancing of the diffusion and drift currents. In Chapter 9,
we determined analytical expressions for these currents in Eq. ( 9.12 ) and
Eq. ( 9.34 ) for holes, and Eq. ( 9.12 ) and Eq. ( 9.32 ) for electrons. The
total current from the motion of holes and that from the motion of electrons
are given by:

In these expressions, p(x) and n(x) represent the hole and electron
concentrations at a position x. Taking into account the condition of
Eq. ( 10.3 ) stating the exact balancing of the diffusion and drift currents for
holes and electrons, we can write:

which can be rewritten using Eq. ( 10.13 ) as:

By integrating these equations, we get successively:
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Using Eq. ( 10.5 ) and Eq. ( 10.15 ), and by taking into account the
Einstein relations

obtained from Eq. ( 9.40 ) and

Eq. (9.41 ), we get:

which integrates easily into:

i.e.:

This can be rewritten into the form:

Using the expressions in Eq. ( 10.2 ), we can write the built-in potential
as a function of the doping concentrations:
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This potential exists at equilibrium and is a direct consequence of the
junction between dissimilarly doped materials. However, it cannot be
directly measured using a voltmeter because, as soon as the probes are in
contact with the material, contact potentials are created at the probes which
cancel the built-in potential in the measurement.

10.2.5. Depletion width
It is now possible to relate the width
of the space charge region, as well
as its extent on either side of the p-n junction, with the built-in potential.
From the expression of the built-in potential in Eq. ( 10.17 ), we can express
the depletion width as:

which becomes, after considering Eq. ( 10.22 ):

The extent of the depletion width into each side of the p-n junction can
then be determined by replacing
from Eq. ( 10.23 ) into Eq. ( 10.7 ):

These last two expressions show that the space charge region extends
more into the region of lower doping, in accordance with sub-section 10.2.2.
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Example
Q: Consider a GaAs abrupt p-n junction with a doping level
on the p-type side of
and a doping level
on the n-type side of
Estimate the
depletion region widths on the p-type side and the ntype side at 300 K.
A: The depletion region widths sought are given by the

following expressions:

where is the dielectric constant of GaAs
and
is the built-in potential. The latter is calculated
from:

because the intrinsic carrier concentration in GaAs at
300 K is
The widths can then be
calculated as:

and
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10.2.6. Energy band profile and Fermi energy
Because of the presence of a built-in potential, the allowed energy bands in
the semiconductor, e.g. the conduction and the valence bands in particular,
are shifted too. The resulting energy band profile is obtained by multiplying
the potential by the charge of an electron (-q). This is shown in Fig. 10.8,
where it is conventional to plot the bottom of the conduction band
and
the top of the valence band
across the p-n structure.
The reason why we must multiply the negative charge of an electron is
because the resulting band diagram corresponds to the allowed energy states
for electrons. This is intuitively understandable because the electrons are
more likely to be where there is a higher positive electrical potential, thus
the energy band for electrons will be lower there.
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We therefore see that the conduction and valence bands are “bent” from
the p-type to the n-type regions. Moreover, the amount of band bending is
directly related to the built-in potential:

Example
Q: Estimate the energy band bending from the p-type side
to the n-type side in a GaAs abrupt p-n junction with a
doping level on the p-type side of
and a
doping level on the n-type side of
at 300
K.
A: From the previous example, we know that the built-in
potential is
The band bending is therefore
equal to
Away from the space charge region, the Fermi energy in the p-type and
n-type regions are denoted
and
respectively, as shown in Fig. 10.8.
At equilibrium, these quantities must be equal. Indeed, the hole density in
the p-type and n-type regions is given by Eq. ( 8.29 ) in the non-degenerate
case:

Utilizing Eq. (10.21 ), we get:
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In addition, by using Eq. ( 10.26 ) in this expression, we get:

which means that
i.e. the Fermi energy in the p-type and n-type
regions are equal and this has already been anticipated in Fig. 10.8. In fact,
this is a general and important property that: at thermal equilibrium, the
Fermi energies of dissimilar materials must be equal. This physically means
that there must not be a net transfer of holes or electrons across the structure
at equilibrium.

10.3. Non-equilibrium properties of p-n junctions
The most interesting and practical properties of a p-n junction are observed
under non-equilibrium conditions, such as when a voltage is applied across
it and/or when it is illuminated. Because of its non symmetrical nature, a p-n
junction will exhibit different properties depending on the polarity of the
external voltage or bias applied. The sign convention used for the external
voltage and the current in a p-n junction is shown in Fig. 10.9: the voltage
will be positive if the applied potential on the p-type side is higher than that
applied on the n-type. Note that the built-in voltage
has been taken to be
positive.

When an external bias is applied, the diffusion and drift currents do not
balance each other any more. This imbalance results in a net flow of
electrical current in one or the other direction. In addition, the internal
electric field and voltage across the p-n junction, the depletion width and the
energy band profile will all be changed. In this section, we will review these
how these parameters are modified.
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10.3.1. Forward bias: a qualitative description
When an external bias V is applied to the p-n structure depicted in Fig. 10.9,
there is usually some voltage drop across both the neutral bulk p-type and
the n-type regions (i.e. outside the space charge region) due to Ohm’s law
(section 9.2). In other words, the entire external bias is not applied across
the transition region because part of it would be “lost” across the neutral
regions due to their electrical resistance.
However, in most semiconductor devices which use p-n junctions, the
length of these neutral regions which the electrical current would have to
flow through is small, and any voltage drop would thus be negligible
compared to the voltage change across the transition region. In our
discussion, we will therefore assume that the external bias is applied directly
to the limits of the space charge region.
According to the sign convention in Fig. 10.9, the total voltage across
the transition region is now given by
There are typically two regimes
which need to be considered for the non-equilibrium conditions of a p-n
junction: forward bias and reverse bias.
In the forward bias regime, corresponding to V>0, the total voltage or
potential barrier across the transition region is actually reduced from
to
which has a number of consequences. First, the strength of the internal
electric field associated with the lower potential barrier is reduced as well,
as shown in Fig. 10.10(c). This in turn means that the width of the space
charge region is reduced because fewer electrical charges are needed to
maintain this electric field, as shown in Fig. 10.10(b). In other words,
is
reduced and is now denoted W,
becomes
and
becomes
as
illustrated in Fig. 10.10(a). As the internal voltage is reduced from its
equilibrium value by an amount equal to V, the energy band profile is
changed and the amount of band bending is reduced by qV, as depicted in
Fig. 10.10(e). This means that:

instead of Eq. ( 10.26 ). Furthermore, we can still consider that the
Fermi energy levels outside the space charge region, i.e. in the neutral bulk
p-type
and n-type
regions, are located at their equilibrium
positions because we assumed no voltage drop in these regions. Therefore,
because the band bending has been reduced by qV, according to Fig.
10.10(e), we must have:
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This means that the Fermi energy is not constant throughout the p-n
junction structure, but the Fermi energy levels in the neutral p-type and the
n-type regions are separated by qV, where V is the applied external bias.
This is a direct consequence of a non-equilibrium condition.
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Let us now qualitatively examine the effects of a forward bias on the
diffusion and drift currents across the space charge region of a p-n junction.
As we saw in the previous section, the diffusion current arises from the
difference between the density of charge carriers on either side of the
junction area. It corresponds to the motion of electrons from the n-type
region toward the p-type region, and conversely for holes. This means that,
at its origin, the diffusion current is related to the motion of majority carriers
(e.g. electrons in the n-type region). However, as soon as these carriers
reach the other side of the junction, they become minority carriers.
Therefore, the diffusion current acts as if it injects minority carriers into one
side of the junction by pulling them from the other side of the junction
where they are majority carriers.
At equilibrium, the diffusion process is stabilized when the built-in
electric field exerts a force that exactly counterbalances the diffusion of
these charge carriers. Under a forward bias, as we just saw in Fig. 10.10(c),
this electric field strength is reduced. Therefore, each type of charge carriers
can diffuse more easily, which means that the diffusion currents for both
types of carrier increases under a forward bias.
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This can also be understood by examining the energy band profile. For
example: when the electrons in the n-type region, on the right hand side of
Fig. 10.10(e) where they are more concentrated, diffuse towards the p-type
region where they are less concentrated, the allowed energy states are
located at higher energies. This means that the diffusion electrons have to
cross a high energy barrier. Under a forward bias, this energy barrier is
reduced, as shown in Fig. 10.10(e), and more electrons can thus participate
in the diffusion towards the p-type region. A similar argument is valid for
holes. As a result, the diffusion currents for both types of carrier increases
under a forward bias.
By contrast, the drift current does not change with an external bias,
although this may seem contradictory with the fact that the internal electric
field is weaker. This can be understood by examining the drift current in
more detail. We saw in section 10.2 that the drift current counterbalanced
the diffusion of charge carriers and thus consisted of electrons moving
toward the n-type region and holes moving toward the p-type region. This
means that, at its origin, the drift current is related to the motion of minority
carriers, such as electrons in the p-type region which drift toward the n-type
region under the influence of the electric field. The drift current thus plays
the converse role of the diffusion current. The drift current acts as if it
extracts minority carriers from one side of the junction to send them to the
other side of the junction where they are majority carriers. Because the
concentrations of minority carriers are very small (see Eq. ( 10.2 )), the drift
currents are mostly limited by the number of minority carriers available for
drift (i.e. electrons on the p-type region and holes on the n-type region)
rather than by the speed at which they would drift (i.e. the strength of the
electric field). We then understand why the drift current does not change
significantly when an external bias is applied, in comparison to the diffusion
current.

10.3.2. Reverse bias: a qualitative description
By contrast, in the reverse bias regime, corresponding to V<0, the total
voltage or potential barrier across the transition region is actually increased
from to
which also has the opposite effects of a forward bias. The
strength of the internal electric field is increased, as shown in Fig. 10.11(c).
This enlarges the width of the space charge region from
to W (with
becoming
and
becoming
as illustrated in Fig. 10.11(a)) because
more electrical charges are needed to maintain this electric field, as shown
in Fig. 10.11(b). As the internal voltage is increased from its equilibrium
value by an amount equal to -V, the energy band profile is changed and the
amount of band bending is increased by -qV, as depicted in Fig. 10.11(e).
The total amount of band bending is still given by the expression in Eq. (
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10.29 ). And the difference between the Fermi energy levels outside the
space charge region is also still given by Eq. ( 10.30 ).
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In addition, by contrast with the forward bias case, the diffusion currents
for both types of carrier decreases under a reverse bias. However the drift
current still does not change significantly in comparison to the diffusion
current when a reverse bias is applied, for the same reason as discussed
previously.
10.3.3. A quantitative description
In the previous sub-sections, we have expressed quantitatively the amount of
band bending and the difference between the Fermi energy levels of the
neutral p-type and n-type regions as a function of the applied external bias
(Eq. ( 10.29 ) and Eq. ( 10.30 ) respectively).
In fact, most of the relations that were derived in section 10.2 for the
equilibrium case are valid when an external bias voltage V is applied,
provided we make the following transformations:
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This statement is justified by the fact that most of the expressions in
section 10.2 have been obtained without invoking the equilibrium condition
of Eq. ( 10.3 ), but by using the electrical charge neutrality principle and
Gauss’s law instead which are valid at all times.
The following few relations will be important for future discussions. The
depletion width can be obtained from Eq. ( 10.23 ) by using Eq. ( 10.31 ):

for
We clearly see that the depletion width shrinks when a
forward bias is applied (V>0) whereas it expands when a reverse bias is
applied (V<0). This confirms the qualitative discussion of the previous subsection.
The extent of the space charge region inside the p-type and n-type
regions, as shown in Fig. 10.10(a) and Fig. 10.11(a), can be obtained from
Eq. ( 10.25):

Example
Q: Calculate the ratio of the depletion region width W
under a forward bias of 0.3 V to the equilibrium width
for a GaAs abrupt p-n junction with a doping level
on the p-type side of
and a doping level
on the n-type side of
at 300 K.
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A: The depletion width W under a bias V is given by the
expression:

where the

built-in potential is
as determined in earlier
examples. The ratio sought is therefore;

The depletion width is then:

Similarly, the non-equilibrium hole and electron concentrations at the
edges of the space charge region, denoted
and
can
be obtained by considering Eq. ( 10.21 ):

In addition, following our previous discussion, we realize that the
majority carrier concentrations is little changed under a moderate forward or
a reverse bias, i.e.
and
which after replacing in Eq. (
10.34) to:

and by using Eq. ( 10.21 ) to eliminate
equation:

and

from this latest
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These expressions are important as they show that, when an external
bias voltage is applied, the minority carrier concentrations at the boundary
of the space charge region,
and
are directly and simply related to
the equilibrium minority carrier concentrations
and
and the applied
bias voltage V. All these relations will prove important in the derivation of
the diode equation for an ideal p-n junction which will be the topic of the
next sub-section.
Example
Q: Calculate the minority carrier concentrations at and
for the GaAs p-n junction described in the previous
example.
A: The minority carrier concentrations at
and
are
given by

where

and

are the minority carrier concentrations in the neutral
n-type side and p-type side, respectively, at equilibrium.
These are given by the action mass law:

and

In addition, the exponential is numerically equal to:

Thus, we get:

and
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10.3.4. Ideal p-n junction diode equation
The diode equation refers to the mathematical expression which relates the
total electrical current I through an ideal p-n junction to the applied external
bias voltage V. It is also referred as the current-voltage characteristics. To
determine this equation, we must focus our analysis on the minority carriers,
i.e. holes in the n-type region and electrons in the p-type region.
In addition to the depletion approximation model considered so far, a
few more assumptions need to be considered. (i) First, we assume that there
are no external sources of carrier generation. (ii) No recombination of
charge carriers occurs within the space charge region. (iii) We assume that
the applied biases are moderate enough to ensure that the minority carriers
remain much less numerous than the majority carriers in the neutral regions.
(iv) Finally, we assume that the change in minority carrier concentrations in
the neutral regions does not result in a non-negligible electric field.
In virtue of assumptions (i) and (ii), any hole or electron that has
diffused across the space charge region must be present at its boundaries, i.e.
at
and respectively. When a bias V is applied, the concentrations of
these holes and electrons which are in excess of their equilibrium
concentrations are given by:

This becomes after using Eq. ( 10.35 ):

Here, and in the rest of the text, we will use the extended meaning of the
term “excess carrier”. For example, if
and
are positive, i.e. V>0 or
forward bias, then there are net real excesses of holes and electrons at the
space charge boundaries and we talk about minority carrier injection. This is
shown in Fig. 10.12.
But if
and
are negative, i.e. V<0 or reverse bias, then there are
net real deficiencies of holes and electrons and we talk about minority
carrier extraction. In this case, the minority carriers at the boundaries of the
space charge region are less numerous than in the bulk neutral material,
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therefore there is a diffusion of minority carriers from the bulk neutral
region towards the edges of the space charge region. This is illustrated in
Fig. 10.13.

The excess holes, present at
with a concentration
will be
diffusing deeper into the neutral n-type region where their equilibrium
concentration is only
As they diffuse, they will experience recombination
as discussed in Chapter 9, with a characteristic diffusion length
in the
steady-state regime. The excess hole concentration is therefore reduced as
we advance deeper in the material. This situation has already been
encountered in Chapter 9 and the analytical expression for
the
excess hole concentration at a position
is obtained from Eq. ( 9.51 ):

where
is the hole diffusion length in the n-type region. In this
expression, we chose another axis, denoted
oriented in the same direction
as the original axis x and with its origin at
It is important to remember
that the excess concentration of holes at
remains constant at
given
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by Eq. ( 10.36 ) because holes are continuously injected or extracted through
the space charge region into or from the n-type region due to the application
of the external bias voltage. We can make use of Fig. 9.7 to plot the spatial
profile of the excess hole concentration in Fig. 10.12(a) for the forward bias
case and Fig. 10.13(a) for the reverse bias case.

Conversely, the excess electrons present at
with a concentration
will diffuse deeper into the neutral p-type region, with a diffusion length
This leads to the spatial profile
shown in Fig. 10.12(b) for the
forward bias case and Fig. 10.13(b) for the reverse bias case, and it is
analytically given by:

where
is the electron diffusion length in the p-type region. It is
important to note that, here, we chose the sign convention for the axis in
the opposite direction of the original axis x because the electrons diffuse in
this opposite direction.
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There are essentially two methods to compute the diode equation. The
first one consists of analyzing the diffusion currents in the p-n junction.
From our discussion in sub-section 10.3.1 we understand that, when an
external bias is applied, the drift currents across the space charge region do
not vary whereas the diffusion currents change. The sum of the increments
in the hole and the electron diffusion currents across the space charge region
is thus a direct measure of the net electrical current through the p-n junction
since no net current is originally present at equilibrium, because we have
assumed there are no external sources of carrier generation and because the
total electrical current is constant throughout a two-terminal device, such as
the p-n junction here shown in Fig. 10.9.
The incremental diffusion currents are the diffusion currents which
result from the excess carriers in the material. The diffusion current
densities for electrons and holes can be obtained from Eq. ( 9.32 ) and Eq. (
9.34 ), and are given by:

Using the expressions of the excess carrier concentrations
Eq. ( 10.37 ) and Eq. ( 10.38 ), we get:

in

In order to obtain the total current through the p-n junction, we must
evaluate the diffusion current densities for holes and electrons at the limits
of the space charge region at
and
respectively, or equivalently at
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Example
Q: Estimate the ratio of the diffusion current densities of
holes and electrons for the GaAs p-n junction described
in the previous example.
A: The ratio of the diffusion currents is given by
where

and

are the

excess minority carrier concentrations at the limits of
the depletion region. These quantities are given by:
and

Their

ratio is then:

In addition,

the diffusion lengths can be expressed as a function of
the minority carrier lifetime on the n-type and the p-type
sides.
These
lead
to
the
ratio:
Assuming

that

the

minority carrier lifetimes are the same for holes and
electrons, we get:

The ratio of

the diffusion coefficients can be calculated using the
majority carrier mobilities through the Einstein relations
and we obtain:

and

In all these expressions of current densities, it is important to remember
that the sign convention for the current density
is the same as the
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axis x, whereas for
it is opposite that of axis x. The total current
density is the sum of the hole and electron diffusion currents, with however
a sign difference:

The minus sign for
accounts for the sign convention chosen for
axis x2. Inserting Eq. ( 10.41 ) into this relation, we get:

and using Eq. ( 10.36 ), we finally obtain:

The total current is given by the total current density multiplied by the
area of the p-n junction. If we assume a uniform area A, we get:

This can be rewritten as:

with:

Eq. ( 10.46 ) and Eq. ( 10.47 ) represent the diode equation for an ideal
p-n junction. This function is plotted in Fig. 10.14.
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We see that under a forward bias, the current increases exponentially as
a function of applied voltage. By contrast, under reverse bias, the current
rapidly tends toward
The value of the current is therefore called the
saturation current. The physical meaning of this current can be understood
as follows. When a strong reverse bias is applied (V<0), the density of
minority carriers at the boundary of the space charge region quickly falls to
zero according to Eq. ( 10.35 ). This means that, inside the depletion region,
there is no diffusion of carriers but only drift currents are present. Outside
the depletion region however, the only charge motion is the diffusion of
minority carriers from the neutral regions toward the depletion region, as
illustrated by the block arrows in Fig. 10.13. We can therefore say that the
saturation current in Eq. ( 10.47 ) corresponds to the total drift, across the
space charge region, of minority carriers which have been extracted or able
to reach the limits of the space charge region through diffusion from the
neutral regions.
The p-n junction diode acts like a one-way device: when it is forward
biased, current can flow from the p-type to the n-type region without much
resistance whereas when it is reverse-biased, a very large resistance prevents
the current from flowing in the opposite direction from the n-type to the ptype region.
The second method which can be used to determine the diode equation
consists of calculating the total charge accumulated on each side of the
junction area. This second method is called the charge control
approximation. Let
be the steady-state excess positive charge in the ntype region which is given by integrating Eq. ( 10.37 ):
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i.e.:

where A is the area of the p-n junction. This excess charge is illustrated
in Fig. 10.15(a), in the forward bias case. The hole diffusion current must
then be able to maintain this excess positive charge, even though the holes
are recombining. As the average lifetime of holes in the n-type region is the
recombination lifetime
defined in sub-section 9.4.3, the hole diffusion
current must be able to supply
positive charges during a time equal to
This current must therefore be

Similarly, the excess negative charge in the p-type region is given by:
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and is shown in Fig. 10.15(b). The electron diffusion current into the ptype region is

. In this last expression, we made use of the same

sign convention as for axis x2. The total current is therefore given by:

or:

Using the definition of the diffusion lengths given in Eq. ( 9.49 ) and Eq.
( 9.52 ), and using Eq. ( 10.36 ), we can transform this last expression into:

and thus get the diode equation obtained in Eq. ( 10.45 ).

10.3.5. Minority and majority carrier currents in neutral regions
In the previous discussion, we saw that the total electrical current through a
p-n junction device was determined by the diffusion currents across the
space charge region which result in minority carriers being injected into or
extracted from the neutral regions under the influence of an applied external
bias.
For the sake of clarity, let us consider the example of a forward biased
p-n junction, as the one shown in Fig. 10.12. We saw that the excess
minority carriers diffuse into the neutral regions following an exponential
decay given in Eq. ( 10.37 ) and Eq. ( 10.38 ). This leads to diffusion
currents which also follow an exponential decay, as obtained in
Eq. ( 10.40 ). However, we know that the total electrical current throughout
a two-terminal device is constant. Therefore, the decrease in diffusion
current, for example that of holes in the right hand side of the figure, as we
move away from the space charge region has to be compensated by another
current. This is achieved through the drift of majority carriers, for example
electrons in the neutral n-type region. Indeed, through their diffusion and
recombination, the minority carriers “consume” majority carriers (e.g.
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electrons). There thus must be a flow of majority carriers (e.g. electrons) in
the opposite direction to re-supply those lost in the recombination process.
This flow of majority carriers generates a drift current.

Therefore, in the neutral regions, there are two components which make
up the total electrical current: the diffusion current of minority carriers and
the drift current of majority carriers. These are shown in Fig. 10.16. This
means, in particular, that there must be an electric field present in the neutral
regions, otherwise there would not be any drift current. This apparently
contradicts our assumption at the beginning of sub-section 10.3.1 that there
was no potential drop within the neutral regions. In fact, the potential drop is
very small in comparison with any applied external bias voltage and
therefore can be neglected in our model.
An analytical expression for the drift current can be easily determined,
on each side of the p-n junction. Indeed, the total hole and electron current
densities must be constant at the values given by the diode equation in
Eq. ( 10.41 ). As we know the expression for the diffusion current densities
and
from Eq. ( 10.40 ), the drift current densities will be
the difference:
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Recalling Eq. ( 10.40 ) and Eq. ( 10.43 ), we get successively:

It is important to remember that the sign convention chosen for
is opposite that of axis x.

10.4. Deviations from the ideal p-n diode case
In the previous ideal p-n junction diode model, we saw that the current
through a p-n junction diode was limited by the saturation current
when
a reverse bias was applied. In reality, this model holds only up to a certain
value of reverse bias
called the breakdown voltage. At that point, the
current suddenly increases dramatically a shown in Fig. 10.17. This
phenomenon is called reverse breakdown. The peak value for the internal
electric field strength (i.e. at x=0) corresponding to this applied reverse bias
is called the critical electric field.
This situation is not necessarily a damaging one for the p-n junction and
is reversible, as long as the current can be limited to prevent too much
power from being dissipated inside the device. Otherwise, parts of the
device can be physically destroyed (e.g. melted). Such a fatal condition can
also occur in the forward bias if care is not taken to limit the current. One
method of limiting the current through the device is to use an external
resistance.

334

Fundamentals of Solid State Engineering

There are two major mechanisms for the reverse breakdown: the
avalanche breakdown which occurs at higher reverse biases and Zener
breakdown which occurs at lower reverse biases. In both cases, they involve
the motion of electrons which normally do not contribute to electrical
conduction processes (drift or diffusion) as they are tightly bound to the
lattice atoms.

10.4.1. Avalanche breakdown
As a stronger reverse bias is applied, the electric field strength across the
space charge region increases. The charge carrier particles, holes and
electrons which drift across the depletion region can therefore achieve
higher velocities.
When the reverse bias is strong enough, typically higher than 10 V and
can even go up to 1000 V, the electric field strength can become so large
that a hole or an electron can gain sufficient kinetic energy to impact on a
semiconductor lattice atom and ionize it, or even break a chemical bond.
This phenomenon is called impact ionization. It may seem conceptually
difficult to envision a hole impacting on the crystal lattice, but this can be
better understood when we realize that when a hole moves in one direction,
it in fact corresponds to the motion of an electron in the opposite direction
with the same velocity. An accelerated particle must typically acquire an
energy at least equal to the bandgap energy
in order to break a chemical
bond, because this corresponds to the energy required to excite an electron
from the valence band to the conduction band. Therefore, for wider bandgap
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semiconductors, a higher electric field strength is necessary to ensure impact
ionization.
As a result of impact ionization, an electron-hole pair (EHP) is created
within the space charge region in addition to the impacting particle. The
electron and the hole from the pair will then be spatially separated by the
electric field present at that location: the electron drifting toward the n-type
side and the hole toward the p-type side, as illustrated in Fig. 10.18.

The electrons and holes thus generated can themselves be further
accelerated by the electric field. If they reach a sufficient high kinetic energy
within the space charge region, they can in turn contribute to create
additional EHPs through ionizing collisions. This results in a cascade or
avalanche effect. One initial charge carrier thus has the potential to create
many additional carriers and a dramatic increase in current is achieved as
the one shown in Fig. 10.17.
It is possible to characterize the avalanche breakdown quantitatively by
introducing a multiplication factor M such that the reverse current near
breakdown is given by
where is the saturation current. This factor
actually means that an incident electron results in a total of M electron-hole
pairs. This factor is empirically given by:
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where
is the reverse bias,
is the breakdown voltage, and n is an
exponent in the range 3~6. From this expression, we clearly see that the
reverse current,
increases sharply when nears
as depicted in Fig.
10.17.
The avalanche process is more likely to occur when a wide enough
space charge region can be sustained to ensure enough particle acceleration.
This can be more easily achieved by using lightly doped p-n junctions
because, if heavily doped junctions are used, another phenomenon can more
easily occur: the tunneling of charge carriers from one side of the junction to
the other.
Example
Q: A voltage-stabilizing diode works in the breakdown
regime. For such a kind of diode with
estimate how many times the current will increase when
the reverse bias goes from -2.798 to -2.799 V. Assume
n=6.
A: The multiplication factor if given by:

For the two reverse biases mentioned, we get the ratio of
the multiplication factor:

The current will thus increase by a factor 2 when the
voltage is reduced by 0.001 V.
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10.4.2. Zener breakdown
Under a more moderate reverse bias, typically less than 10 V, the top of the
valence band in the p-type side
is already higher than the bottom of the
conduction band in the n-type side
This situation is illustrated in Fig.
10.19. This means that the electrons at the top of the valence band in the ptype side have the same or higher energy than the empty states available at
the bottom of the conduction band in the n-type side.
This staggering of the energy bands also results in a reduced spatial
separation between the conduction and valence bands, as shown by d in Fig.
10.19. Moreover, in heavily doped p-n junctions, the space charge region is
already narrow (with a width W) and does not expand much under a
moderate reverse bias.
The staggered alignment of the energy bands and their spatial proximity
favor the tunneling of electrons from the valence band in the p-type side into
the conduction band in the n-type side, as shown in Fig. 10.19. This leads to
a negative current. This process is called the Zener effect. As there are many
electrons in the valence band and many empty available states in the
conduction band, the tunneling current can be substantial.
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10.5. Metal-semiconductor junctions
As we have already mentioned in sub-section 10.2.6 and illustrated in the
case of a p-n junction, two dissimilar materials in contact with each other
and under thermal equilibrium must have the same value of Fermi energy.
When a metal is brought into contact with a semiconductor, a certain
amount of band bending occurs to compensate the difference between the
Fermi energies of the metal and that of the semiconductor. In fact, this
difference in Fermi energy means that electrons in one material have a
higher energy than in the other. These will therefore tend to flow from the
former to the later material. There is thus a transfer of electrons across the
metal-semiconductor junction in a similar way as the charge transfer in the
case of a p-n junction. Such a junction is also often called a metallurgic
junction or a metal contact because metals are commonly used in
semiconductor industry to connect or “contact” a semiconductor material to
an external electrical circuit.
The charge transfer can be readily achieved because, as we saw in Fig.
4.11 in sub-section 4.2.8, the Fermi energy in a metal lies within a energy
band, which makes it easy for electrons to be emitted from or received by a
metal. This charge redistribution gives rise to a local built-in electric field
which counterbalances this redistribution. When a sufficiently large electric
field strength is established around the metallurgic junction, the
redistribution stops.
Since the overall charge neutrality must be maintained, the excess
electrical charges inside the semiconductor and that inside the metal must be
of an equal amount but with opposite signs. However, because a metal has a
much higher charge density than a semiconductor, the width over which
these excess charges spread inside the metal is negligibly thin in comparison
to the width inside the semiconductor. This is somewhat similar to the case
of a p-n junction with one side heavily doped. As a result, the built-in
electric field and the band bending are primarily present inside the
semiconductor as well. The following section aims at giving a quantitative
description of the physical properties of a metal-semiconductor junction.
10.5.1. Formalism
The physical parameters which need to be considered in this description are
depicted in Fig. 10.20. For the metal, these include its Fermi energy
and
work function
As we saw when discussing the photoelectric effect in
Chapter 3, the work function of a metal is the energy required to extract one
electron from the metal surface and pull it into the vacuum. In a more
quantitative manner, the work function is the energy difference between the
Fermi energy and the vacuum level as shown in Fig. 10.20. For the
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semiconductor, the parameters of interest also include its Fermi energy
its work function
and also its electron affinity
The latter is the
energy required to extract one electron from the conduction band of the
semiconductor into the vacuum, and is given by the energy difference
between the bottom of the conduction band and the vacuum level. A few
values of electron affinity for elements in the periodic table are given in Fig.
A. 12 in Appendix A.1.

The amount of band bending and the direction of electron transfer
depend on the difference between the work functions of the metal and the
semiconductor. When these materials are isolated, their vacuum levels are
the same, as illustrated in Fig. 10.20. But, when these materials come into
contact, the Fermi energy must be equal on both sides of the junction. The
vacuum level is at an energy
above the top of the metal Fermi energy,
while it is
above the semiconductor Fermi energy. This means that the
energy bands in the semiconductor must shift upward by an amount equal to
in order to align the Fermi energy on both sides of the junction.
On the one hand, if
the energy bands of the semiconductor
actually shift downward with respect to those of the metal and electrons are
transferred from the semiconductor into the metal, as shown in Fig. 10.21.
The signs of the charge carriers which appear on either side of the junction
and the direction of the built-in electric field, also shown in Fig. 10.21, are
determined from the analysis conducted for a p-n junction. On the other
hand, if
the energy bands in the semiconductor shift upward with
respect to those of the metal and the electrons are transferred from the metal
into the semiconductor.
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10.5.2. Schottky and ohmic contacts
The electrical properties of a metal-semiconductor junction depend on
whether a depletion region is created as a result of the charge redistribution.
This phenomenon in turn depends on the difference in work function
and on the type of the semiconductor (n-type or p-type).
Indeed, we know that when
electrons are extracted from the
semiconductor into the metal.
If the semiconductor is n-type, then this process depletes the
semiconductor of its electrons or majority charge carriers. A depletion
region thus appears near the junction and we obtain a diode-like behavior
similar to a p-n junction when an external bias is applied. This is shown in
Fig. 10.22(a). This situation is often called a rectifying contact or Schottky
contact.
However, if the semiconductor is p-type, the electrons which are
extracted from the semiconductor are taken from the p-type dopants which
then become ionized. This process thus creates more holes or majority
charge carriers. In this case, there is no depletion region, but rather majority
carriers are accumulated near the junction area. We do not observe a diodelike behavior. Majority carriers are free to flow in either direction under the
influence of an external bias. This is shown in Fig. 10.23(a). This situation is
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often called an ohmic contact and the current-voltage characteristics is
linear.
If we now consider
electrons are extracted from the metal into
the semiconductor. The previous analysis needs to be reversed. In other
words, for a n-type semiconductor the junction will be an ohmic contact,
while for a p-type semiconductor the junction will be a Schottky contact.
These four configurations are shown in Fig. 10.22 and Fig. 10.23, and
summarized in Table 10.1.
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In the case of a Schottky contact, the existence of the depletion region
means that there is a potential barrier across the junction which can be
shifted by an amount equal to —qV when an external voltage V is applied
between the metal and the semiconductor. This in turn influences the current
flow in a similar way as for a p-n junction. This is shown in Fig. 10.24 for
the case of a n-type semiconductor. It is however important to understand
that majority carriers are responible for the current transport in a metalsemiconductor junction, whereas in a p-n junction it is due to the minority
carriers.

The sign convention for a metal-semiconductor junction is the same as
for a p-n junction by considering the type of the semiconductor. Although
the current transport mechanism in a Schottky contact is somewhat different
from that in a p-n junction, the current-voltage relation for an ideal Schottky
contact has a similar expression as for an ideal p-n junction:

where
is the reverse saturation current and is exponentially
proportional to the difference between the metal work function
and the
semiconductor electron affinity
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The quantity
is often denoted
where
is called the
Schottky potential barrier height. For a real Schottky contact, one needs to
take into account thermionic emission (Appendix A.1), as well as impurity
and interface states. In this case, the current-voltage relation is given by:

where B is a constant containing parameters of the junction properties, n
is the ideality factor and is between 1 and 2.

10.6. Summary
In this Chapter, we have presented a complete mathematical model for an
ideal p-n junction, based on an abrupt homojunction model and the
depletion approximation. We introduced the concepts of space charge
region, built-in electric field, built-potential, depletion width at equilibrium.
We have discussed the balance of electrical charges, as well as that of the
diffusion and drift currents within the space charge region.
The non-equilibrium properties of p-n junctions have also been
discussed. The forward bias and reverse bias conditions were examined. We
emphasized the importance of minority carrier injection and extraction. We
derived the diode equation and understood the nature of the currents outside
the space charge region. We have discussed the avalanche and Zener
breakdown mechanisms as deviations from the ideal p-n junction diode
behavior under strong reverse bias conditions.
Finally, we presented the electrical properties of metal-semiconductor
junctions and introduced the concepts of Schottky and ohmic contacts.
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Problems
1. A p-n junction diode has a concentration of
acceptor atoms per
on the p-type side and a concentration of
donor atoms per
on the n-type side. Determine the built-in potential
at room
temperature for the following semiconductor materials: Ge, Si, and
GaAs; and for the following values of
Determine the peak values of the electric field strength for these pn junctions. Plot these values as a function of
2. Consider a GaAs step junction with
and
Calculate the Fermi energy in the p-type and n-type regions at 300 K.
Draw the energy band diagram for this junction. Determine the built-in
potential from the diagram and from Eq. ( 10.22 ). Compare the results.
3. Consider a Ge step junction with
and
Determine the built-in potential at 300 K, the limits of the space charge
region, the peak value for the electric field strength. Determine how
much of the depletion region extends in the p-type region and how much
extends in the n-type region. Plot the electrical charge density, the
electric field strength and the potential and the energy band diagram
along the x-axis.
4. Consider a
junction, which has a heavily doped p-type side relative
to the n-type side, i.e.
Determine a simplified expression for
the width of the space charge region given in Eq. ( 10.23 ).
Calculate the depletion width for a Si p-n junction that has been doped
with
acceptor atoms per
on the p-type side and
donor
atoms per
on the n-type side.
5. In the abrupt junction model, we assumed that the net doping
concentration
was such that:

In a linearly graded junction model, we assume the following profile for
the net doping concentration:
Still following the depletion approximation, we will denote
and
the limits of the space charge region.
Determine the electrical charge density as a function of the position
coordinate x. Show that
Determine the internal electric field
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strength, electrical potential and the depletion width as a function of x
and a.

6. Determine an expression for the peak value of the built-in electric field
strength solely as a function of the doping concentrations, the built-in
potential and the applied external bias V.

7. Plot the diode equation for an ideal Si p-n junction diode with an area
an acceptor concentration
a donor concentration
recombination lifetimes equal to
and
diffusion coefficients equal to
and
8. Consider a Si p-n step junction with
and
with recombination lifetimes
and
and carrier
mobilities
and
at 300 K.
Determine the total reverse saturation current density, the reverse
saturation current density due to holes and that due to electrons.
Assume a forward bias equal to
is applied, where
is the built-in
potential. Calculate the injected minority carrier currents at the edges of
the space charge region. Determine the minority carrier concentrations
at the edges of and
into the neutral regions.
Assume a reverse bias equal to
is applied, where
is the built-in
potential. Calculate the minority carrier currents and concentrations at
the edges of the space charge region.
9. A Si p-n junction is doped with an acceptor concentration
a donor concentration
The critical electric field
strength for breakdown is equal to
Determine the breakdown
voltage and the corresponding depletion width. Do the same for a donor
concentration
10. Consider an ideal metal-semiconductor junction involving a p-type Si
doped with
The metal work function is 4.13 eV and the
Si electron affinity is 4 eV. Draw the equilibrium band diagram and
determine the barriers heights.
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11.2.3. III-V quaternary compounds
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11.4.3. Metalorganic chemical vapor deposition
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11.4.5. Ex-situ characterization of epitaxial thin films
11.5. Summary

11.1. Introduction
A key component in semiconductor microtechnology is the production and
quality control of the basic semiconductor materials from which devices and
integrated circuits are made. These semiconductor materials are usually
composed of single crystals of high perfection and high purity.
Today, silicon technology has reached the stage where complex
integrated circuits containing millions of transistors can be achieved
reproducibly and reliably. This is not only a result of the development of
device technology, but also the improvement of base material quality. For
example, silicon now being used for devices contain impurities of less than
one part in ten billion. Unlike silicon, compound semiconductors are
constituted of at least two different atoms. Compound semiconductors are
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emerging as important materials suitable for optoelectronic applications,
which involve the optical and electrical properties of the semiconductors.
Gallium arsenide is an example of compound semiconductor material. Its
technology is much more primitive when compared to silicon. At the present
time, there is a concentrated effort to raise the standard of technology for
gallium arsenide, with the objective of achieving very high circuit
operational speed using the high electron mobility in this material.
When improving the technology for a particular semiconductor material,
a specific range of issues must be resolved before high performance devices
can be fabricated with a high degree of reproducibility and reliability. Only
then can large scale production be contemplated. An important
consideration in this process, which will decide whether a material or
technology will be commercially used, is the costs of implementation and
production. To establish a new material technology or fabrication technique,
it is essential to demonstrate that a significantly improved performance,
lower costs and/or new device functionalities will result.
In this Chapter, we will first review the properties of major III-V
compound semiconductors. We will then describe the current techniques
used in the synthesis of semiconductor crystals. These are divided into two
categories: single crystal growth techniques and epitaxial growth techniques.
The former is used to fabricate semiconductor crystals in macroscopic sizes,
while the latter is used to deposit thin films of a few micrometers onto a flat
wafer.

11.2. III-V semiconductor alloys
11.2.1. III-V binary compounds
III-V binary semiconductors are compounds which involve one element
from the group III and one from the group V columns of the periodic table.
Most of the III-V compounds have the zinc-blende crystal structure,
although a few have the wurtzite structure. Table 11.1 lists the fundamental
physical parameters of common binary III-V compounds. These binary
compounds are the simplest III-V compounds, and constitute the basis for
more complex ternary or quaternary compounds.
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11.2.2. III-V ternary compounds
When one additional element from the group III or group V is present and is
distributed randomly in the crystal lattice,
or
ternary
alloys can be achieved, where x and y are indices with values between 0 and
1. This allows to modify the alloy bandgap energy and lattice parameter.
The bandgap energy
of a ternary compound varies with the
composition x as follows:

where
is the bandgap energy of the lower bandgap binary
compound and c is called the bowing parameter. The bowing parameter c
can be theoretically determined [Van Vechten et al. 1970]. It is especially
helpful to estimate c when experimental data are unavailable. The
compositional dependence of the bandgap energy of various III-V ternary
alloys at 300K is given in Table 11.2 [Casey et al. 1978].
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The lattice constant a of ternary compounds can be calculated using
Vegard’s law. According to Vegard’s law the lattice constant of the ternary
alloys can be expressed as follows:

where
and
are the lattice constants of the binary alloys A and B.
Vegard’s law is obeyed quite well in most of the III-V ternary alloys.

11.2.3. III-V quaternary compounds
Similarly, quaternary compounds can be obtained when there is a total of
four different elements from the group III or group V columns distributed
uniformly in the crystal lattice. The interest in these quaternary compounds
has centered on their use in conjunction with binary and ternary alloys to
form lattice-matched heterojunction structures with different bandgaps.
Indeed, by controlling the composition of a quaternary alloy, it is possible to
change both its bandgap energy and its lattice parameter. For example, the
reduction of stress in
layers grown on GaAs substrates can be
done by introducing small amounts of P to realize the quaternary
The
heterojunction serves as a successful
example of a binary-quaternary lattice-matched system.
Ilegems et al. [1974] calculated quaternary phase diagrams with the
solid decomposed into ternary alloys: ABC, ACD, ABD and BCD (where A
and B are group III elements, and C and D are group V elements). Jordan et
al. [1974] obtained equivalent formulations considering the solid as a
mixture of binary alloys: AC, AD, BC and BD. Assuming a linear
dependence on composition of lattice parameter
for the binary AC, and
similarly for the other lattice parameters, the lattice parameter of the alloy

The quaternary III-V alloys which can be used for multilayer
heterostructures are listed in Table 11.3 with the binary compounds to which
they are lattice-matched.
The determination of the bandgap energy is more complicated.
However, if the bowing parameter c is neglected, the bandgap energy may
be approximated from that of binaries, assuming a linear dependence:
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By using advanced epitaxial growth techniques, such as the ones
discussed in section 11.4, multilayer structures of compounds with different
bandgap associated wavelengths can be synthesized.
Fig. 11.1 is an illustration of the phase diagram for the GaInPAs-AlAsA1P system, giving the bandgap energy and lattice parameters of the
common ternary and quaternary III-V alloys. Each of the four corners of the
square center region corresponds to a binary III-V semiconductor. The
mixture of the binaries at each side gives rise to III-III-V ternaries such as
and
or III-V-V ternaries such as
and
alloys. By selecting the proportion of the different compounds, it is
possible to select a different bandgap and therefore vary the optical
properties of the semiconductor material.
The inside of the diagram corresponds to quaternary
compounds. The curved lines points to compounds with equal bandgap
energy and the solid lines represent those with equal lattice constants. By
continuously varying the concentration of gallium, indium, phosphorous and
arsenic, one can vary the characteristics of
in the range
between those of indium arsenic (InAs), indium phosphide (InP), gallium
arsenic (GaAs), and gallium phosphide (GaP) as shown in Fig. 11.1. Such
formation of ternary and quaternary compounds enables the development of
heterostructures, which have become essential for the design of high
performance electronic and optoelectronic devices, especially in
semiconductor lasers.
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For optoelectronics applications, two possible systems are of interest.
One consists of compounds which are lattice-matched to GaAs substrate,
and their bandgap energy from 1.42 eV to 1.92 eV. These compounds are
located on the thick solid line that begins from the upper left hand corner
and extends to the bottom of the
ternary edge. The second system
consists of compounds lattice-matched to InP substrate, and their bandgap
energy between 0.75 eV to 1.35 eV.
The bandgap energy and lattice parameter of common II-VI, III-V and
IV-IV semiconductors can be easily represented in the diagram shown in
Fig. 11.2. The lines connecting two compounds in the diagram correspond
to the bandgap energy and lattice constant positions of ternary compounds
involving the two binary semiconductor endpoints.

11.3. Bulk single crystal growth techniques
The starting point for virtually all semiconductor devices is in the form of
flat template, known as the substrate which is made entirely of a single
material. Its crucial features are that it is one single crystal across its entirety
with no grain boundaries. The process of creating single crystal wafer is
simplest if it is made purely from an unmixed element, for example silicon.
Elemental silicon is obtained by chemical decomposition of compounds
such as
and
Then the initial purification processes are
performed and the material is melted and cast into ingots. Upon cooling,
careful control of the boundary between the molten material and solid is
required or else the material will be polycrystalline. Today, three methods
have been developed to promote single crystal growth. The Czochralski,
Bridgman, and float-zone methods will be discussed in the following subsections.
11.3.1. Czochralski growth method
The Czochralski (CZ) crystal growth method uses a quartz
crucible
of high purity in which pieces of polycrystalline material, termed “charge”,
are heated above their melting point (e.g. 1415 °C for silicon). The crucible,
shown in Fig. 11.3 is heated by either induction using radio-frequency (RF)
energy or thermal resistance methods. A “seed”crystal, which is about 0.5
cm in diameter and 10 cm long, with the desired orientation is lowered into
molten crystal, termed “melt”, and then drawn up at a carefully controlled
rate.
When the procedure is properly done, the material in the melt will make
a transition into a solid-phase crystal at the solid-liquid interface, so the
newly created material accurately replicates the crystal structure of the seed
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crystal (Fig. 11.3). The resulting single crystal is called the “boule”. Modern
boules of silicon can reach diameters of over 300 mm and up to two meters
long. The Czochralski method is by far the most popular method, accounting
for between 80 and 90 % of all silicon crystals grown for the semiconductor
industry.

Since both the molten semiconductor and solid are at the same pressure
and have approximately the same composition, crystallization results by a
reduction in temperature. As the melt is drawn up, it loses heat via radiation
and convection to the inert gas. This heat lost results in a substantial thermal
gradient across the liquid and solid interface. At this interface, additional
energy must be lost to accommodate the latent heat of fusion for the solid. A
control volume one-dimensional (in the x-axis) energy balance for the
interface yields the following relation:
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where
and
are the thermal conductivity of the liquid and solid
silicon at the melting point, respectively, A is the cross-sectional area of the
boule, T the temperature, L the latent heat of fusion (~340 cal/g for silicon),
and m is the mass of the growing solid silicon. Under normal conditions
used for CZ growth, the heat diffusion from the liquid is small compared to
the heat diffusion from the solid. This allows the above to be simplified and
yields the following expression for the maximum velocity at which the solid
can be pulled:

where
is the solid density of the growing crystal. If the crystal is
pulled with a velocity
then the solid cannot conduct enough heat
away and the material will not solidify in a single crystal. In practice, the
pull rate of the seed crystal varies during the growth cycle. It is fastest when
growing the relatively narrow neck (5-12 inches per hour) so the generation
of defects known as dislocations is minimized. Once the neck has been
formed, the pull rate is reduced to form the shoulder of the crystal, finally
approaching 2-4 inches per hour during the growth of the crystal body.
During the entire growth, the crucible rotates in one direction at 12~14
rotations per minute (rpm) while the seed holder rotates in the opposite
direction at 6~8 rpm. This constant stirring prevents the formation of local
hot or cold regions. The crystal diameter is monitored by an optical
pyrometer which is focused at the interface between the edge of the crystal
and the melt. An automatic diameter control system maintains the correct
crystal diameter through a feedback loop control. Argon is often used as the
ambient gas during this crystal-pulling process. By carefully controlling the
pull rate, the temperature of the crucible, the rotation speed of both the
crucible and the rod holding the seed, a precise control of the diameter of the
crystal is obtained.
During the Czochralski growth process, several impurities will
incorporate into the crystal. Since the crucibles are made from fused silica
and the growth process takes place at temperatures around 1500 °C,
small amounts of oxygen will be incorporated into the boule. For extremely
low concentrations of oxygen impurities, the boule can be grown under
magnetic confinement. In this situation, a large magnetic field is directed
perpendicularly to the pull direction and used to create a Lorentz force. This
force will change the motion of the ionized impurities in the melt in such a
manner as to keep them away from the liquid/solid interface and therefore
decrease the impurity concentration. Using this arrangement, the oxygen
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impurity concentration can be reduced from about 20 parts per million
(ppm) to as low as 2 ppm.
It is also common to introduce dopant atoms into the melt in order to
tailor the electrical properties of the final crystal, i.e. carrier type and
concentration. Simply weighing the melt and introducing a proportional
amount of impurity atoms is all that is theoretically required to control the
carrier concentration. However, impurities tend to segregate at the
liquid/solid interface, rather than be uniformly distributed inside the melt.
This will in turn affect the amount of dopant incorporated into the growing
solid. This behavior can be quantitatively characterized by a dimensionless
parameter called the segregation constant k and defined by:

where and
are the impurity concentrations in the liquid and solid
sides of the liquid/solid interface, respectively. Table 11.4 lists the values of
the segregation constant for some common impurities in silicon.

Let us consider for example the case where k>1. By definition, the
concentration of impurity in the solid is greater than that in the melt.
Therefore the impurity concentration in the melt decreases as the boule is
pulled. The resulting crystal impurity concentration,
can be expressed
mathematically as:
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where
is the original impurity concentration and X is the fraction of
the melt that has solidified.
The growth of GaAs with the Czochralski method is far more difficult
than for silicon because of the vast differences in vapor pressure of the
constituents at the growth temperature of ~1250 °C: 0.0001 atm for gallium
and 10000 atm for arsenic. Liquid Encapsulated Czochralski (LEC) utilizes
a tightly fitting disk and sealant around the melt chamber to prevent the outdiffusion of arsenic from the melt. The most commonly used sealant is boric
oxide
Additionally, pyrolytic boron nitride (pBN) crucibles are used
instead of quartz (silicon oxide) in order to avoid silicon doping of the GaAs
boule. Once the charge is molten, the seed crystal can be lowered through
the boric oxide until it contacts the charge at which point it may be pulled.
Since the thermal conductivity of GaAs is about one-third that of silicon,
the GaAs boule is not able to dissipate the latent heat of fusion as readily as
silicon. Furthermore, the shear stress required to generate a dislocation in
GaAs at the melting point is about one-fourth that in silicon. Consequently,
the poorer thermal and mechanical properties allow GaAs boules to be only
about 5 inches in diameter and they contain many orders of magnitude
larger defect densities than realized in silicon.

11.3.2. Bridgman growth method
The Bridgman crystal growth method is similar to the CZ method except the
fact that the material is completely kept inside the crucible during the entire
heating and cooling processes, as shown in Fig. 11.4.

A quartz crucible filled with material is pulled horizontally through a
furnace tube. As the crucible is drawn slowly from the heated region into a
colder region, the seed crystal induces single crystal growth. The shape of
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the resulting crystal is determined by that of the crucible. In a variation of
this procedure, the heater may move instead of the crucible.
There are a couple of disadvantages associated with the Bridgman
growth method which result from the fact that the material is constantly in
contact with the crucible. First, the crucible wall introduces stresses in the
solidifying semiconductor. These stresses will result in deviations from the
perfect crystal structure. Also, at the high temperatures required for bulk
crystal growth, silicon tends to adhere to the crucible.
In the case of compound semiconductors, the process is slightly different
from that for silicon. The basic process is shown in Fig. 11.5 for gallium
arsenide. The solid gallium and arsenic components are loaded onto a fused
silica ampoule which is then sealed. The arsenic in the chamber provides the
overpressure necessary to maintain stoichiometry. A tube furnace is then
slowly pulled past the charge. The temperature of the furnace is set to melt
the charge when it is completely inside. As the furnace is pulled past the
ampoule the molten GaAs charger in the bottom of the ampoule
recrystallizes. A seed crystal may be mounted so as to contact the melt.
Typical compound semiconductor boules grown by the Bridgman
method have diameters of 2 inches. The growth of larger crystals requires
very accurate control of the stoichiometry and the radial and axial
temperature gradients. Dislocation densities of lower than
compared to
for boules grown by CZ, are routinely achieved by
using the Bridgman method. Roughly 75 % of the compound semiconductor
boules are grown by the Bridgman growth method.

11.3.3. Float-zone crystal growth method
The float-zone (FZ) crystal growth proceeds directly from a rod of
polycrystalline material obtained from the purification process. A rod of an
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appropriate diameter is held at the top and placed in the crystal-growing
chamber. A single crystal seed is clamped in contact at the other end of the
rod. The rod and the seed are enclosed in a vacuum chamber or inert
atmosphere, and an induction-heating coil is placed around the rod. The coil
melts a small length of the rod, starting with part of the single seed crystal.
A “float-zone” of melt is formed between the seed crystal and the
polysilicon rod. The molten zone is slowly moved up along the length of the
rotating rod by moving the coil upward. Note the method uses no crucible as
shown in Fig. 11.6. For this reason, extremely high purity silicon boules,
with carrier concentrations lower than
have been grown by the
float zone method. In general, this method is not used for compound
semiconductor growth.

The molten region that solidifies first remains in contact with the seed
crystal and assumes the same crystal structure as the seed. As the molten
region is moved along the length of the rod, the polycrystalline rod melts
and then solidifies along its entire length, becoming a single crystal rod of
silicon in the process. The motion of the heating coil controls the diameter
of the crystal. Because of the difficulties in preventing collapse of the
molten region, this method has been limited to small-diameter crystals (less
than 76 mm). However, since there is no crucible involved in the FZ
method, oxygen contamination that might arise from the quartz
crucible is eliminated. Wafers manufactured by this method find their use in
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applications requiring low-oxygen content, high resistivity starting material
for devices such as power diodes and power transistors.
One disadvantage of float zone crystal growth is the difficulty in
introducing a uniform concentration of dopants. Currently, four techniques
are used: core doping, pill doping, gas doping, and finally neutron doping.
Core doping uses a doped polysilicon boule as the starting material and
then undoped material can be deposited on top of the doped boules until the
desired overall doping concentration is obtained. This process can be
repeated several times to increase the uniformity or the dopant distribution
and, neglecting the first few melt lengths, the dopant distribution is very
good. The final dopant concentration of the rod is given by:

where
is the dopant concentration in the core rod, is the radius of
the core rod, is the radius of the final boule, l is the length of the floating
zone, k is the effective distribution coefficient for the dopant, and z is the
distance from the start of the boule. Several common distribution
coefficients for float zone growth are shown in Table 11.5.

Gas doping simply uses the injection of gases, such as
or
into the polycrystalline rod as it is being deposited or into the molten
ring during float zone refining.
Pill doping is accomplished by inserting a small pill of dopant into a
hole that is bored at the top of the rod. If the dopant has a relatively low
segregation coefficient, most of it will diffuse into the rod as the melt passes
over the rod. Gallium and indium are commonly used as pill dopants.
Finally, light n-type doping of silicon can be achieved with neutron
bombardment. This is possible because approximately 3.1 % of silicon mass
is the mass 30 isotope. Upon neutron flux, the following nuclear reaction
takes place:
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11.3.4. Crystal wafer fabrication
After the boule is grown, wafers must be made. Each boule is first
characterized for its crystal orientation, dislocation density, and resistivity.
Then the seed and tail of the boule are removed and then the boule is
trimmed to the proper diameter. Flats are ground along the entire length of
the boule to denote crystal orientation so that the device array can be aligned
with respect to the scribe and break directions of the wafer. By convention,
the largest or primary flat is ground perpendicular to the
direction. Fig.
11.7 shows some flat orientations for various types of semiconductor
wafers. After grinding the flats, the boule is dipped into an etchant to
remove the damage caused by the grinding process. In the final stage, the
semiconductor boule is sliced into wafers using a specialized steel and
diamond saw. Each wafer is then polished to a flat mirror-like surface,
chemically etched and cleaned to an atomic cleanliness. It is upon this single
crystal that the series of layers needed for a laser or other electronic devices
are deposited.
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11.4. Epitaxial growth techniques
Even the simplest semiconductor devices such as a transistor or diode laser
requires the deposition of a series of thin layers on top of one of the polished
wafer substrates previously described. This process of extending the crystal
structure of the underlying substrate material into the grown layer is called
epitaxy. The term epitaxy can be elaborated as homoepitaxy or
heteroepitaxy. Homoepitaxy is used to grow a layer of exactly the same
crystal material onto the substrate. A n-type layer of silicon grown on a ptype silicon substrate is one example. In this case, the layers, despite the
differences in impurity content, are composed of the same basic material.
Heteroepitaxy, on the other hand, is a technique used to grow a layer of
different material on the substrate. The most widely exploited heteroepitaxy
consists of the III-V or II-VI compounds which are needed to be grown as
single crystals films for a variety of applications.
The discovery of quantum wells and superlattices has revolutionized the
area of semiconductor technology in terms of new devices. These devices
require precise control and uniformity of thickness, excellent homogeneity,
high purity, very sharp interfaces between the substrate and epitaxial layers,
and low misfit dislocations in the epilayers. In the past few decades,
epitaxial techniques have advanced to a level where such requirements can
be met by a variety of growth methods. These growth techniques include
liquid phase epitaxy (LPE), vapor phase epitaxy (VPE), metalorganic
chemical vapor deposition (MOCVD), and molecular beam epitaxy (MBE),
which will be reviewed in the following sub-sections.
11.4.1. Liquid phase epitaxy
The LPE growth technique uses a system shown in Fig. 11.8 and involves
the precipitation of material from a supercooled solution onto an underlying
substrate. The LPE reactor includes a horizontal furnace system and a
sliding graphite boat. The apparatus is quite simple and excellent quality
layers and high purity levels can be achieved.
Liquid phase epitaxy is a thermodynamic equilibrium growth process.
The composition of the layers that are grown on the substrate depends
mainly on the equilibrium phase diagram and to a lesser extent on the
orientation of the substrate. The three parameters that can effect the growth
are the melt composition, the growth temperature, and the growth time.
The advantages of LPE are the simplicity of the equipment used, higher
deposition rates, and the high purity that can be obtained. Background
elemental impurities are eliminated by using high purity metals and the
inherent purification process that occurs during the liquid-to-solid phase
transition. The disadvantages of the LPE includes a poor thickness
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uniformity, high surface roughness, melt back effect, and the high growth
rates which prevent the growth of multilayer structures with abrupt
interfaces. Growing films as thin as a few atomic layers is therefore out of
the question using liquid phase epitaxy, and is usually done using other
techniques such as molecular beam epitaxy.

11.4.2. Vapor phase epitaxy
Like LPE, vapor phase epitaxy is also a thermodynamic equilibrium growth
process. However, unlike LPE, the VPE growth technique involves reactive
compounds in their gaseous form. A VPE reactor typically consists of a
quartz chamber composed of several zones set a different temperatures
using a multi-element furnace, as illustrated in Fig. 11.9.
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The group III source materials consists of pure metal element, for
example gallium (Ga) and indium (In), contained in a small vessel. In the
first zone, called the group III species synthesis zone, which is maintained at
a temperature (~750~850 °C for GaAs or InP growth), the metal is liquid
and reacts with the incoming flow of hydrogen chloride gas (HC1) in the
following manner to form group III-chloride vapor compounds which can be
transported to the growth region:

The group V source materials are provided in the form of hydrided
gases, for example arsine
and phosphine
In the second zone,
called the group V species pyrolysis zone, which is maintained at a
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temperature
these compounds are decomposed into elemental group V
compounds, for example:

where u and v represent the mole fraction of
or
which is
decomposed into
or
respectively.
Finally, in the growth region, which is maintained at a temperature
(~680~750 °C for GaAs or InP growth), the group III-chloride and the
elemental group V compounds react to form the semiconductor crytsal, such
as GaAs or InP, onto a substrate.
There are several chemical reactions taking place in vapor phase epitaxy
and are illustrated in Fig. 11.10: heterogeneous reactions which occur
between a solid, liquid and/or vapor, and homogeneous reactions which
occur in the gas phase.
During the growth of a semiconductor film in steady-state conditions,
the overall growth process is limited by the heterogeneous reactions. During
changes in the composition of the growing semiconductor, for example
when switching the growth from InP to GaInAs, the process is limited by
the mass transport in the gas phase.

VPE growth model. A simple diffusion model can be developed to gain
understanding on the heterogeneous reactions occurring at the surface of the
substrate. Near that surface, there exists a boundary layer which has a
thickness
and within which there is no flow but rather a diffusion of
reactants, as shown in Fig. 11.11. The concentrations of reactants in the bulk
gas phase is denoted
while that at the surface of the substrate is
Two
fluxes are considered.
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The first one is the flux of molecules from the bulk gas phase onto the
sample surface, denoted
This flux is proportional to the difference in
concentration of reactants
and

where D is the effective diffusion coefficient of reactants through the
boundary layer, is the distance over which the diffusion is taking place
(thickness of the boundary layer). We have also defined a coefficient
which is called the vapor phase mass transfer coefficient.
The second flux, denoted
corresponds to the incorporation of
reactants into the growing crystal. This flux is proportional to the
concentration
of reactants at the epilayer surface and is given by:

where
is the surface chemical reaction rate constant. Under steadystate conditions, these fluxes must be equal, i.e.
This translates into
the relation between and

The growth rate can be calculated as:
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where we have denoted C the total number of reactants that can be
incorporated in a unit volume to form the semiconductor crystal. From this
simple expression of the growth rate, we can outline two important growth
regimes.
If
the growth rate can be approximated by:

which means that the surface chemical reaction rate is the limiting step
as the growth rate is determined by the surface chemical reaction rate
constant
If
the growth rate can be approximated by:

which means that the mass transfer is the limiting step as the growth rate
is determined by the mass transfer coefficient
The advantages of VPE include a high degree of flexibility in
introducing dopant into the material as well as the control of the
composition gradients by accurate control of the gas flows. Localized
epitaxy can also be achieved using VPE. One of its main disadvantages is
the difficulty to achieve multi-quantum wells or superlattices which are
periodic structures with numerous very thin layers (on the order a few tens
of Angstrom). Other disadvantages include the potential formation hillocks
and haze, and interfacial decomposition during the preheat stage.

11.4.3. Metalorganic chemical vapor deposition
Metalorganic chemical vapor deposition (MOCVD) is an epitaxial growth
method for the preparation of semiconductor thin films for use in devices.
The MOCVD technology has established its ability to produce high quality
epitaxial layers and sharp interfaces, and to grow multilayer structures with
thicknesses as thin as a few atomic layers.
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MOCVD growth systems. The growth of epitaxial layers from III-V
semiconductor compounds is conducted by introducing controlled amounts
of volatile compounds of alkyls for group III, and either alkyls or hydrides
for group V elements into a reactive chamber in which a semiconductor
substrate is placed on a heated graphite susceptor as depicted in Fig. 11.12.
The heated susceptor has a catalytic effect on the decomposition of the
gaseous products, such that the semiconductor crystal growth takes place in
this hot region.

A typical MOCVD system consists of four major parts: the gas handling
system, the reactor chamber, the heating system, and the exhaust and safety
apparatus.
The gas handling system includes the alkyl and hydride sources, the
valves, pumps and other instruments necessary to control the gas flows and
mixtures. Hydrogen
nitrogen
argon (Ar), and helium (He) are the
most common inert carrier gases used in the MOCVD growth process. In
order to minimize contamination, the gas handling system has to be clean
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and leak tight. In addition, the material it is made out of must be resistant to
the potential corrosive nature of the sources.
The purity of the sources is one of the most important issues in modern
semiconductor technology. Much effort is constantly devoted to purify
every source material used in order to avoid any kind of contamination. Gas
purifiers are often used to further purify hydride sources and carrier gases.
Alkyls sources are metalorganic or organometallic compounds, and they
are liquids or finely crushed solids usually contained in a stainless steel
cylinder called bubbler. The partial pressure of the source is regulated by
precisely controlling the temperature and total pressure inside the bubbler.
Electronic mass flow controllers are used to accurately and reliably measure
and/or control the mass flow rate of hydride and carrier gases through the
gas handling system. Thus, by sending a controlled flow of carrier gas
through the bubbler, a controlled mass flow in the form of dilute vapors of
the metalorganic compounds can be achieved.
The mixing of volatile compounds in the gas handling system is done in
a manifold which first stabilizes the flows, then mixes them and directs them
either to the reaction chamber or into the vent (waste). It is designed to
uniformly mix metalorganic and hydride sources prior to reaching the
growth zone.
Inside the reaction chamber, the susceptor can be heated using either of
these three methods: radio frequency (RF) induction heating, radiative
(lamp) heating, and resistance heating. The temperature of the substrate is
then measured using thermocouples (chromel-alumel) and pyrometers.
The exhaust system may include scrubbing systems, particulate filters
and burnboxes, and is aimed at physically or chemically treating the
unreacted gases and byproducts from the reaction chamber which may still
be toxic, pyrophoric or flammable.
The safety apparatus associated with semiconductor growth systems
generally consists of toxic gas monitors used to quantitatively detect the
presence of toxic gases such as arsine and phosphine, or flammable gases
such as hydrogen.
MOCVD source materials. A list of suitable source materials with their
acronyms is given in Table 11.6 and Table 11.7. They are used either to
grow the III-V host lattices or to dope the crystals n- or p-type. Some of the
physical properties of the metalorganic commonly used in MOCVD and
their associated safety precautions are listed in Appendix A.7. For a
thorough discussion of these source materials, the interested reader is
referred to other books [Razeghi 1989].
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MOCVD growth process. There exist two types of fundamental
processes occurring during crystal growth: thermodynamic and kinetic.
Thermodynamics determine the driving force for the overall growth process,
and kinetics define the rates at which the various processes occur.
Hydrodynamics and mass transport, which take into account the gas
velocities and temperature gradients in the vicinity of the hot susceptor,
control the rate of transport of material to the growing solid/vapor interface.
The rates of the chemical reactions occurring during growth, either
homogeneously in the gas phase, or heterogeneously at the growing
interface, also play a role. Each of these factors will dominate some aspect
of the overall growth process. A study of the dependence of a macroscopic
quantity, such as growth rate, on external parameters, such as substrate
temperature and input precursor (source) flow rates, gives insight into the
overall growth mechanism.
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Thermodynamic calculations are useful in obtaining information about
the solid composition of a multi-component system when vapor phase
compositions are known. They are also useful in obtaining the phase
diagram of a multi-component system by calculating the compositions of the
crystal for different temperatures and pressures. However, the MOCVD
process is by definition not an equilibrium process. Thermodynamic can
thus only define certain limits for the MOCVD growth process, and is
unable to provide any information about the time required to attain
equilibrium, the actual steps involved in the pursuit of the lowest-energy
state or the rates of the various processes occurring during the transition
from the initial input gases to the final semiconductor solid. These problems
can only be approached in terms of kinetics [Stringfellow 1989].

A much simplified description of the MOCVD growth process for III-V
compounds, such as the growth of GaAs by TMGa and
occurring near
and at the substrate surface is illustrated in Fig. 11.13. In the first step, both
and
are carried by diffusion through the boundary layer to
reach the substrate. The second step involves the surface reactions. The third
step is the formation of GaAs and the final step is the removal of the
reaction products.
The growth rate is an important parameter that can be determined from
thermodynamic calculations. But, in the MOCVD growth process, the actual
growth rate is much lower than that determined from thermodynamics
because kinetics and hydrodynamic transport also play a role in determining
the growth rate. This can be illustrated in Fig. 11.14 which shows the typical
growth rate profile as a function of temperature.
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For a given flow of source materials, three regimes can be observed for
the growth rate. At low temperatures (Fig. 11.14(a)), chemical reactions at
the solid/vapor interface limit the growth rate as they follow an Arrhenius
relation of the form

where

is an activation energy which

characterizes the chemical reactions and is on the order a few eV. For
intermediate temperatures (Fig. 11.14(b)), the growth rate is nearly constant
over a wide temperature range. This corresponds to a regime where the
diffusion or mass transfer across the boundary layer limits the growth rate.
The growth rate is then directly proportional to the flow or partial pressure
of incoming source materials and to their diffusion coefficients. In order to
achieve a good growth rate control and minimize the sensitivity to
temperature, it is preferred to be in conditions which yield a diffusion
limited regime. When the partial pressure of the source materials is
increased, the temperature window over which the growth rate is constant is
reduced. At high temperatures (Fig. 11.14(c)), the growth rate becomes
independent of temperature and flow of source materials. In this regime, the
rate is limited by the decomposition of the growing crystal.
In-situ characterization techniques. Although the MOCVD growth
technique cannot accommodate as many in-situ characterization techniques
as molecular beam epitaxy (sub-section 11.4.4), recent advances in the
design and manufacture of MOCVD growth equipment have led to a few
viable techniques. Nearly all of them use a laser beam to probe the surface
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of the growing wafer. One of the pioneering work in this area was done in
the late 1980s and consisted of conducting reflectance difference
spectroscopy measurements during epitaxial growth [Razeghi 1995].
Nowadays, by using a laser with a photon energy lower than the bandgap
energy of the growing semiconductor and measuring the intensity of the
laser beam reflection, it is possible to qualitatively assess the surface
condition, as well as determine the instantaneous thickness of the growing
layer.
The MOCVD growth technique has proved advantageous in producing
some of the highest quality compound semiconductor materials to date, and
providing a very high degree of control over the process. This has in turn led
to the realization of an increasingly large number of high performance
devices, both in electronics and optoelectronics applications. MOCVD is
also one of the major technique used in industry, as modern equipment is
capable of yielding the high industrial throughput needed. However,
MOCVD still suffers from the high toxicity of some of the source materials
used, such as arsine and phosphine.

11.4.4. Molecular beam epitaxy
Molecular Beam Epitaxy (MBE) [Cho 1985] is an advanced technique for
the growth of thin epitaxial layers of semiconductors, metals, or insulators.
An example of such a system is shown in Fig. 11.15.

In this technique, precursor sources are generally solids which are
heated above their melting points in effusion cells or gases which are
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connected through an injector and cracker. The sources are then evaporated
in the form of beams of atoms or molecules at a controlled rate onto a
crystalline substrate surface held at a suitable temperature under ultra high
vacuum conditions, as illustrated in Fig. 11.16. The epitaxial layers
crystallize through a reaction between the atomic beams of the source
materials and the heated substrate surface. The thickness, composition and
doping level of the epilayer can be very precisely controlled via an accurate
control of the atomic beam fluxes. The substrate is mounted on a block and
rotated continuously to promote uniform crystal growth on its surface. The
beam flux of the source materials is a function of their vapor pressure which
can be precisely controlled by their temperature.

The thickness, composition and other properties of the epitaxial layers
and heterostructures is directly controlled by the interruption of the
unwanted atomic beams with specially designed shutters. An ultra high
vacuum level will ensure the beam nature of the mass flow toward the
substrate. This means that the atoms will not interact with each other before
reaching the substrate or they have a mean free path longer than the distance
between the source cells and the substrate. The mean free path of an atom
or molecule is expressed as:
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in which d is the diameter of the atom or molecule, and n is its
concentration in the growth chamber given by:

where
is the Boltzmann constant, P and T are the pressure and
temperature in the MBE growth chamber. The usual distance between the
orifice of the source cells and the substrate in MBE reactors is about 0.2 m
which is many orders of magnitude shorter than the mean free path of atoms
or molecules (several kilometers) at the usual operating pressures in MBE
The major difference between MBE and other epitaxial growth
techniques stem from the fact that the growth is carried in an ultra high
vacuum environment. Therefore, the growth is far from thermodynamic
equilibrium conditions and is mainly governed by the kinetics of the surface
processes. This is in contrast to the other growth techniques, such as liquid
phase epitaxy, where the growth condition is near the thermodynamic
equilibrium and is mostly controlled by diffusion processes near the surface
of the substrate. The most important processes in the MBE growth occur at
the atomic level in the crystallization zone and can be summarized into four
fundamental steps illustrated in Fig. 11.17. (1) Adsorption of the constituent
atoms or molecules impinging on the substrate surface. (2) Surface
migration and dissociation of the absorbed species. (3) Incorporation of the
constituent atoms into the crystal lattice of the substrate or the epilayer, at a
site where sufficiently strong bonding exists. That site is usually at the edge
of a spreading atomic layer, the growing epitaxial crystal. (4) And thermal
desorption of the species not incorporated into the crystal lattice.
The atoms impinging on the substrate surface must be allowed sufficient
time to reach their proper position at the step edge before an entire new
layer comes down and buries them. Otherwise, we would get a very rough
surface with mountain-like and valley-like features on it. Worse yet, the
crystal could actually end up with defects, such as missing atoms at sites in
the crystal structure that would result in undesirable electrical properties.
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The ultra high vacuum growth environment also allows the MBE
technique to be amenable to in-situ monitoring of the growth and substrate
surface using diagnostic techniques such as reflection high-energy electron
diffraction (RHEED), Auger electron spectroscopy, x-ray photoelectron
spectroscopy, low-energy electron diffraction, secondary-ion mass
spectroscopy, and ellipsometry.
In a RHEED system, a beam of electrons with energies in the range
5~50 keV is directed on the substrate at a grazing angle as shown in Fig.
11.18. The electrons are then diffracted by the wafer surface, which leads to
the appearance of intensity-modulated streaks on a fluorescent screen. What
is observed is called a RHEED pattern. There are two types of RHEED
characterization: static and dynamic.
In the first type, the atomic construction of the surface can be
determined from the RHEED diffraction pattern. Such information is of
particular interest since the atomic surface construction is a function of the
flux of the incoming electron beam, the substrate temperature, and the strain
of the epilayer.
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Dynamic RHEED is based on the change of the intensity of the main
diffraction streak as a function of the wafer surface roughness, as illustrated
in Fig. 11.19. Indeed, during the epitaxial growth process, starting from an
atomically flat surface (i.e. coverage:
the roughness increases as a new
crystal layer nucleates. Once the coverage reaches 50 %
the
roughness is maximal and will start to decrease as the growing layer is
filled. Once the new layer is completed
the roughness is minimal and
will start to increase again. The intensity of the main RHEED streak follows
this periodic pattern during the growth, with the maximal intensity
corresponding to the minimal roughness. The time separation between two
adjacent peaks yields the time required for the growth of a single layer of
the crystal. This is a powerful method which provides an accurate thickness
calibration technique that is sensitive to within one single atomic layer.
In spite of its technological advantages over other epitaxial growth
techniques, MBE suffers from the high cost to maintain the ultra high
vacuum environment. In addition, there remain technological challenges,
such as increasing the growth rate which remains rather slow, and
alleviating the difficulty to grow phosphorous bearing alloys such as InP and
InGaAsP.
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11.4.5. Ex-situ characterization of epitaxial thin films
Following epitaxial growth, the semiconductor thin films and structures are
removed from the growth apparatus and their properties are assessed using
various ex-situ characterization techniques. This is an important quality
control step in the development of semiconductor devices, as the quality of
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the semiconductor material will directly determine the performance of the
devices fabricated from it.
Several techniques are commonly employed, such as: x-ray diffraction,
scanning and transmission electron microscopy, atomic force microscopy,
deep-level transient spectroscopy, electrochemical capacitance-voltage
measurements, resistivity and Hall measurement, Auger electron
spectroscopy, secondary ion mass spectroscopy, photoluminescence and
photoluminescence excitation. The use of some of them for semiconductor
epitaxial thin films has been discussed in detail in other books [Razeghi
1995] and the interested reader is referred to them for further information.

11.5. Summary
In this Chapter, we first reviewed the properties of modern major III-V
compound semiconductors. By uniformly mixing the various group III and
group V elements in the crystal lattice, the lattice parameters and the
bandgap energy of the resulting ternary and quaternary alloys can be
controlled over a wide range. This is a fundamental property when
designing heterostructure compound semiconductor devices. Bulk crystal
growth techniques used in the synthesis of the single crystals for today’s
semiconductor industry have then be described. These included the
Czochralski, the Bridgman, and the float-zone growth methods. We finally
succinctly reviewed the major modern epitaxial growth techniques, such as
liquid phase epitaxy, vapor phase epitaxy, metalorganic chemical vapor
deposition, and molecular beam epitaxy. The advantages and disadvantages
of each one have been discussed. These techniques are employed to
synthesize semiconductor thin film structures for use in electronic devices.
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Problems
1. From the expressions of the bandgap energy of ternary alloys given in
Table 11.2 and using Vegard’s law to calculate their lattice parameters,
plot the energy bandgap of the following ternary alloys as a function of
their lattice parameter: AlGaAs, AlInAs, GaInP, GaInAs, GaPAs, and
InPAs.
2. Demonstrate the relation given in Eq. ( 11.3 ).
3. Using the diagram in Fig. 11.1, graphically determine the quaternary
alloy compositions which would yield a bandgap energy corresponding
to the following wavelengths: 808 nm, 980 nm, 1.3
and 1.55
Which of these compositions, if any, would have the same lattice
constant as, or lattice-matched to, InP? Which of them would be latticematched to GaAs?

4. Compare the MBE and MOCVD growth techniques, using a table that
shows some of the advantages and disadvantages of each methods.
5. In this Chapter, we gave a few examples of group III and group V
precursors for the use in the MOCVD growth of III-V compounds. Give
several more examples of precursors. For the group III precursors, list
some of their physical properties such as form (solid, liquid, gas), molar
weight and density.
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12.1. Introduction
In the previous Chapter, we have reviewed the various techniques used to
synthesize semiconductor crystals and thin films. This represented only the
first step in the fabrication of semiconductor devices. Several additional
steps are necessary before a final product can be obtained, which will be
described in this and the following Chapter.
In this Chapter, the discussion will be inspired from the silicon device
technology because of its technological predominance and maturity in
modern semiconductor industry. We will first describe and model the
oxidation process used to realize a silicon oxide film. We will then discuss
the diffusion and ion implantation of dopant impurities in silicon to achieve
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controlled doping, and review the methods used to characterize their
electrical properties.

12.2. Oxidation
The ability to form a chemically stable protective layer of silicon dioxide
at the surface of silicon is one of the main reasons that make silicon
the most widely used semiconductor material. This silicon oxide layer is
both an insulating layer on the silicon surface, serving as a dielectric in
numerous devices, and can also be a preferential masking layer in many
steps during device fabrication. In this section, we will first review the
experimental process of the formation of a silicon oxide, then we will
develop a mathematical model for it and determine the factor influencing the
oxidation. We will end this section by providing details on how to
characterize the thickness of the formed oxide.

12.2.1. Oxidation process
A silicon dioxide layer is typically thermally formed in the presence of
oxygen compounds at a temperature in the range of 900 to 1300 °C. There
exists two basic means of supplying the necessary oxygen into the reaction
chamber. The first is in gaseous pure oxygen form (dry oxidation) through
the reaction:
The second is in the form of water vapor (wet
oxidation) through the reaction:
During the thermal oxide layer formation, silicon is consumed: for a
total oxide thickness of X, about 0.45X lies below the original surface of the
original Si wafer whereas 0.55X lies above it, as shown in Fig. 12.1.
Before thermal oxidation, the silicon is usually preceded by a cleaning
sequence designed to remove all contaminants. Special care must be taken
during this step to guarantee that the wafers do not contact any source of
contamination, particularly inadvertent contact with a human person.
Humans are a potential source of sodium, the element most often
responsible for the failure of devices due to surface leakage. The cleaned
wafers are then dried and loaded into a quartz water holder called a boat.
The thermal oxidation process is performed with the wafers on the boat
in a furnace where the temperature is carefully controlled. Generally, three
or four separate furnaces are used in a stack manner, each with its own set of
controls and quartzware. The quartz tube inside each furnace is enclosed
around heating coils which are controlled by the amount of electrical current
running through. A cross-section of a typical oxidation furnace is shown in
Fig. 12.1.
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The furnace is suitable for either dry or wet oxidation film growth by
turning a control valve. In the dry oxidation method, oxygen gas is sent into
the quartz tube. High-purity gas is used to ensure that no unwanted
impurities are incorporated in the layer of oxide as it forms. The oxygen gas
can also be mixed with pure nitrogen gas in order to decrease the total cost
of running the oxidation process, as nitrogen gas is less expensive than
oxygen. In the wet oxidation method, the water vapor introduced into the
furnace system is created by flowing a carrier gas into a container or bubbler
filled with ultra pure water and maintained at a constant temperature below
its boiling point (100 °C). The carrier gas becomes saturated with the water
vapor as it bubbles through the water. The distance to the quartz oxidation
tube must be short enough to prevent condensation of the water vapor. The
carrier gas can either be nitrogen or oxygen, and both result in equivalent
oxide thickness growth rates. Bubblers are simple to use and quite
reproducible, but they have two disadvantages associated with the fact that
they must be refilled when the water level falls too low: an improper
handling of the container can result in the contamination of the water prior
or during filling, and the bubbler cannot be filled during an oxidation cycle.

390

Fundamentals of Solid State Engineering

12.2.2. Modeling of oxidation
Using radioactive tracer experiments, the oxygen or water molecules in a
dry oxidation process were found to move through the oxide film and react
with the silicon atoms at the interface between the oxide film and silicon.
This is schematically illustrated in Fig. 12.2. The movement of these
molecules through the forming oxide layer can be mathematically modeled
using the same Fick’s first law of diffusion as introduced in section 9.4.

The objective of the following mathematical model is to determine the
growth rate of the oxide layer, that is how fast the oxide layer grows thicker.
We will follow a similar approach to the one taken for vapor phase epitaxy
in sub-section 11.4.2. In this model, we consider that there is a flow of a gas
containing oxygen, called the oxidant, onto the sample surface, which
diffuse through the oxide layer and reacts with the underlying silicon. We
will consider three different fluxes of oxidant, each governed by a different
physical mechanism. These fluxes are shown in Fig. 12.3.
The first one is the flux of oxidant from the bulk gas phase onto the
sample surface, denoted
This flux is proportional to the difference in
concentration of oxidant between the bulk gas phase and at the surface of
the forming oxide:

where
is the vapor phase mass transfer coefficient
denotes the
oxidant concentration in the bulk gas phase, and
denotes that at the
surface of the forming oxide. These concentrations are generally different
because some oxidant is consumed in the oxidation process. These
concentrations are directly related to the partial pressures of the oxidant gas
in the bulk gas phase,
and at the oxide surface,
through the ideal gas
law:
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is the Boltzmann constant and T is the absolute temperature.

We can relate the oxidant concentration in the gas with the oxidant
concentration in the solid phase, i.e. the oxide layer, near the surface
through Henry’s law:

where
is the oxidant concentration inside the oxide layer just below
its surface,
is Henry’s law constant and
is the partial pressure of the
oxidant in the gas phase at the oxide surface.
It will be convenient to introduce the equilibrium value of
which will
be denoted C*. This concentration is related to the partial pressure in the
bulk of the gas
through:

Combining Eq. ( 12.2 ), Eq. ( 12.3 ) and Eq. ( 12.4 ), Eq. ( 12.1 ) can
then be successively written as:
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where we have defined:

The second flux, denoted
to consider is that of the oxidant diffusing
through the oxide layer already present which can be expressed as:

where D is the diffusion coefficient of the oxidant through the oxide,
is the oxidant concentration at the oxide-silicon interface, and
is the
thickness of the oxide.
The third flux, denoted
corresponds to the incorporation of oxidant
molecules which reach the oxide-silicon interface and react chemically to
expand the oxide. This can be expressed as:

where

is the chemical reaction constant for the formation of oxide.

Under steady-state conditions, these three fluxes must be equal:

This gives us three equations, for the three unknowns:
C* and
For
example, using Eq. ( 12.7 ) and Eq. ( 12.8 ) to equate and
we get:

Now, using Eq. ( 12.5 ) and Eq. ( 12.8 ) to equate

and

we get:
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which becomes, after considering Eq. ( 12.10 ):

It is convenient to rearrange these relations to express
function of C*:

and

as a

We can now consider a particular case. If we assume that
i.e. the
oxidation reaction at the oxide-silicon interface is much slower than the
arrival of oxidant at the oxide surface, the oxidation process is then said to
be interfacial reaction controlled. The Eq. ( 12.12 ) and Eq. ( 12.13 ) can
then be simplified into:

Combining Eq. ( 12.8 ) and Eq. ( 12.14 ) to eliminate
the flux F as a function of

The rate at which the oxide layer grows is then given by:

we can express
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where N is the number of oxidant molecules that can be incorporated
into a unit volume of oxide, because the oxide volume growth rate is
determined by the flux and the number of oxidant molecules N needed to
form a unit volume of oxide. For dry oxidation,
molecules per
while for wet oxidation
molecules per
Integrating Eq.
( 12.16 ) yields the following equation for

where is an integration constant and where we have denoted:

Solving for the oxide thickness in Eq. ( 12.17 ) as a function of oxidation
time t, one obtains the following positive expression for

And the growth time t is given directly by Eq. ( 12.17 ):

For the limiting case of “short oxidation time”, where
can simplify the expression in Eq. ( 12.19 ):

we
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which is obtained after considering the Taylor expansion of the square
root. We then obtain the so called linear oxidation law:

where B/A is the linear rate.
For the other limiting case of “long oxidation time”, when
obtains the parabolic oxidation law:

one

12.2.3. Factors influencing oxidation rate
Numerous factors can influence the oxidation rate by governing each of the
mechanisms discussed in the previous model. For example, one of them is
the diffusion coefficient in Eq. ( 12.7 ). This parameter generally follows an
Arrhenius relationship as given by:

where
is the Boltzmann constant. This relation indicates the strong
dependence of oxide growth rate on temperature as the diffusion rate of the
oxidant increases exponentially with temperature. There exist three other
factors which are commonly known to affect the oxidation rate of silicon:
the orientation of the silicon wafer, pressure and impurity effects. The
orientation dependence of the oxidation rate can be easily understood
because the oxidation process depends on the total number of available Si
atoms per unit area for oxidation at the oxide-silicon interface. Only the
linear oxidation rate is expected to significantly change as a function of
orientation, i.e. for short oxidation durations. For example, the oxidation rate
for (111) oriented Si is faster than that for (100) oriented Si initially, in the
linear region, as shown in Fig. 12.4(a) and (b). As the oxidation kinetics
change from the linear rate to the parabolic rate, i.e. for longer oxidation
durations, the difference between the two orientations diminishes.
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12.2.4. Oxide thickness characterization
The accurate measurement of the thickness of a dielectric film such as
silicon dioxide is very important in the fabrication of optoelectronic devices.
Various techniques are available for measuring this oxide thickness,
including optical interference, ellipsometry, capacitance, and the use of a
color chart.
The optical interference method is a simple and nondestructive
technique, which can be used to routinely measure thermal oxide thickness
from less than 100 Å to more than
The method is based on
characterizing the interference pattern created by light reflected from the
interface and that from the
interface, as illustrated in Fig.
12.5.

The equation governing this interference is:

where
is the thickness of the oxide,
is the wavelength of the
incident radiation, g the order of the interference, and
is the net phase
shift and is equal to
where is the phase shift at the
interface
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is the phase shift at the

interface. The parameter n* is given

where is the refractive index of the oxide film and
is the angle of
incidence of the light relative to the wafer. All these parameters are
illustrated in Fig. 12.5.
The second method for the measurement of the oxide film thickness is
ellipsometry. Ellipsometry is the most popular technique used to assess the
properties of silicon dioxide films. Ellipsometry provides a non-destructive
technique for accurately determining the oxide thickness, as well as the
refractive index at the measuring wavelength. An illustration of an
ellipsometry system is shown in Fig. 12.6. It is the most widely used tool to
measure the thickness of
on Si,
on Si, photoresist on silicon, and
aluminum oxide
on silicon substrates. Such systems can measure
film thickness in the range of 20 Å to 60,000 Å with an accuracy of ±2 %.
An ellipsometer operates by measuring the change in light polarization
upon reflection from the sample surface. It is composed of a phase
modulation unit, as well as an entirely numerical data acquisition and
processing system.
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The third oxide film thickness measurement technique is the capacitance
method, which requires the fabrication of a metal-oxide-semiconductor
capacitor. The oxide thickness is given by the following equation:

where
is the experimentally measured oxide capacitance,
is the
area of the capacitor,
is the dielectric constant of the oxide film, and
the permittivity in vacuum.
Finally, the fourth and simplest method used to measure an oxide film
thickness is by comparing the film color with a calibrated chart as shown in
Table 12.1 for
Each oxide thickness has a specific color when it is
viewed under white light perpendicular to its surface. The colors are
cyclically repeated for different orders of reflection.

12.3. Diffusion of dopants
In section 8.6, we discussed doping as a means to control the electrical
properties in semiconductors. Doping is achieved by replacing the
constituting atoms of the semiconductor with atoms which contain fewer or
more electrons. Through doping, the crystal composition is thus slightly
altered so that it contains either a higher concentration of electrons or holes,
which makes the semiconductor n-type or p-type, respectively.
The doping of semiconductors can be performed during the bulk crystal
or epitaxial film growth (Chapter 11) by introducing the dopant along with
the precursor chemicals. This way, the entire crystal or film is uniformly
doped with the same concentration of dopants. Another method consists of
carrying the doping after the film deposition by performing the diffusion or
the implantation of dopants. These have the advantage that the doping can
be localized to certain regions only, by using adequate mask to prevent the
doping in undesired areas. In this section, we will focus on the diffusion of
dopants and we will illustrate our discussion with the doping of silicon.
The diffusion of dopants in compound semiconductor epitaxial films
generally follows a similar model. However, the effects of diffusion doping
in compound semiconductor heterostructures are more subtle and have been
discussed in detail in specialized texts [Razeghi 1989].
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12.3.1. Diffusion process
The concept of diffusion has been briefly introduced in section 9.4.
Diffusion is the process whereby a particle moves from regions of higher
concentrations to regions of lower concentrations. The process could be
visualized by thinking of a drop of black ink dropped into a glass of clean
water. Initially, the ink stays in a localized area, appearing as a dark region
in the clean water. Gradually, some of the ink moves away from the region
of high concentration, and instead of there being a dark region and a clean
region, there is a graduation of colors. As time passes, the ink spreads out
until it is possible to see through it. Finally, after a very long time, a steadystate is reached and the ink is uniformly distributed in the water. The
movement of the ink from the region of high concentration (ink drop) to the
region of low concentration (the rest of the glass of water) is an illustration
of the process of diffusion.
In the doping of silicon by diffusion, the silicon wafer is placed in an
atmosphere containing the impurity or dopant to incorporate. Because the
silicon does not initially contain the dopant in its lattice, we are in the
presence of two regions with different concentrations of impurities and
diffusion can therefore occur, as schematically illustrated in Fig. 12.7.

There exist several diffusion mechanisms. An impurity can diffuse into
an interstitial site in the lattice and can move from there to another
interstitial site, as shown in Fig. 12.8(a). We then talk about interstitial
diffusion. Sometimes, a silicon atom can be knocked into an interstitial site,
leaving a vacancy in the lattice where a diffusing dopant atom can fit, as
shown in Fig. 12.8(b). A third mechanism is possible which consists of a
dopant directly diffusing into a lattice vacancy (Fig. 12.8(c)). We then talk
about substitutional diffusion. It is only in the last two cases that an impurity
occupies a vacated lattice site that n-type or p-type doping occurs.
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The presence of such vacancies in the lattice can be due to defects or to
heat which increases atomic vibrations (Chapter 6), thus giving enough
energy to the silicon atoms to move out of their equilibrium positions into
interstitial sites.
The rate at which the diffusion of impurities takes place depends on how
fast they are moving through the lattice. This phenomenon is quantitatively
characterized by the diffusion coefficient of the impurity in silicon.

The technology of diffusion in semiconductor processing consists of
introducing a controlled amount of chosen impurities into selected regions
of the semiconductor crystal. To prevent the diffusion of dopants in
undesired areas, it is common to use a dielectric mask such as
to block
the diffusion as show in Fig. 12.9. We then talk about selective diffusion. It
is important to be able to predict the concentration of dopant N(x,t) at a
certain depth x below the surface of the film and after a duration of diffusion
t.
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There are two major techniques for conducting diffusion, depending on
the state of the dopant on the surface of the wafer: (1) constant-source
diffusion, also called predeposition or thermal predeposition, in which the
concentration of the desired impurity at the surface of the semiconductor is
kept constant; and (2) limited-source diffusion, or drive-in, in which a fixed
total quantity of impurity is diffused and redistributed into the
semiconductor to obtain the final profile.

12.3.2. Constant-source diffusion: predeposition
During predeposition, the silicon wafer is heated to a carefully selected and
controlled temperature, and an excess of the desired dopant is maintained
above the wafer. The dopants diffuse into the crystal until their
concentration in it near the surface is in equilibrium with the concentration
in the surrounding ambient above it. The maximum concentration that can
be diffused into a solid is called the solid solubility. The solid solubility of a
dopant in silicon is the maximum concentration of the dopant that will
diffuse into the silicon at a given temperature. Having more dopant available
outside the silicon than can enter the silicon guarantees that solid solubility
will be maintained during the predeposition.
For example, the solid solubility of phosphorous in silicon at 1000 °C is
while for boron in silicon at the same temperature it is
only
These values only depend on the temperature, for a
given dopant in a given semiconductor. As a result, the substrate
temperature also determines the concentration of the dopant at the surface of
the crystal wafer during diffusion.
Under predeposition conditions, let us denote
the dopant
concentration in the wafer near the surface.
would be equal to the solid
solubility of the dopant at the predeposition temperature if the excess dopant
in the ambient above the wafer was sufficient. The concentration of dopant
in the crystal at a depth x below the surface and after a diffusion time t can
be known and is equal to:

where D is the diffusion coefficient of the dopant at the predeposition
temperature and erfc refers to the complementary error function. The shape
of this function is shown in Fig. 12.10 for several values of the product Dt.
We see that, as the diffusion coefficient increases or, equivalently, as the
diffusion time increases, the dopant reaches deeper into the crystal. The
surface concentration remains the same at
The concentration
represents the background carrier concentration and refers to the
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concentration of majority carriers in the semiconductor before diffusion.
The value of x for which N(x,t) is equal to is conventionally termed the
junction depth.
The total amount of impurities Q introduced per unit area, also called the
dose, after a diffusion duration t in a predeposition process is found by
integrating the function in Eq. ( 12.26 ) for values of x>0, which leads to the
following expression:

12.3.3. Limited-source diffusion: drive-in
Unlike predeposition, the drive-in diffusion process is carried out with a
fixed total amount of impurity. This method allows us to better control the
resulting doping profile and depth, which are important parameters in the
fabrication of semiconductor devices.
During drive-in, the parameters Which can be controlled include the
duration of diffusion, the temperature, and the ambient gases. The dopant
concentration profile of the drive-in has the shape of a Gaussian function, as
shown in Fig. 12.11, and is given by the expression:
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and is expressed in units of atoms per unit volume. D is the diffusion
coefficient of the impurity at the drive-in temperature and t is the drive-in
time. The drive-in can be performed after a predeposition step, in a high
temperature diffusion furnace once the excess dopant remaining on the
surface of the wafer from the predeposition step has been removed. In this
case, Q is the total dose introduced into the crystal during a predeposition
step.
The limited-source diffusion process is ideally suited when a relatively
low value of surface concentration is needed in conjunction with a high
diffusion depth.

12.3.4. Junction formation
When diffusing p-type impurity dopants in an originally n-type doped
semiconductor, a p-n junction can be formed, as shown in Fig. 12.12. In
fact, the purpose of most diffusion processes is to form a p-n junction by
changing a region of an n-type semiconductor into a p-type or vice versa.
Let us consider the example of a n-type doped silicon wafer which
exhibits a background concentration
and a p-type diffusing impurity
with surface concentration
Where the diffusing impurity profile
concentration intersects the background concentration
a metallurgical
junction depth,
is formed as shown in Fig. 12.12. The position of this
junction depends on the diffusion profile and can be determined by using
Eq. ( 12.26 ) and Eq. ( 12.28 ). In the predeposition process, with a
complementary diffusion profile, the junction depth is:
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where
refers to the reciprocal function of the complementary error
function. In the drive-in process, with a Gaussian diffusion profile, the
junction depth would be:
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By successively diffusing two impurities of different types into an
originally doped wafer, more complex structures can be achieved, such as
for example a n-p-n transistor structure as illustrated in Fig. 12.13. The
starting wafer would be a n-type (with a background concentration
in this
example), the first diffusion process would introduce p-type dopants
in
this example) and the second diffusion would introduce n-type impurities
such that
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12.4. Ion implantation of dopants
Another technique to introduce dopants into a semiconductor wafer is
through ion implantation. This technique is actually a direct alternative to
the thermal predeposition described previously, and may itself be followed
by a drive-in diffusion step.
The ion implantation process selects ions of a desired dopant,
accelerates them using an electric field to form a beam of ions, and scans
them across a wafer to obtain a uniform predeposition dopant profile inside
the crystal. The energy imparted to the dopant ion determines the ion
implantation depth. Using this technique, a controlled dose of dopant
impurities can be introduced deep inside the semiconductor. This in contrast
to diffusion, for which the dose of dopant is introduced only at the wafer
surface. In addition, like diffusion, it is possible to conduct the ion
implantation in only certain well defined areas of the wafer by using an
appropriate mask. This method yields reproducible and controlled dopant
concentration for semiconductor devices.
The regions in which are implanted with the accelerated ions are
selected by using either a patterned layer of material such as silicon dioxide
or photoresist as shown in Fig. 12.14. We then talk about selective
implantation.

12.4.1. Ion generation
The first requirement of an ion implantation system is to generate ions of the
desired species, accelerate them and direct them onto the wafer. A schematic
of a typical ion implantation system is shown in Fig. 12.15. The dopant
often comes in a gaseous form, and their ions are generated by heating them
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with a hot filament. These ions are then accelerated through an electric field.
A magnetic field then curves the beams of ions and the correct ions, i.e. with
the correct atomic mass and charge, are separated from the other types of
ions through a preset angle and output aperture. The selected ions are then
further accelerated using an electric field, the beam is collimated and
focused before striking the target wafer and penetrating the crystal lattice.
An x-y rastering mechanism ensures that a large area of the sample is
scanned by the ion implantation beam.

12.4.2. Parameters of ion implantation
There are four major parameters to be controlled during ion implantation:
the energy with which the ions reach the wafer, the dose Q of the dopant
which is the total number of ions that reach the wafer per unit of area, the
depth and width of the resulting implanted dopant profile.
The energy of the ions is directly controlled by the voltage used to
accelerate them. It is easily understood that more energetic ions will
penetrate deeper into the crystal, and potentially cause more physical
damage than less energetic ones.
Because the selected ions all carry the same electrical charge, by
measuring the electrical current carried by the ion beam, which is the
quantity of electrical charge flowing per unit time, we can directly
determine the number of ions implanted per unit time, and thus the dose.
Mathematically, the latter is related to the ion beam current I through:
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where q is the elementary charge, A is the implanted area and t is the
duration of the ion implantation. For example, a
beam current of
single ionized ions swept across a
area for 60 seconds yields a dose
equal to:

By controlling beam current and the implantation time, values of Q
between
and
can typically be achieved. This range of
available doses is wider than that obtainable with thermal predeposition. It is
therefore possible to reach doping profiles unobtainable by any other means.
If the dopants were distributed uniformly over a depth of 50 nm, the dopant
concentration could be controlled between values of
and
dopants
per

12.4.3. Ion range distribution
The depth at which the ions are implanted is mainly determined by the
energy and the atomic number of the ions, as well as the atomic number of
the substrate material. This can be easily understood because, as an
impinging ion penetrates the semiconductor, it undergoes collisions with
atoms and electrical repulsion with the surrounding electrons. The distance
traveled between collisions and the amount of energy lost per collision are
determined by a random process. Hence, even though all the ions are of the
same type and have the same incident energy, they do not necessarily yield
the same implantation depth. Instead, there is a distribution of depths which
is referred to as the range distribution or range straggling. The dopant
concentration profile after implantation follows a Gaussian distribution as
illustrated in Fig. 12.16, which is characterized by a peak concentration at a
certain depth called the projected range and denoted
which gives a
measure of the average depth of penetration of the ions. The distribution
spread is characterized by a standard deviation, called the straggle and
denoted
These quantities are used in the mathematical definition of the
Gaussian distribution:
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where
is the maximum dopant concentration at a depth
For a Gaussian distribution shown in Fig. 12.16, the full width at halfmaximum, denoted
is given by:

The implanted dose can be determined by integrating Eq. ( 12.32 ) over
all the possible depths inside the crystal:

12.5. Characterization of diffused and implanted layers
Two parameters are of interest in assessing the properties of diffused or
implanted layers and junctions: their electrical resistivity and the junction
depth. A number of techniques are available for evaluating each of these
parameters.

412

Fundamentals of Solid State Engineering

12.5.1. Sheet resistivity
In sub-section 9.2.1, we introduced the resistivity of a crystal as being a
local property which is related to the concentration and mobility of the
majority carriers. In diffused or implanted layers, we are not interested in
the values of the resistivity, because the carrier concentration is not uniform
in space as shown in the profiles in Fig. 12.10 and Fig. 12.11. Rather, we are
interested in the sheet resistivity, a quantity which can be directly measured.
In order to visualize the physical meaning of this parameter, let us consider
a parallelepiped semiconductor bar with a length L, a width W and a
thickness H as shown in Fig. 12.17. We know from Eq. ( 9.11 ) that the
resistance of this block for a current flowing in the direction of the shown
arrow is given by:

where is the resistivity of the material, assumed to be uniform in this
case. The sheet resistivity is a quantity which does not take into account
thickness of the layer is equal to the resistivity divided by the thickness:

and is expressed the units of “ohm per square” or
In practice,
because the thickness of the conducting layer is not always known during
experiments, the sheet resistivity is the quantity that is actually measured,
and the bulk resistivity is calculated subsequently.

One of the measurement method for the sheet resistivity is the so called
linear four point probe method as shown in Fig. 12.18. It consists of placing
four equally spaced probes on the surface of the wafer in a linear manner.
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The probe spacing s is typically on the order of either
By
sending a fixed current I through the two outer probes and measuring the
voltage V across the two inner probes, we can determine the sheet resistivity
given by the following expression:

Another method to measure the sheet resistivity of doped layers is Van
der Pauw’s method which can be used for any arbitrarily shaped sample of
material by placing four contacts on its periphery as shown in Fig. 12.19(a).
Square shaped test areas with contact regions at the four corners are usually
preferred and are prepared by lithographic techniques as shown in Fig.
12.19(b).
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In this configuration, a current is injected through one pair of the
contacts and the voltage is measured across the remaining pair of contacts.
Repeating these measurements for another pair, we are then able to define
two resistances such as for example:

These resistances are related by the following equation relation:

where
is the sheet resistivity of the semiconductor layer. This
expression allows us to implicitly determine the sheet resistivity of the
sample, and thus the bulk resistivity if the layer thickness is known. For a
symmetrical measurement geometry, the two resistances in Eq. ( 12.38 ) are
equal and Eq. ( 12.39 ) yields a simple expression

12.5.2. Junction depth
The junction depth is defined as the distance from the top surface within
the diffused or implanted layer at which the dopant concentration equals the
background concentration. There exist two methods to measure the junction
depth: the groove and stain method and the angle-lap method.
In the groove and stain method, a cylindrical groove is mechanically
ground into the surface of the wafer as shown in the cross-section schematic
in Fig. 12.20. A chemical stain creates a color contrast between the
differently doped layers, thus revealing the junction.
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Through purely geometrical arguments, the junction depth can be found
to be equal to:

For R>>a and b, this expression can be simplified into:

In the angle-lap method, a piece of the wafer is mounted on a special
fixture which permits the edge of the wafer to be lapped at an angle between
1 and 5° as shown in Fig. 12.21. The sample is then stained with, for
example, a 100 ml hydrofluoric acid/nitric acid solution. Once stained, the
sample is observed under a collimated monochromatic light at normal
incidence.
An interference pattern can be observed through a cover glass, and the
junction depth may be calculated by counting the interference fringes and
then applying the equation:

where is the angle of the etched lap,
is the wavelength of the
monochromatic light and N is the number of fringes.
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12.6. Summary
In this Chapter, we have reviewed a few of the steps involved in the
fabrication of semiconductor devices, including oxidation, diffusion and ion
implantation. Although the discussion was primarily based on silicon, the
concepts introduced are applicable for the entire semiconductor industry.
We described the oxidation experimental process, mathematically
modeled the formation of a silicon oxide film, discussed the factors
influencing the oxidation and reviewed the methods used to characterize the
oxide film. The diffusion and ion implantation of impurity dopants in silicon
to achieve controlled doping in selected areas of a wafer was described,
along with the resulting dopant concentration profiles inside the
semiconductor. The predeposition and drive-in conditions of diffusion were
discussed. Methods used to assess the electrical properties of the diffused or
implanted layers were reviewed.
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Problems
1. A silicon oxide layer is grown for 65 minutes at 1100 °C on (111)
silicon by passing oxygen through a 95 °C water bath. How thick an
oxide layer is grown on the silicon surface?
2. A (100) oriented silicon wafer is already covered with a
thick
oxide film. How long would it take to grow an additional
oxide
using wet oxidation at 1373 K? Compare the result with the linear
oxidation law using a rate of

3. Find a graph or plot the shape for the complementary error function
erfc(x) after looking its value in mathematical tables. Compare with the
Gaussian function:
4. An impurity is diffused into silicon in the constant-source diffusion case
with a surface concentration
The diffusion coefficient is
known to be equal to
at 1100 °C with an activation
energy of 4 eV. A diffusion length of
is aimed at. (a) After
diffusion at 1000 °C, what is the total dose diffused in the layer? (b)
How long must the diffusion last?
5. An impurity is diffused into silicon at 1100 °C during 20 minutes. A
diffusion length of
is measured and the dose diffused in the
sample is
Determine the diffusion coefficient.
Determine the surface concentration, assuming a constant-source
diffusion.
6. Assume that an As implant leads to a uniform electron concentration of
down to a depth of
and a mobility of
Determine the resistivity and the sheet resistivity of the implanted layer.
If a square van der Pauw pattern with 1 cm side length is used with a 10
V applied at two adjacent contacts, what current would be measured
through the other two contacts?

7. Does the projected range depend on the atomic mass of the implanted
ion? If yes, what is the dependence?
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13.1. Introduction
In the previous Chapter, we reviewed a few important steps in the process of
fabricating semiconductor devices, such as oxidation, diffusion and ion
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implantation of dopants. The resulting semiconductor wafer then undergoes
a series of additional steps before the final device is obtained, which are
shown in the flowchart in Fig. 13.1. The major ones include lithography,
etching, metallization and packaging, each of which will be discussed in the
present Chapter.

13.2. Photolithography
Lithography consists of preparing the surface of a semiconductor wafer in
order to allow the subsequent transfer of a specific pattern. To do so, the
surface of the semiconductor must be carefully prepared and a film called
resist is conformally applied onto it. Parts of this resist film will be
selectively “activated” through a number of processes, while others will be
left untouched in order to transfer the desired pattern. This is generally
achieved through what is called mask alignment and exposure. A mask is a
template which contains the desired pattern to be transferred. Finally, the
resist is developed to reveal the desired pattern before proceeding to the
subsequent processing steps.
There are several types of lithography techniques depending on the
method used to activate the resist film. The most common form of
lithography uses ultraviolet light and is called photolithography. This is
currently the most widely used technique in microelectronics industry and is
routinely employed to achieve features as small as
In this section,
we will describe in detail the photolithography method.
As microelectronic devices shrink in size, alternative approaches have
been investigated, including electron-beam lithography where an electron
beam is used as the radiation source. This technique is currently growing in
importance. It is currently used for the fabrication of the mask, as well as to
define nanoscale features, as small as 30 nm. This technique will the object
of a section of its own.
Other existing lithography methods include x-ray lithography which is
capable of achieving a few tens of nanometer size features thanks to the use
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of radiation with a wavelength on the order of 4 up to 50 Å. However, this
method requires a complex absorber mask or a thin film support structure.
Finally, ion-beam lithography offers patterned doping capability and a very
high resolution (~10 nm). All these techniques are schematically illustrated
in Fig. 13.2.

13.2.1. Mask fabrication
The word “photolithography” may be loosely defined as “printing with
light”, which is an accurate description of the heart of this processing step.
The manufacture of semiconductor devices and integrated circuits consists
of multiple passes through photolithography steps. Each time, it defines the
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region where the subsequent processing step, e.g. doping introduction,
oxidation, metallization, will have its effect.

In photolithography, it is first necessary to produce a mask or
transparency of the pattern required. Mask making begins with a large-scale
layout or artwork which is then photographed by large camera to reduce it
down typically more than a thousand times to the exact size on a master
plate. Fig. 13.3 shows the sequential steps necessary to create an integrated
mask. The master plate is used in a precision step-and-repeat printer to
produce multiple sequential images of the layout on a high-resolution
photosensitized emulsion glass plate which is later used as the mask in the
photolithography process to transfer the layout pattern onto the wafer
surface.
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The emulsion used on the glass plate is susceptible to scratches, wear
and tear damage during usage. Alternative materials which withstand wear
better than emulsion but are also considerably more expensive, such as
chrome and iron oxide, are sometimes substituted for emulsion. Iron oxide
masks have the additional advantage of being transparent to the yellow light
used to visually align the masks, while being opaque to the intense
ultraviolet light used for the exposure of the resist. Visually, each type of
mask is a plate of glass with alternate clear and relatively opaque regions as
shown in Fig. 13.4.

13.2.2. Positive and negative resists
In photolithography, the resist is called photoresist and it can be of either of
the two types: positive or negative photoresist, depending on its chemistry
which determines its property when exposed to light. The photoresist is a
photosensitive material used to transfer the image from the mask to the
wafer surface. The quality of the resist plays an important role in the image
transfer to a semiconductor wafer. Resists are generally required to maintain
a usable adhesion, uniformity, etch resistance, thermal stability, and long
shelf life. Both positive and negative resists are made of complex organic
molecules containing carbon, oxygen, nitrogen, and hydrogen. They can be
more or less easily dissolved using a developing solution, depending on the
amount of light they have been exposed to.
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Let us illustrate the difference between positive and negative
photoresists by considering the example of a silicon wafer with a thin silicon
oxide layer and coated with a layer of photoresist, as shown in Fig. 13.5.

In Fig. 13.5(a), the positive photoresist is exposed using a source of
intense ultraviolet light such as a mercury arc lamp which alters its chemical
bonding to make it more soluble where it has been exposed. The wafer is
removed from the alignment station and developed (Fig. 13.5(b)). The
exposed regions of the positive photoresist layer are dissolved in the
developing solution, leaving the unexposed areas intact. In other words, for
a positive photoresist, the light from the exposure step increases the
solubility of the resist in the developing solution by depolymerizing the
resist material. Following this image-transfer step to the photoresist, the
image needs to be transferred to the underlying layers. In the steps
illustrated in Fig. 13.5(c) through (d), the etch-resistant property of the resist
is used in the etching of silicon dioxide in regions which are not protected
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by the remaining photoresist. If properly selected, the etchant will remove
the layer of silicon dioxide but will not etch the underlying silicon or the
layer of photoresist, as shown in the figure. The result of the
photolithographic process is shown in Fig. 13.5(d) where after the layer of
resist has been removed, only the patterned layer of silicon dioxide is left.
By contrast, when using a negative photoresist, it is the unexposed
regions which are dissolved in the developing solution, leaving the exposed
areas intact. In other words, in this case, the light from the exposure step
causes polymerization to occur in the resist, reducing its solubility in the
developing solution. This is illustrated in Fig. 13.6(a) and (b). The
remaining sequence of steps is similar to the previous one and is illustrated
in Fig. 13.6(c) through (d).

The choice of a positive or negative photoresist is determined by the
subsequent sequence of processing steps which need to be performed.
For either type of photoresist, the following requirements must be met: it
must adhere well to the wafer surface, its thickness must be uniform across
the wafer and must be predictable from wafer to wafer, it must be sensitive
to light so that it can be patterned, and it must not be attacked by the etchant
for removing the substrate material. The photoresist film is first applied to
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the wafer surface in a yellow light cleanroom environment. In spinning the
photoresist, a small puddle of resist is first dispensed onto the center of the
substrate, which is attached to a spindle using a vacuum chuck as shown
Fig. 13.7. The spindle is then spun rapidly, rotating the substrate at several
thousand revolutions per minute for a certain period of time. The formula
commonly relating spin speed to final thickness is:

where z is the final resist thickness, P the percentage of solids in the
resist, the angular velocity of the spinner, and is a constant.

For example, for a given spinner and photoresist formulation, we know
that a rotation speed of 4000 rpm gives a resist thickness of
In order
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to increase the thickness to
the relation:

the proper rotation speed

must satisfy

so that

13.2.3. Exposure and developing
As mentioned earlier, the exposure to ultraviolet light determines the
property of the photoresist. It is important to know the sensitivity of the
resist used and control the amount of light that it receives.
Indeed, if a photoresist film is underexposed, there is a tendency for the
pattern formation to be incomplete and, in the extreme case, to cause a total
loss of pattern. For a positive resist which is underexposed, the resist film
remains intact after development as shown in Fig. 13.8, whereas for a
negative resist it is completely removed. If the film is overexposed, and a
positive photoresist is used, then the window openings in the resist are
slightly larger than the mask dimension as shown below in Fig. 13.8.

The effects of overexposure also strongly depend on the nature of the
photoresist used. For a positive resist, the openings are slightly larger than
the mask dimension as shown below in Fig. 13.9(a). This is due to scattered
light penetrating under the mask edges and exposing a small region of film
not directly irradiated by the light source. Subsequent etching of the
underlying silicon oxide film accentuates this enlargement, as is shown in
Fig. 13.9(a). With a negative resist, the window tends to be smaller than the
mask dimensions (Fig. 13.9(b)). This can be partially compensated later by
the undercut during the etching of the oxide film.
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13.2.4. Direct patterning and lift-off techniques
So far, we have described the process of transferring the pattern from the
photoresist film to the underlying (oxide) layer through etching, i.e. the
areas which were uncovered were etched away. This method is called direct
patterning.
In addition to this traditional method, one can use the lift-off technique
for depositing and forming patterned metal or dielectric films onto a wafer
surface. In this method, the photoresist is patterned first, before an
additional (metal or dielectric) film is applied. Subsequently, by removing
or “lifting-off” the photoresist, a pattern is achieved in the later deposited
film.
To use lift-off process, the order of photolithography is changed in
comparison with direct patterning as shown in Fig. 13.10 and the sequence
of steps is summarized as follows:
direct patterning sequence
Deposit photoresist
Softbake
Alignment/exposure
Develop
Hardbake
Develop

lift-off sequence
Deposit photoresist
Softbake
Alignment/exposure
Postbake
Flood exposure
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Fig. 13.11(a) and (b) represent cross-section images showing the
photoresist profile used in direct pattern and lift-off technique, respectively,
following development. The shape of the resist in Fig. 13.11(b) makes it
easier to lift-off the subsequently deposited metal or dielectric layer, without
peeling it off completely from the surface.
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13.3. Electron-beam lithography
The resolution of the photolithography process described in the previous
section is limited by the diffraction limit of the ultraviolet light source used
during the photoresist exposure. As microelectronic devices shrink in sizes
to reach the nanometer scale, novel techniques such as electron-beam
lithography have been developed and will be the object of this section.
Electron-beam lithography, or EBL, is a special technique for creating
extremely fine features of approximately 20 nm in linewidth. This technique
was developed in the 1960’s and was inspired by the same technology used
in scanning electron microscopy where electrons, rather than light, are used
to generate an image. In EBL, the electrons strike a thin layer of resist which
has been previously applied on the semiconductor wafer. The properties of
the resist material are changed by the presence of the electrons that it
encounters. Therefore, instead of using a mask to prevent light from passing,
a fine electron beam is scanned across the sample in order to form the
desired pattern on the resist.
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13.3.1. Electron-beam lithography system
The major component in an electron-beam lithography system is the
column, a cross-section of which is illustrated in Fig. 13.12. It contains an
electron source, two or more lenses, a blanker that can switch the beam
entrance on and off, a beam deflector, a stigmator for correcting any
astigmatism in the beam, an aperture for helping to define the beam,
alignment systems for centering the beam in the column, and an electron
detector for assisting with focusing and locating marks on the sample.

The electron source consists of a heated filament which generates a
beam of electrons through thermionic emission. The size of the virtual
source, its brightness, and energy spread are the three most important
characteristics of the electron beam. The source size dictates the amount of
demagnification that the beam must undergo in order to affect the target in a
small area. The brightness, measured in amperes per square centimeter
through the column, must be high enough to sufficiently affect the resist.
The energy spread determines the tendency of the electrons to move
outward from the direction of the main beam. There is always some energy
spread due to the electric field interaction between the electrons in the beam
but this effect can be corrected using apertures. A change in the electron
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energy will cause the virtual emitter source to change its position slightly
too. Provided vacuum is maintained at the specified levels, the electron
source may have a lifetime of more than 2000 hours.
The lenses in the column help aim the beam toward the appropriate area
of the target. They do not, however, scan the beam across the sample in
order to etch patterns on the resist; as that task is left to the deflectors. There
are two types of lenses that are commonly used. Electrostatic lenses employ
electric fields in order to have an effect on the beam. However, they suffer
from both spherical and chromatic aberrations. Spherical aberrations occur
when the outside edges of the lens cause the beam to focus more strongly
than the inside areas do. Chromatic aberrations are observed when the lens
affects differently electrons that have different energies. Both of these
effects can be reduced by drastically reducing the size of the beam so that it
only passes through the center area of the lens, but this technique reduces
the beam current. Magnetic lenses are more commonly used because they
cause less aberration.
Apertures are small holes through which the beam passes as it travels
down the column. There are three types of apertures, depending on their
diameters. Let us assume that the diameter of the main portion of the beam
(excluding stray electrons) is
A spray aperture, which stops stray
electrons but does not affect most of the beam, would have a diameter
A blanking aperture, which is used to turn the beam on and off, has
a diameter of
A beam limiting aperture, which is reduces the beam
diameter in order to improve the resolution, would have a diameter
The method of appropriately scanning the electron beam in a precise
pattern is known as deflection. Similar to lenses, deflectors generate electric
or magnetic fields that are used to affect the direction of the electron beam.
Electrostatic lenses are more commonly used than magnetic lenses for this
purpose because they react faster to the system’s demands to scan the beam
across the target surface. This difference in speed arises from the existence
of inductive magnetic coils necessary to create a magnetic field. Difficulties
are encountered when the electron beam interacts with its solid target.
Although the beam may be extremely small when it first hits the resist
material, the interaction of the beam’s electrons with the material causes
what is known as forward scattering. For example, an electron that
penetrates
deep into the resist layer when impinging at a 90° angle
would travel not only
down, but also
laterally when deflected at
a 45° angle. This phenomenon results in an error in the actual area of the
material which is hit by electron. Using the thinnest possible resist layers
can reduce forward scattering. These errors can also be minimized with a
technique called dose modulation in which small, isolated areas receive a
less intense electron beam current dose than large areas.
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Underneath the column, a chamber contains a stage used to load and
unload the sample. In addition, a vacuum system is used to maintain an
appropriate vacuum level throughout the machine and during the load and
unload cycles. A computer controls the EBL system and handles such
diverse functions as setting up an exposure job, loading and unloading the
sample, aligning and focusing the electron beam, and sending pattern data to
the pattern generator.
Electron-beam lithography is becoming an increasingly common
alternative to photolithography because of its near-atomic resolution (~20
nm) capability, its flexibility in that it works well for a variety of
semiconductor materials and an almost unlimited number of patterns.
However, electron-beam lithography is more than ten times slower than
photolithography. EBL systems are also expensive and are complex pieces
of equipment which require frequent maintenance and adjustment. These
limitations keep EBL from becoming the semiconductor industry’s
lithography standard.

13.3.2. Electron-beam lithography process
Electron-beam lithography uses resists known as polymethyl methacrylate
or PMMA which are some of the highest resolution resists available. The
PMMA is purchased in two high molecular weights forms (496K or 950K)
in a casting solvent such as chlorobenzene or anisole.
Fig. 13.13 briefly illustrates the electron-beam lithography process,
which is similar to that of conventional photolithography, including the
steps such as resist spinning, exposure, development, and pattern transfer.
To avoid charging effects during electron-beam exposure, the wafer is
often first coated with a thin (3~30 nm) indium-tin-oxide (ITO) or chrome
layer. The PMMA resist is spun onto the wafer and baked at 170~200 °C for
30 minutes. The electron-beam exposure breaks the resist polymer into
fragments that can then be dissolved by a developer solution. There are
several types of developer solutions with different strengths, such as MIBK
which is a 1:2 solution of (4-methyl-2-pentanone):(2-propanol) or IPA
which is simply 2-propanol. MIBK alone is a strong developer and dissolves
some of the unexposed resist too, while IPA is a weaker developer.
Therefore, mixing them with the appropriate proportions results in a higher
contrast or a higher sensitivity for the resist. These two parameters will be
defined shortly below. For example, a mixture of 1 part MIBK to 2 parts
IPA produces very high contrast but low sensitivity whereas, for a mixture
of 1 part MIBK to 1 part IPA, the sensitivity is improved significantly with a
small loss of contrast.
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13.3.3. Parameters of electron-beam lithography
Several parameters need to be understood and determined for electron-beam
lithography. For a given set of resist conditions, including the nature of the
resist, its thickness, the nominal dose
corresponding to a given electron
energy level can be defined as the minimum dose required to ensure full
dissolution (when using positive resist) or total non-solubility (when
working with negative resist) of the resist in all places that were exposed to
that electron beam.
If we chose to expose a uniform positive resist to a range of doses,
develop the pattern and then plot the remaining average resist thickness
(expressed in terms of film retention as a percentage) versus dose, we would
obtain the graph shown in Fig. 13.14(a). In the case of a positive resist,
is
the largest dose at which the film remains intact while
is the smallest
dose at which the entire film is dissolved. The sensitivity of the resist is
defined as the point at which the entire resist is removed. We can also define
the contrast of the resist as:
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The same expression is valid for the contrast of a negative resist, but the
meaning of
and
are swapped as shown Fig. 13.14(a). To obtain such
graphs, it is essential that the electron beam penetrates the resist completely,
as shown in Fig. 13.14(b). To ensure this, the resist must be thinner than the
penetration depth of the electrons into the resist material, which is
determined by the electron beam energy.

To determine the nominal dose for a given set of resist conditions,
especially a given resist thickness, it is recommended to use the “Taxi
checker” pattern as illustrated in Fig. 13.15. The inner part of the pattern
contains two lines having twenty square sections with an edge length of 5.0
Each square receives a set dose. The applied dose is raised
incrementally toward the right, as shown in Fig. 13.15. The dose variation is
achieved by varying the exposures time or dwell time, and begins with an
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initial dose D, hopefully close to the desired nominal dose. This selected
dose corresponds to a time
calculated according to:

where D is the applied dose expressed in
is the probe
current at the target level
is the exposure time per image spot (s)
and SSZ is the step size in nm.

The first square in the upper lines is exposed for one tenth of the
nominal time, which corresponds to ten percent of the nominal dose.
Proceeding toward the right, every further square is given a 10 % higher
dose. This is accomplished by incrementing the exposure time by 10 % of
Exposure of the lower line begins with the first square being subjected
to a dose of 110 % of the initially selected dose. The two checker lines thus
cover a range between 10 and 200 % of the originally selected dose.
The following sequence of steps is conducted to determine the nominal
dose: (i) coat the wafer with PMMA resist with the desired appropriate
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thickness; (ii) prepare for exposure by optimizing the probe current,
calibrating the main deflector unit and the beam tracking unit; (iii) expose
the taxi checker patterns, if there is absolutely no initial information about
the sensitivity of the resist system to be investigated, then several taxi
checkers patterns should be exposed; and this should be done with doses
selected such that the largest possible dose area is covered; repeat the same
exposure procedure on several other wafers if necessary; (iv) develop the
resist by selecting a development time slightly shorter than would be needed
for complete development; (v) inspect the resist image under an optical
microscope and determine the dose value; (vi) develop the same resist again
if possible, for example for 20 additional seconds; (vii) inspect resist image
under an optical microscope and determine appropriate nominal dose; (viii)
repeat the development and dose determination until the completely
developed square no longer shifts toward higher doses, i.e. toward the right,
and an additional development and determination step only yield a general
change in contrast.

13.3.4. Multilayer resist systems
In electron-beam lithography, it is often necessary to employ simultaneously
two or more different types of resists to achieve a specific lithographic
objective when an enhanced undercut is needed for lifting off a metal layer,
when a rough surface structure requires planarization, and when a thin
imaging top layer is needed for high resolution. A few examples will be
given in this sub-section to illustrate this process.
The first example consists of utilizing both a low and a high molecular
weight PMMA resist, in a simple bilayer technique as shown in Fig. 13.16.
This technique was patented in 1976 by Moreau and Ting and was later
improved by Macki and Beaumont by the use of a weak solvent (xylene) for
the top layer of PMMA. The low weight resist is more sensitive than the
high weight one, so that it develops more easily and results in an enhanced
undercut. This feature is useful when lift-off is required from densely
packed layers.
The second example uses PMMA with a copolymer resist and was
developed by Hatzakis. This method is often employed when it is necessary
to deposit a very thick layer of metal
in thickness). A high
sensitivity copolymer of methyl methacrylate and methacrylic acid (PMMAMAA) is spun on top of a PMMA resist layer. The exposed copolymer is
soluble in solvents such as alcohol and ethers but insoluble in nonpolar
solvents
such
as
chlorobenzene.
A
developer
such
as
ethoxyethanol/isopropanol is used for the top layer, stopping at the PMMA.
Next, a strong solvent such as chlorobenzene or toluene is used for the
bottom layer. Through this technique, a larger undercut resist profile is

438

Fundamentals of Solid State Engineering

achieved which helps the lift-off for the thick metal layer and has been
successfully used in the fabrication of memory arrays.

The third example consists of a trilayer system in which an interlayer is
inserted between the two films of the previous bilayer system. Almost any
two polymers can be combined in a multilayer system if they are separated
by a barrier such as Ti,
Al, or Ge. Once the top layer is exposed and
developed, the pattern is transferred to the interlayer through dry etching
methods (section 13.4) to achieve highly vertical etch profiles. This
interlayer would then serve as an excellent mask for the subsequent
fabrication of density packed, high aspect ratio resist profiles.

13.3.5. Examples of structures
Electron-beam lithography is by far the most wide spread lithography tool
for the realization of nanoscale structures. Fig. 13.17 illustrates the
resolution and the uniqueness of structures that can be done using this
technology. The patterns have linewidths smaller than 100 nm.
The uniqueness of most EBL systems resides in their ability to produce
different types of patterns ranging from circular to linear gratings on any
type of semiconductor material. This capability is currently used
considerably in University research for the development of distributed
feedback lasers operating at various wavelengths ranging from 300 nm up to
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Fig. 13.18 shows an example of linear grating fabricated on top of a
ridge quantum cascade laser emitting at
The grating consists of a
first order Bragg grating with a pitch of
exposed by electronbeam lithography and etched
into the surface of the
top
cladding layer by reactive ion etching.
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13.4. Etching
In the previous sections, we have illustrated our discussion with the etching
of a layer which had previously been covered with a patterned photoresist
film, leaving certain selected areas open and others protected. The layer to
be etched is generally a dielectric material such as silicon oxide, or a metal
used in providing metal contact to the semiconductor. The etching step itself
is a complex process which is a function of numerous parameters. For
example, an etch can be isotropic, such that the material is etched in equal
proportions in all directions, or anisotropic such that one direction is etched
more rapidly than any other, or a mixture of both. Several etching
techniques can be used and will be described in this section, including wet
chemical etching, and dry etching techniques such as plasma etching,
reactive ion etching, sputter etching and ion milling.

13.4.1. Wet chemical etching
Wet chemical etching is a mostly isotropic process that etches away in all
directions. The process is accomplished by immersing the wafers in an
etching solution at a predetermined temperature. An example of solution can
be a mixture of hydrofluoric acid and ammonium fluoride. A great variety of
wet etch chemistries are available.
One can usually find a solution which is highly selective for the etching
of a particular layer while leaving essentially unaffected the adjacent or
underlying materials. This material selectivity is an important issue when
etching a semiconductor device as it usually contains numerous layers, or
when etching a metal contact layer without affecting the underlying
semiconductor material.
For most wet etch processes, the material to be etched is not directly
soluble in the etching solution, but rather undergoes a reaction with the
chemicals present in the solution. The products of this chemical reaction can
then be soluble in the solution or can be gaseous. In the later case, the gas
can form bubbles which can then prevent the arrival of fresh etching
chemical species from reaching the wafer surface to sustain the chemical
reaction. This can be a serious problem since the occurrence of these
bubbles cannot be predicted. The problem is most pronounced near the
edges of the pattern. Mechanical agitation of the wet etching solution can
reduce the ability of the bubbles to adhere to the wafer, as well as help
sustain the supply of fresh etching reactant.
The advantages of wet etching include its lower cost and the greater
versatility of the etching equipment available. Several factors however may
affect the quality of wet chemical including: the fact that the photoresist
often loses its adhesion to the underlying material when exposed to hot
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acids, the etching proceeds downward and laterally, thus producing
undercutting and broadening lines, and it is difficult to control the etching
for submicron geometries. Table 13.1 and Table 13.2 list a few
semiconductor, dielectric materials and metals which are commonly etched
in modern microelectronic device fabrication, together with a few wet
chemical etching solutions typically used.
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Wet etching is also dependent on the crystallographic orientations of the
semiconductor crystal, which determines the atomic packing density of the
different planes exposed to the etching chemicals. Fig. 13.19 shows the etch
planes and profiles when the protective resist is oriented along various
directions on a (001) GaAs wafer.

13.4.2. Plasma etching
By contrast to wet etching, dry etching is not performed in a solution but
rather in a gaseous environment. It either consists of plasma driven chemical
reactions and/or energetic ion beams aimed at removing the material. Dry
etching is commonly used to obtain highly anisotropic etch profiles as the
one shown in Fig. 13.20. Some of the advantages of dry etching over wet
etching are its greater control at a reduced cost, its substantial directionality
i.e. high anisotropy, its effectiveness to reduce the undercutting of masking
patterns, and the possibility to precisely etch smaller geometry features.
There exists a variety of dry etching techniques including: plasma etching,
reactive ion etching, sputtering etching, and ion milling. In this sub-section,
we will describe the plasma etching method.
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Plasma etching refers to any process in which a plasma, or a gas of
charged particles, generates reactive enough species that they serve to
chemically etch or physically remove material in the immediate proximity
of the plasma. The wafers masked with a photoresist are placed in a vacuum
chamber system. A small amount of reactive gas plasma, for example of
oxygen, chlorine, or fluorine, is allowed into the chamber. An
electromagnetic field is then applied to obtain a directional beam of excited
ions and the material that is not protected by the photoresist is etched away
by the excited ions. The key to plasma etching is the ability to couple the
electromagnetic energy into the reactive species while not heating the rest of
the gases in the chamber. Fig. 13.21 and Fig. 13.22 show two popular types
of plasma etching reactors: a barrel reactor or a planar reactor.
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In barrel systems, the plasma is excited using inductive or capacitive
electrodes outside of the quartz or glass cylindrical chamber. The substrates
are held in the vertical position by a slice holder and are immersed in the
plasma with no electrical bias applied.
The planar system consists of two flat and parallel electrodes of the
same size. The substrates are placed flat on the lower electrode which is also
used as a heating stage. Electrons are created in the plasma by the
dissociation of atoms into ions. Since they have a greater mobility than the
positive ions, they move from the plasma onto the electrode surfaces, thus
giving them a negative charge with respect to the plasma. This results in an
electric field across the plasma sheath, between the plasma and the
electrodes. This field then causes the ions at the edge of the plasma sheath to
be accelerated toward the electrodes.

Because of the geometry of the planar reactor, the ions are accelerated
perpendicularly to the electrodes except near the outer radius where
deviations can lead to corresponding distortions in the etch profile. This
perpendicular impingement of energetic ions makes the anisotropic etching
possible.
Fig. 13.23 illustrates an anisotropic plasma etch. This process can also
lead to the formation of a passivating film on the vertical sidewalls. For
example, when a fluoride compound is used in the etching chemistry, e.g.
carbon tetrafluoride or
a fluorocarbon film deposits on all surfaces.
Since the ions mostly follow a vertical path, there is little ion bombardment
on the sidewalls and the fluorocarbon film can accumulate there, as the
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etching proceeds. The nature of such a film depends on the plasma
conditions.

Table 13.3 lists the advantages and disadvantages that are commonly
associated with in plasma etch using either type of reactors. It important to
be aware that the plasma etch rate for a process is measured for a given set
of process conditions, from which the duration needed to etch a layer with a
particular thickness can subsequently be determined.

Plasma etching provides a poor reproducibility because subtle changes
in the etch process or in the film properties can result in poor uniformity or
rough surfaces. Fig. 13.24 is an example of a planar reactor plasma etch
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where the surface of the sample has been damaged due to an increase in the
energy of the bombarding ions.

13.4.3. Reactive ion etching
Reactive ion etching (RIE) is very similar to plasma etching and a clear
distinction is difficult to make. In the RIE process, the emphasis is primarily
put on the directionality of the etch. The etch parameters such as the
pressure and the configuration of the etching equipment are modified to
ensure a directional ion bombardment. A typical RIE system is illustrated in
Fig. 13.25.

By contrast to plasma etching, RIE systems operate at much lower
pressures: 0.01 to 0.1 Torr. The advantages of RIE are its highly
anisotropicity and directionality, but its disadvantages are that the stage
needs to be cooled in order to resist the temperature rise.
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13.4.4. Sputter etching
Sputter etching is a purely mechanical process in which energetic ions from
the plasma of inert gases, such as argon, strike the wafers and physically
blast atoms away from the surface. The sputtering technique and the reactive
ion etching are both carried out with the wafer placed directly on an
electrically powered electrode in contact with the plasma, as shown in Fig.
13.26. in this configuration, the ions impinge on the sample at near normal
incidence. In sputter etching, the chamber is maintained at a low vacuum
and, as it contains the plasma discharge, it is exposed to
ultraviolet radiation, x-rays, and electrons as part of the plasma
environment.
The advantages of sputter etching include its high anisotropy, whereas
one of its disadvantages is its poor chemical selectivity: all materials are
nearly etched at the same rate in this process.

13.4.5. Ion milling
Ion milling is also a purely mechanical process in which the incoming ions
are energetic enough to sputter material from the surface of the wafer. Inert
gases are also generally used here as well. One key parameter in this process
is the sputtering yield which is defined as the number of sputtered atoms per
incident ion. This quantity depends on the material being etched, the nature
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of the impinging ions, their energy, angle of incidence, and the composition
of the background atmosphere
In ion milling, the positive ions are generated in a confined plasma
discharge and accelerated in the form of a beam towards the sample to be
etched, as shown in Fig. 13.27. Inert gases, such as argon, are usually used
in these systems because they exhibit a higher sputtering yield than other
atoms and also because they do not participate in chemical reactions. A
neutralize, usually a hot filament, emits a flux of electrons to cancel the
positively charge of the ions while keeping their kinetic energy for etching.
The sample can thus be kept neutral, so that no deleterious charging effects
occur. The sample resides in a moderate vacuum
environment and can be attached to a cooled substrate holder to maintain its
surface at low temperatures during etching. The sample can also be
positioned at any angle with respect to the incoming ion beam.

Although there are similarities between ion milling and sputter etching,
the ion milling process offers more flexibility, can be carried out at a lower
temperature, in a less harsh etch environment, and results in a reduced
redeposition of contaminants.
The main advantage of ion milling over other methods is the absence of
undercutting in this process. However, this technique suffers from a number
of disadvantages: it is a slow process, it generates a good amount of heat
which makes the subsequent removal of the resist difficult, the sputtered

Semiconductor Device Processing

449

material can redeposit anywhere on the wafer surface, scattering effects
make the etching of vertical edges much faster, and trenching effects can
occur as a result of the sample tilting.

13.5. Metallization

13.5.1. Metal interconnections
In addition to lithography and etching, a third important step in the
fabrication process of a semiconductor device is the deposition of metals in
certain areas of the wafer, through a process called metallization. This is
done in order to allow the surface wiring of individual semiconductor layers
and metal interconnection between contacts in a microcircuit as shown in
Fig. 13.28.

The metal interconnection is first deposited in the form of thin films of
various materials on the surface of the semiconductor wafer. The
thicknesses of these films are typically on the order of 1500 to 15000 Å.
There exist several deposition techniques which will be discussed below.
However, in order to be useful, the metal must not cover the entire wafer
uniformly, but only certain areas. Lithography is then used to define the
areas where the metal will remain. The direct patterning and the lift-off
techniques are equally used in this process. A few examples of wet chemical
etching solutions for various metals was given in Table 13.2. In order to
isolate metal interconnects from one another, to prevent current leakage and
short circuits, a protective or passivation layer of dielectric material (e.g.
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silicon dioxide) is often used, as shown in Fig. 13.28. In most cases,
following the formation of the metal interconnects, a heat treatment step
called alloying is performed typically between 200 and 400 °C in order to
ensure good mechanical and electrical contact between the metal and the
semiconductor wafer surface.
The metal materials used must ideally satisfy a number of properties,
such as: have a good electrical current-carrying capability, a good adhesion
to the top surface of the wafer, a good electrical contact with the wafer
material, be easy to pattern (etch or lift-off), be of high purity, be corrosion
resistive, and have long-term stability.
Most of these characteristics are met by either gold or aluminum. In
microelectronic circuit technology, aluminum is the most commonly used
metal interconnect because it adheres well to both silicon and silicon
dioxide, although it is less conductive than copper or gold. Aluminum also
has a good current-carrying capability and is easy to pattern with
conventional lithography process.
However, one metal material is often not sufficient to satisfy all the
properties mentioned previously. This is why most circuit designs require
the use of multilayer metal films, such as platinum and gold or a
combination of titanium, platinum and gold. A multilayer metal stack makes
it possible to avoid the use of gold as a direct electrical contact with silicon
because gold adheres badly to the semiconductor surface and is at the origin
of significant current leakage which can impair the device performance.

13.5.2. Vacuum evaporation
The deposition of metal thin films on a semiconductor wafer is commonly
accomplished through vacuum deposition. Fig. 13.29(a) shows a typical
vacuum deposition system. It consists of a vacuum chamber, maintained at a
reduced pressure by a pumping system. The shape of the chamber is
generally a bell jar that is made of quartz or a stainless steel, inside which
many components are located, including: the metal sources, a wafer holder,
a shutter, a thickness rate monitor, heaters, and an ion gauge to monitor the
chamber pressure.

Semiconductor Device Processing

451

It is important to operate at a reduced pressure for a number of reasons.
First is a chemical consideration. If any air or oxygen molecule is found in
the vacuum chamber during the evaporation of aluminum, the metal would
readily oxidize and aluminum oxide would form in the depositing film.
Reducing the pressure ensures that the concentration of residual oxygen
molecules is small enough to minimize the oxidation reaction. Secondly, the
coating uniformity is enhanced at a higher vacuum. Indeed, at low pressures,
the mean free path of the evaporated metal atoms is increased, that is the
distance traveled by the atoms before collision with another atom. When the
mean free path exceeds the dimensions of the chamber, this ensures that the
metal atoms will strike the wafers before hitting another atom which would
have caused non-uniform depositions.
Two ranges of vacuum conditions are typically used for vacuum
evaporation: the low and medium vacuum range
and the high
vacuum range
For the low-medium vacuum range, a
mechanical roughing pump is sufficient. To attain the high vacuum range, a
roughing pump is first used to evacuate the chamber to the medium vacuum
range, then a high capacity pump takes over. The most common high
capacity vacuum pumps include diffusion pumps, cryopumps, and
turbomolecular pumps.
The physical laws governing the evaporation of metal are those of the
kinetic theory of gases in which each particle, e.g. metal atom or gas
molecule, is modeled as moving freely in space with a momentum and
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energy, which is subject to instantaneous collision events with other
particles, the probability for a collision to occur is proportional to the
interval of time since the previous collision, and the particles reach thermal
equilibrium only through such collisions. In this model, the mean free path
of a particle is given by:

where is the Boltzmann constant, T the absolute temperature, d is the
diameter of the particle, and P is its partial pressure in the chamber which is
related to the concentration of the particles n in the chamber through the
ideal gas law:

where V is the volume of the chamber. A high quality film can only be
obtained with a clean environment, e.g. a clean chamber, pure source
material and clean wafer surface.
There are three different types of evaporation techniques, depending on
the method used to physically evaporate the metal from its solid state:
filament evaporation, electron-beam evaporation, and flash hot plate.
The filament evaporation is the simplest of these methods. The metal
can be in the form of a wire wrapped around a coiled tungsten that can
sustain high temperatures and current as shown Fig. 13.29(b). The metal can
also be stored in tungsten boats if large quantities of material are required.
An electrical current is passed through the tungsten boat, thus heating and
melting the metal into a liquid which can then evaporate into the chamber at
low pressure. Filament evaporation is not very controllable due to
temperature variations along the filament. Another drawback when using
filaments is that the source material can be easily be contaminated and the
contaminants can subsequently be evaporated onto the wafers. Moreover,
mixtures of metal alloys containing for example titanium, platinum, nickel,
and gold are difficult to achieve using the filament evaporation method
because each metal has a different evaporation rate at a given temperature.
To avoid such problems, the electron-beam evaporation technique was
developed. Fig. 13.30 is an illustration of the principle of an electron-beam
source, which consists of a copper holder or crucible with a center cavity
which contains the metal material. A beam of electrons is generated and
bent by a magnet flux so that it strikes the center of the charge cavity as
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shown in Fig. 13.30. In addition, the solid metal within the crucible is heated
to its melting point such that it presents a smooth and uniform surface where
the electron beam hits, thus ensuring that the deposition on the wafer is
uniform. The crucible is cooled with water to maintain the edges of the
metal in a solid state. Electron-beam evaporation is relatively controlled for
a variety of metals such as aluminum and gold. This method had its own
limitations: it can only evaporate one alloy at a time. But, over the years
electron-beam systems have incorporated multiple guns so that each
material will have its own electron beam.

The flash hot plate method uses a fine wire as the source material. This
fine wire which contains an alloy material is fed automatically onto a hot
plate surface. Upon contact the tip of the wire melts and the material
“flashes” into a vapor and coats the wafers in the chamber. Since all of the
elements are flashed simultaneously, the composition of the metal film
deposited on the wafer is close to the alloy composition of the wire.

13.5.3. Sputtering deposition
Sputtering deposition is also called physical vapor deposition and is a
physical process. A typical sputtering deposition system is shown in Fig.
13.31. It contains a slab or target of the desired metal which is electrically
grounded and serves as the cathode. Under vacuum conditions, argon gas is
introduced into the chamber and is ionized into a positively charged ion.
These are accelerated toward the cathode target. By impacting the target,
enough metal atoms are dispersed such that they deposit onto the wafer
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surface. The main feature of the sputtering method is that the target material
is deposited on the wafer without chemical or compositional change.

Sputtering has several advantages over other traditional evaporation
techniques. For example, the composition of the deposited film is precisely
determined by that of the target material, step coverage is improved, and
sputtered films have a higher adhesion.
As with the evaporation technique, a high quality film can only be
obtained with a clean environment, e.g. clean chamber, pure source material
and clean wafer surface.

13.6. Packaging of devices
The final step in the fabrication of a semiconductor device consists of
separating the individual components on a same wafer and packaging them.
13.6.1. Dicing
At the industrial scale, mass produced wafers contain a large number of
equivalent integrated circuits which need to be separated from one another.
Each resulting circuit is called a die chip. This can be accomplished for
example by using a diamond saw as shown in Fig. 13.32(a). As the demand
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for accuracy becomes important and tolerances get tighter, other forms of
separation have been developed including for example a laser beam as
shown in Fig. 13.32(c).

Fig. 13.33(a) is a photograph of a modern commercial scribing tool,
while Fig. 13.33(b) is a close up look at the scriber tip.

Fig. 13.34 is a photograph illustrating a wafer after scribing on which
one can see delimitated chip-scale die components. Following the dicing of
the wafer, each individual die chip is sorted and inspected under a
microscope before wire bonding and packaging.
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13.6.2. Wire bonding
It is necessary to link the metal interconnects which have microscopic sizes
to a macroscopic electrical connector. The method used is called wire
bonding. The wire used consists of gold or aluminum with a diameter of
about 10 to 50 micrometers. Gold wire is generally used in industry as it
welds readily to both aluminum and gold contact pads by heat and pressure.
This process is known also as thermocompression bonding.
A fine wire of gold is fed through a resistance-heated tungsten carbide
capillary tube as shown in Fig. 13.35(a). Applying an electric spark melts
the exposed end of the wire which is brought down with pressure upon the
area of the metal contact where it is then welded. Under manual or
automated control, the capillary is moved to another contact pad where the
second bond will be made. The capillary is then raised and the wire is
broken near the edge of the bond by an electric spark which forms a ball.
A variation of this technique is the pulse-heated thermocompression
bonding method, as shown in Fig. 13.35(b), in which the tungsten carbide
bonding tool is heated by a pulse of current rather than an electric resistance.
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The sequence of steps during these thermocompression processes is
schematically illustrated in Fig. 13.36. An example of wire bonded die
viewed at high magnification under electron microscopy is shown in Fig.
13.37.
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13.6.3. Packaging
Once the die chip is fully wire bonded, it is ready to be encapsulated in a
package. Integrated circuit devices can be mounted in a wide variety of
packages which have a specialized shape and nature. In this sub-section, we
will briefly review two examples of packages shown in Fig. 13.38.
Fig. 13.38(a) shows a round TO-style package which is commonly used
for low power transistors. The package utilizes a pie shape header where the
silicon chip or die is mounted to the center of the gold plated header. Wires
are connected from the die pad to the Kovar lead posts that protrude through
the header. A glass-to-metal cap is sealed over the die chip to protect the
device.
Another form of packages is the dual line package (DIP) as illustrated in
Fig. 13.38(b). The dual line package is considered the least expensive
package and the most popular one in industry. The design of the DIP
package is such that it eliminates the waste of volume of the TO can, and
brings the die closer to the metal leads. One advantage of the dual line
package over TO packages is the amount of leads that can pass through the
walls. Typically, dual line packages contain four to eighty leads. Leads
projecting from the walls of the package rather than at the base can bring out
more leads from a package of a given size, and still maintain reasonable
space between the leads.
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13.7. Summary
In this Chapter, we have reviewed the important steps involved in the
fabrication of a semiconductor device. We described the photolithography
and the electron-beam lithography processes. We showed the difference
between positive and negative resists, and between the direct patterning and
lift-off techniques. We have discussed the various etching process which are
commonly used, including wet chemical etching, plasma etching, reactive
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ion etching, sputter etching and ion milling. We described the metallization
process, including the deposition of metal thin films and the formation of
metal interconnections. Finally, we presented in broad lines the packaging
of semiconductor devices, which involves the dicing of the wafer into chip
dies, their wire bonding and packaging into standard packages.
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Problems
1. Draw a layout, in top view and perspective, where the mask would be
opaque to realize an “L” shaped metal line using a positive resist and the
lift-off technique.
2. Do the same as Problem 1, but using a negative resist.
3. Design a photolithography and metallization sequence of steps to obtain
a Au square and a Ti circle on the surface of a semiconductor wafer.
Draw the shape of the mask to be used. At each appropriate step,
indicate whether you use the direct patterning or the lift-off technique,
you use positive or negative resist.

4. Indicate the advantages and disadvantages of using gold or aluminum
for wire bonding. Which metal has a higher electrical conductivity?
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14.1. Introduction
Modern semiconductor electronics was revolutionized by the invention of
the bipolar transistor at the Bell Telephone Laboratories in 1948. The impact
of transistors can be best understood when one realizes that, without them,
there would have been no progress in such diverse areas of everyday life as
computers, television, telecommunications, the Internet, air travel, space
exploration, as well as the tools necessary to study and understand the
biological process.
Transistors can be classified in two major categories: they can be either
bipolar transistors or a field effect transistors. Each is fundamentally
different from the other in its operation mechanisms. A bipolar transistor
operates through the injection and collection of minority carriers utilizing pn junctions. By contrast, a field effect transistor is a majority carrier device
and is thus a unipolar device.
In this Chapter, we will first review the general principles for electrical
amplification and switching. We will then describe qualitative and
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quantitatively the operation mechanisms of bipolar junction transistors
(BJT), including the carrier and current distributions within it. A variation of
bipolar transistor utilizing a heterojunction will subsequently be discussed,
before finishing with a description of field effect transistors (FET).

14.2. Overview of amplification and switching
Before trying to understand the amplification and switching mechanisms in
a transistor, it is important to comprehend the operating current and voltage
of a given device. Let us consider the simple electrical circuit in Fig.
14.1 (a), which includes a voltage source (e.g. a battery)
a resistance R
and the electrical device under consideration.

The current-voltage characteristics of the device is shown as the solid
line in Fig. 14.1(b), which is the illustration of the mathematical function:

In addition, the voltage loop equation around the circuit shown in Fig.
14.1 (a) yields:

This equation is shown as the dashed line in Fig. 14.1(b). The steady
state current and voltage
are determined by solving the system formed
by these two equations. The solution can be easily visualized graphically
and corresponds to the intersection point of the two curves in Fig. 14.1(b).
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Let us now consider an electrical device with three terminals or
electrical connections, as shown in Fig. 14.2(a). Let us further assume that
the current through two of the terminals can be controlled by changes in
the current
or the voltage
applied at the third terminal as
illustrated in Fig. 14.2(b) by the collection of current-voltage characteristics.
Eq. ( 14.2 ) is still valid and is still represented by the dashed line along
which the steady state values of the current and voltage
are located.
This line is called the circuit load line.
As we can see graphically in Fig. 14.2(b), the significant changes in the
current
(e.g. ~50 mA) can be achieved by only small changes in the
control current
(e.g. ~0.3 mA). This feature is called amplification,
through which a small signal variation, such as that of
can be
amplified into a large signal change such as that of
Another important feature of this type of electrical circuit is the
possibility to turn on and off the device through changes in
This is
achieved by switching the current between the two extremes on the load
lines, from
to
This feature is called switching.

A transistor is an example of three terminal device which exhibits
amplification and switching capabilities. These are the basis of all electronic
device functions, which makes transistors the basic elements in modern
electronics.
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14.3. Bipolar junction transistors
Bipolar junction transistors consist of two back-to-back p-n junctions which
share a common terminal. Such a transistor can be a p-n-p or a n-p-n
transistor. In this section, we shall use the p-n-p configuration for most
illustrations and analysis. The main advantage of the p-n-p for discussing
transistor action is that hole flow and current are in the same direction. This
makes the various mechanisms of charge transport somewhat easier to
visualize in a preliminary explanation. Once these basic ideas are
established for the p-n-p device, it is simple to relate them to the more
widely used n-p-n transistors. The schematic diagrams for n-p-n and p-n-p
bipolar junction transistors are shown in Fig. 14.3. We will start by
discussing the BJT from a qualitative viewpoint and gain physical
understanding on how the device operates.

14.3.1. Principles of operation for bipolar junction transistors
We will now qualitatively describe how the current control can be achieved
using a BJT. Let us consider the p-n-p transistor shown in Fig. 14.4 with the
left p-n junction under forward bias and the right one under reverse bias.
According to the analysis of carrier transport in a p-n junction done in
Chapter 10 (section 10.3.1), the left p-n junction is such that holes are
injected from its p-type region into its n-type region
where they
become minority carriers and will diffuse to reach the other side of the ntype region. The left p-type region electrode is therefore called the emitter.
As the n-p junction on the right is under reverse bias, the electrical
current flowing through it
is mostly determined by the drift current
across the depletion region and its magnitude is determined by the
concentration of minority carriers present at the boundaries of this depletion
region. Therefore, the holes which were injected by the p-n junction (left)
and which succeeded to reach the edge of the depletion region for the n-p
junction (right) through diffusion will determine the magnitude of the
electrical current through the n-p junction. These holes are, in a way,
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collected by the right p-type region electrode, which is therefore called the
collector. The current corresponds to the saturation current given in Eq. (
10.47 ) and is independent of the applied reverse bias voltage.
The exact amount of holes reaching through the n-type region is affected
by a few parameters which are intrinsic to the n-type region (e.g. diffusion
lengths), as well as by other parameters which are extrinsic to it such as the
current flowing through the base
which acts as the control current of
Fig. 14.2. These mechanisms of this current control will now be illustrated
in further details in the case of amplification in a bipolar junction transistor.

14.3.2. Amplification process using BJTs
Let us consider a heavily doped region for emitter. The p-type region is
taken to be highly doped in order to be a better hole emitter. A schematic
diagram of such a structure is shown in Fig. 14.5.
For the holes which are injected from the emitter electrode into the base,
a portion will undergo recombination with the electrons present in the base
region (1 in Fig. 14.3). The probability of recombination is proportional to
the density of electrons available and the density of holes that are injected.
When no external electrons are injected into the base region, the
recombining holes will lead to the apparition of fixed positive ions. The
density of electrons will then decrease, thus causing less and less electronhole recombination, and the fixed positive ions will build up. The resulting
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electric field will reduce the injection of the holes into the base region, and
hence the portion of the holes injected into the collector will decrease as
well.
However, when electrons are injected into the base region through the
base current
(4 in Fig. 14.5), they will recombine with the holes and
reduce the build up of positive charges. The base barrier will therefore
decrease and a larger amount of holes will be reach the collector (2 in Fig.
14.5).

This phenomena provides us with a method to control the current flow
from the emitter to the collector via the amount of electrons injected into the
base. Since only a small portion of holes will be recombined with the
injected electrons, we can use a small injection current
to control a much
bigger current
And the current gain can be very high if the
recombination rate is low, which can be done by engineering the base region
adequately.
We can now define a few parameters which characterize the
amplification mechanism. For simplicity, we will neglect the saturation
current at the collector (3 in Fig. 14.5) and recombination in the transition
regions.
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We first start by expressing the collector current as a function of the
emitter current The total emitter current has two separate components:
a net hole and a net electron diffusion currents (5 in Fig. 14.5), or
and
respectively:

An emitter injection efficiency can thus be defined as:

can be closer to unity when the p-type region is highly doped
The ratio of the collector current to the hole component of the emitter
current
called the base transport factor, is denoted B and is given by:

This factor reflects the amount of recombination occurring in the base
region. Finally, the ratio of the collector current to the total emitter current is
called the current transfer ratio and is denoted

An efficient transistor is one such that
current transfer ratio is close to unity too.

and

and therefore the

Now, let us consider the relationship between the collector current and
the base current By taking into account all the currents going into and out
of the base region, we can express the base current as:

Using this relation and Eq. (14.5 ), we successively get:
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where is called the base-to-collector current amplification factor. For
an efficient transistor, as is close to unity, the factor can be large. This
means that the collector current is large compared to the base current.
We mentioned earlier that the amplification can be large if the base
region is engineered correctly. This can be illustrated by expressing the
amplification factor in terms of two characteristic times: and which
are the average hole lifetime in the base and the average transit time of holes
from emitter to collector, respectively. To do so, we will also assume a unity
emitter injection efficiency
and a negligible collector saturation
current.
Under these conditions, the average hole recombination lifetime
is
also the average time that an electron injected from the base contact spends
within the base region. Furthermore, the average time that a hole stays
within the base region is the transit time
This transit time can be made
much shorter in comparison to the recombination lifetime by reducing the
dimension of the base region for example. This means in particular that an
injected electron can “outlive” an injected hole in the base region. Thus, in
order to ensure the overall charge neutrality of the base region, more holes
need to be injected from the emitter into the base. In other words, for each
injected electron, there will be
holes which can traverse the base region
before recombination occurs. This in particular means that:

We can therefore qualitatively understand how the amplification process
takes place. Since
when
we get:
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Using Eq. ( 14.8 ), we get:

Since usually

is generally large, we get:

Therefore, as the base current
can be controlled independently as
shown in Fig. 14.2 and is mainly determined by the external circuit
parameters, the collector current will be the base current multiplied by
the current amplification factor which represents current gain.

14.3.3. Electrical charge distribution and transport in BJTs
We will now try to quantitatively examine the operation of bipolar junction
transistors. We will consider a p-n-p transistor shown Fig. 14.6. The
objective will be to determine the minority carrier distributions and the
terminal currents. In order to simplify the calculations, a few assumptions
are made:
(1) Holes diffuse from the emitter to the collector and drift is negligible
in the base region.
(2) The emitter current is contributed entirely by holes, i.e. the emitter
injection efficiency is 1 and
(3) The collector saturation current is negligible, i.e. component 3 in
Fig. 14.5.
(4) The active part of the base and the two junctions are of uniform
cross-sectional area A and the current flow in the base is essentially
one-dimensional from the emitter to the collector.
(5) All currents and voltages are considered at steady state.
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The excess hole concentration on the collector side of the base
that on the emitter side of the base
are given by Eq. ( 10.36 ):

and

where is the equilibrium hole concentration in the n-type base region.
If the emitter junction is strongly forward biased
and the
collector junction is strongly reverse biased
these expressions can
be simplified and become:

The diffusion equation is given by:

where
is the concentration of excess holes at and is the hole
diffusion length in the n-type base region. The general solution of this
equation is:
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where
and
conditions, we get:

where

are integration constants. Expressing the boundary

is the width of the base region. Solving for

and

we get:

If we assume that the collector junction is strongly reverse biased and
the equilibrium hole concentration
is negligible compared with the
injected concentration
the concentration of excess holes at within the
base region becomes:

Having solved for the excess hole distribution in the base region, we can
now evaluate the emitter and collector currents from the gradient of the hole
concentration at each depletion region edge:
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This expression evaluated at
gives the hole component of the
emitter current
and evaluated at
gives the collector current

Then

is obtained by current summation:

14.3.4. Current transfer ratio
The effect of electron injection across the forward biased emitter junction is
important in calculating the current transfer ratio. It can be shown that the
emitter injection efficiency of a p-n-p transistor can be written in terms of
the emitter
and base material properties

In this equation we use superscripts to indicate which side of the emitterbase junction is referred to. The base transport factor B is then given by:
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determined through:

14.4. Heterojunction bipolar transistors
In a homojunction BJT, the emitter injection efficiency is limited by the fact
that carriers can flow from the base into the emitter region, over the emitter
junction barrier, which is reduced by the forward bias. It is necessary to use
lightly doped base and heavily doped emitter for the optimum injection of
holes. But this will result in higher base resistance. Degenerate doping can
lead to a slight decrease of in the emitter, which will decrease the emitter
injection efficiency. For high frequency applications, a heavily doped base
and a lightly doped emitter are desirable. There are better ways to
accomplish the design instead of doping only, i.e. to use heterojunctions
instead of homojunctions. We then talk about a heterojunction bipolar
transistor or HBT.
For example, if we use a wider bandgap material for the emitter than the
base, then it is possible that for a n-p-n transistor, the barrier for electron
injection is smaller than the hole barrier. Since carrier injection rate varies
exponentially with the barrier height, even a small difference in these two
barriers can make a very large difference in the transport of electrons and
holes across the emitter junction. Neglecting differences in carrier mobilities
and other effects, we can approximate the dependence of carrier injection
across the emitter as:

A relatively small value of
will have significant effects to the
current ratio. This allows us to choose the doping terms for lower base
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resistance and emitter junction capacitance. In particular, we can choose a
heavily doped base to reduce the base resistance and a lightly doped emitter
to reduce junction capacitance. However there will usually be spike and
notch at heterojunction interface. This can be eliminated by graded
interface.
In the following sub-sections, we will describe two of the most widely
used heterojunction bipolar transistors: AlGaAs/GaAs and GaInP/GaAs
HBTs.

14.4.1. AlGaAs/GaAs HBT
Thanks to the excellent lattice-match between
and GaAs over the
entire compositional range, the AlGaAs/GaAs system has been the most
widely used system for heterojunction bipolar transistors. Fig. 14.7 shows
the cross-section structure of an AlGaAs/GaAs HBT.

In order to avoid DX (unknown defect) center problems, the Al mole
fraction x in
is usually kept around 0.25 which results in a
conduction-band discontinuity of 0.2 eV and a valence-band discontinuity of
0.1 eV. Due to the large conduction-band discontinuity, the emitter-base
junction is usually computationally graded.
Device isolation is performed through deep ion implantation to make the
layers outside the device semi-insulating or by using a mesa structure. By
means of composition-selective etches, vias are etched to the base and
collector layers to make the corresponding contacts.
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In order to obtain good device performance, the contact resistance of the
ohmic contacts should be minimized. One of the ways that has been used to
reduce the emitter contact resistance is to use lattice-mismatched InGaAs
cap layers grown on the emitter. Due to the small metal-semiconductor
barrier height good ohmic contacts can be achieved. Commonly used
contacts are AuGe/Ni and Ge/Au/Cr. Minimization of the parasitic
resistance is also very important in obtaining a good device performance.
The base-emitter separation should be a few tenths of a micron. This can be
accomplished by using self- aligned techniques (Nagata et al. [1987],
Hayama et al. [1987], Chang et al. [1987]). By using a shallow proton
implant into the collector region under the base contacts, extrinsic collector
doping and therefore the base-collector capacitance can be reduced (Ginoudi
et al. [1992]).
It is important that the base-emitter p-n junction coincide with the
heterojunction between AlGaAs and GaAs. Therefore good doping profile
and material composition control is required in the growth of the epilayers.
Most of the AlGaAs/GaAs HBT research has been done on MBE-grown
devices. Since the early 1980s the performance of MOCVD-grown
AlGaAs/GaAs HBTs has increased significantly. A
of 94 GHz and an
of 45 GHz have been obtained by Enquist and Hutchby [1989] using a selfaligned structure. One of the difficulties in HBT fabrication is the diffusion
of impurities from the heavily doped GaAs base into the AlGaAs emitter at
high temperatures during or subsequent to growth. This causes the p-n
junction to move into the AlGaAs layer and the current gain of the device is
reduced due to the reduction in the barrier to hole injection. This problem
can be avoided by introducing a thin undated GaAs spacer layer between the
base and emitter or by reduction of the growth temperature before the
AlGaAs layer is grown. Common p- type dopants in MOCVD are
magnesium, zinc and carbon. Mg doping shows abnormal memory effects
which requires growth interruptions in order to obtain an abrupt doping
profile (Kuech et al. [1988], Landgren et al. [1988]). Zn has a large
diffusion coefficient and carbon doping needs a low growth temperature
both of which are incompatible with the growth of high-quality AlGaAs
which requires high temperatures. However, very high base doping levels
are possible with carbon doping due to the very low diffusion coefficient of
carbon (Ashizawa et al. [1991]. Using carbon doping in the base
Twynam et al. [1991] have reported MOCVD-grown AlGaAs/GaAs
microwave HBTS with an of 42 GHz,
of 117 GHz and a current gain
of 50.
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14.4.2. GalnP/GaAs HBT
The
system has some major advantages over
AlGaAs/GaAs. For n-p-n heterojunction bipolar transistors, the GaInP/GaAs
system has an additional advantage when compared with the widely used
AlGaAs/GaAs structure. The valence-band discontinuity in the
system is about 0.28 eV and conduction-band
discontinuity is 0.2 eV (Biswas et al. [1990]). A large valence-band
discontinuity is an exciting property for n-p-n HBTs. In the AlGaAs/GaAs
system, the same amount of valence-band discontinuity requires that the Al
mole fraction be about 0.6, in which case there would be a very large
conduction-band spike at the emitter-base junction together with an indirectgap emitter, neither being acceptable. In the AlGaAs/GaAs system, about 60
per cent of the energy gap difference occurs in the conduction band and the
emitter-base junction of the device is usually graded to eliminate the
conduction-band spike which decreases the emitter injection efficiency and
increases the emitter switch-on voltage. However, theoretical investigations
(Das and Lundstrom [1988]) have shown that grading of the emitter-base
junction increases the recombination in the emitter-base junction and
therefore the current gain may not be increased considerably by junction
grading. Because of the relatively small conduction-band discontinuity and
large valence-band discontinuity of
it can be estimated
that the current gain of n-p-n HBTs based on this material system will be
significantly higher than that of AlGaAs/GaAs HBTs. Modry and Kroemer
[1985] have reported a GaInP/GaAs HBT grown by MBE. The current gain
was low at small current densities suggesting a high recombination rate at
the emitter-base junction due to a large number of defects at the
heterojunction interface. A maximum current gain of 30 was obtained at
Later, MOCVD and chemical beam epitaxy grown
GaInP/GaAs HBTs with better performances were reported (Kobayashi et
al. [1989], Razeghi et al. [1990], Alexandre et al. [1990], Bachem et al.
[1992]). In addition, Razeghi et al. [1990] reported a current gain of 400 for
a low-pressure MOCVD-grown GaInP/GaAs HBT. Three different HBT
structures were grown: (i) conventional, (ii) double heterojunction, (iii)
pseudo-graded base. The details of collector, base and emitter thicknesses,
carrier concentrations and a typical x-ray diffraction pattern for the
structures around the (400) reflection peak are shown in Fig. 14.8.
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The diffraction peak is very intense and has a full width at half
maximum of 20 seconds, demonstrating that GaInP is perfectly latticematched to GaAs and the pseudo-graded base has excellent crystallographic
properties, which is necessary to allow optimal transport properties of the
injected minority carriers. Fig. 14.9 shows the doping profile demonstrating
an abrupt and perfectly controlled transition from emitter to base and from
base to the collector.
The device structure was a conventional mesa type.
(10:4:500) and
were used to etch GaAs and GaInP
respectively. The emitter and collector contacts were defined by depositing
and annealing Ge/AuNi/Au. The base contact was defined by the deposition
and annealing of Zn/Au. Fig. 14.10 shows the emitter-grounded currentvoltage characteristics of the device which exhibited a current gain of 400 at
20 mA.
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14.5. Field effect transistors
A field effect transistor or FET is a three terminal device in which the
current flow between two terminals can be controlled by the third terminal.
However, unlike a bipolar junction transistor, the control is through voltage
not current of the third terminal. There are several types of FETs depending
on the junction of the controlling terminal or “gate”. The first type is a
junction FET or JFET, where the gate junction is a simple p-n junction. If
this junction is replaced with a metal-semiconductor Schottky contact, the
device is called a metal-semiconductor FET or MESFET. Also, if an
insulator is placed between the metal and the semiconductor, the device is a
metal-insulator-semiconductor FET or MISFET. Oxides are the common
insulator, and the devices based on oxide insulators are metal-oxidesemiconductor FET or MOSFET.
The operation of FET is based on the change of the thickness of a
conducting layer or channel, and hence current flow through it. Fig. 14.11 (a)
shows the schematic diagram of a JFET.
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The device is made from an n-type channel sandwiched between two ptype “gate” layers. Two ends of the channel are attached to metal contacts
and are named drain and source. There are two depleted layers that are
naturally formed between the n-type channel and the p-type gates. Under a
zero bias, the thicknesses of the depleted layers are constant. However, if
current I passes through the channel the resistance of the channel results in a
voltage gradient across it (Fig. 14.11(b)). This means that the voltage
between the gate and the channel is higher at the drain compared to the
source, and hence the thickness of the depleted layer is higher at the drain
accordingly. The thickness of the depleted layer increases for higher channel
currents, and at some point the depleted layers from both sides of the
channel reach together. This situation is called pinch-off (Fig. 14.1 l(c)) and
it prevents a further increase of the channel current even if a higher voltage
is applied between the drain and the source.

14.5.1. Gate control
A negative bias of the gate can simply increase the thickness of the depleted
layer, and change the effective thickness of the channel. This means that the
conductance of the channel can be reduced with a negative bias on the gate.
More importantly, the pinch-off effect happens at a lower drain-source
current. Fig. 14.12 shows the current-voltage relationship of the drainsource with different gate voltages.

Note that if the drain-source voltage is higher than the pinch-off
condition, the drain-source current only depends on the gate voltage.
Therefore, the device behaves as a current source that is controlled by the
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gate voltage. Such characteristic is very useful in the design of AC
amplifiers.
The pinch-off voltage of the device can be calculated using our
knowledge about the gate-channel p-n junctions. Assuming that the gates are
heavily doped (p+) and the built-in voltage of the junction
is negligible
compared to the gate-drain voltage
the depletion layer thickness is:

where is the permittivity of the semiconductor and
is the donor
concentration in the channel. Now at the gate-drain voltage that pinch-off
happens or
the depletion thickness is equal to the channel width a, we
have:

14.5.2. Current-voltage characteristics
Now we are in a position to calculate the current-voltage characteristics of a
JFET. Fig. 14.13 shows a simplified diagram of the device.
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Considering the symmetry of the device, the half of the channel width is
called a, and the depletion layer from one side is
where the origin of
the coordinate x is placed at the drain. The conducting part of the channel is
Now if the width of the channel is Z, the total area of the
channel at position x is:

and assuming that the resistivity of the channel is
channel over a differential thickness dx is:

the resistance of the

and the drain-source current I, is simply the voltage drop
differential distance dx divided by the resistance R(x):

Now h(x) can be replaced with:

Inserting Eq. ( 14.32 ) into Eq. ( 14.31 ), we have:

and now we can separate I and

Integrating from both sides yield:

as:

over the
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14.6. Summary
In this Chapter, we have described the general principles for electrical
amplification and switching. We then modeled the amplification
mechanisms, the charge distribution and transport in bipolar junction
transistors. The advantages of heterojunction bipolar transistors have been
discussed and illustrated with transistors based on AlGaAs/GaAs or
GaInP/GaAs. Finally, the principles and electrical properties of field effect
transistors were presented.
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Problems
1.

Consider the electrical circuit shown below, which is designed to deliver
a constant current through the collector. Estimate the range of values for
the resistance
in order to keep this constant current source working
properly. Assume that the collector to emitter voltage should be greater
than 2 V and that

2. Consider a symmetrical
following properties:

Si bipolar junction transistor with the

The characteristics of the emitter material are:

The characteristics of the base material are:

Calculate the saturation current on the collector side.
With
and
calculate the base current, assuming
that the emitter has a perfect injection efficiency.
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15.1. Introduction
The word “laser” is an acronym for “light amplification by stimulated
emission of radiation”. The principles of lasers were understood at the end
of 1950’s [Schawlow et al. 1958]. The first working laser was built by
Maiman in 1960, and used a ruby crystal optically pumped by a flash lamp.
The Nobel prize for fundamental work in the field of quantum electronics,
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which has led to the construction of oscillators and amplifiers based on the
laser principle was awarded in 1964 to N.G. Basov, A.M. Prokhorov, and
C.H. Townes.
The use of carrier injection across a p-n-junction for stimulated emission
from semiconductors was suggested as early as 1961. The stimulation
emission itself was observed in a GaAs p-n junction one year later [e.g.
Holonyak et al. 1962], and then the first semiconductor lasers were
fabricated. The light emitted from a laser can be a continuous beam of low
or medium power, or it can consist of short bursts of intense light delivering
millions of watts.
This Chapter will first review the fundamental mechanisms of a laser. It
will then describe the first laser, which was realized using a ruby crystal and
subsequently focus on more sophisticated semiconductor lasers.

15.2. Types of lasers
Over the past forty years, scientists have investigated and developed many
types of lasers. These lasers fall into several broad categories, as categorized
in Fig. 15.1.

Solid lasers are typically crystals which are doped with specific
impurities which introduce energy levels in the band structure of the crystal.
These energy levels determine the energy (or wavelength) of the light
emitted by the laser. Solid lasers need to be optically pumped in order to
emit light, i.e. the energy needed to make the laser emit light is provided by
illuminating the crystal with intense light. This is done typically with an
incoherent white flash lamp, though many commercial lasers are now
incorporating semiconductor lasers tuned to the optimum absorption
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frequency for higher efficiency. The power conversion efficiency of a laser
is the ratio of the output power it emits to the total power used. Typical
power conversion efficiency for a solid laser ranges from 0.1~5 %.
Gas lasers are very similar to solid lasers. However, instead of
impurities, the energy of the light emitted depends on the gas mixture used.
The gas mixture is excited by an electrical discharge. Due to a low
absorption efficiency, high voltage discharge (typically 2~4 kV) is used to
transfer energy to the gas mixture. The mixture normally consists of an inert
gas which absorbs the discharge energy and transfers it to an active gas
atom, whose allowed energy levels (As discussed in Chapter 2) determine
the emission energy. Due to a large variety of gas mixtures, the power
conversion efficiency of these lasers ranges from 0.01~15 %.
Liquid lasers are typically based on organic dyes dissolved in a solvent.
These liquids exhibit groups of many closely spaced energy levels, which
can provide a significant amount of emission wavelength tuning (around 90
nm in the visible range). Dye lasers are optically pumped, either with a flash
lamp or another laser. The power conversion efficiency of this type of laser
can be as high as 20 %.
The last type of laser relevant to this discussion is the semiconductor
lasers. The band nature of semiconductor energy levels has already been
explained in Chapter 4. When electrons in a direct bandgap material relax
from the conduction band to the valence band, a photon i.e. light can be
emitted. The wavelength of the emitted light can be changed widely through
the use of various semiconductor materials with different bandgaps.
Semiconductor lasers can be based on III-V, II-VI, and IV-VI compound
semiconductors. This chapter will deal primarily with III-V semiconductor
lasers.
Although semiconductor lasers can emit light when optically pumped,
they provide a significant advantage of the other types of lasers in that they
can also be pumped electrically. Further, unlike gas lasers, the voltage
requirements are minimal (1~2 V), which enables semiconductor lasers to
be operated with the aid of only a simple battery. Semiconductor lasers are
very efficient (up to 80 % power efficient) and come in very small packages,
similar to electrical transistors.

15.3. General laser theory
All the lasers discussed above have several common characteristics.
Originally, in order to qualify as a laser, stimulated emission had to be
demonstrated. The convention is now that a laser must demonstrate both
stimulated emission and positive optical feedback. These concepts will be
addressed in this section.
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15.3.1. Stimulated emission
Most materials exhibit some kind of optical absorption. Absorption is the
process by which incident light is converted to electrical potential energy.
For example, an electron can be excited from the valence band to the
conduction band by absorbing the energy of a photon. Logically, most
materials also exhibit some form of light emission. For example, in an
ordinary light source such as a light bulb, the emission of radiation occurs
through a process called spontaneous emission. In this process, an electron
which had been excited into a higher energy state for “some time” falls
down to a lower state by emitting a photon. This “time” is called the
radiative recombination lifetime.
However, in the presence of photons, an excited electron can be forced
or stimulated to fall down to a lower state much faster than in a spontaneous
event. The stimulus is provided by a photon with the proper wavelength.
This process is called stimulated emission and produces an additional
photon of exactly the same direction of propagation, frequency, and
polarization (direction of the electric field in a wave) as the stimulating
photon.

Spontaneous and stimulated processes are illustrated in Fig. 15.2. An
electron in state drops spontaneously to emitting a photon with energy
Assuming that the system is immersed in an intense field of
photons, each having energy
the electron is induced to transit
from
to
contributing a photon whose wave is in phase with the
radiation field. If this process continues and other electrons are stimulated to
emit photons in the same fashion, a large radiation field due to stimulated
emission can build up. This radiation is monochromatic since each photon
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has an energy
and is coherent because all the photons are
released in the same phase.
Let us consider the general conditions necessary for stimulated emission
to occur. We assume the populations of energy levels and
to
be
and
respectively. At thermal equilibrium the relative population
will be:

At equilibrium most electrons are in the lower energy level, i.e.
If the atoms exist in a radiation field of photons with energy
such that
the energy density of the radiation field is
i.e. the photon density of
states, then stimulated emission can occur along with absorption and
spontaneous emission. The rate of stimulated emission is proportional to the
number of electrons in the upper level
and to the energy density of the
radiation field
It can then be written as
where
is
the proportionality coefficient.
The rate at which the electrons make upward transitions from
to
(photon absorption) should also be proportional to
and to the
electron population in
This rate is given by
where
is a
proportionality factor for upward transitions.
Finally, the rate of spontaneous emission is proportional only to the
population of the upper level,
The coefficients
and
are called the Einstein coefficients. The
ratio of the stimulated to spontaneous emission rates is:

which is generally very small, so the contribution of stimulated emission
is negligible. From Eq. ( 15.2 ) it follows that in order to enhance the
stimulated emission over spontaneous emission one has to provide large
photon field energy density
In a laser, this is encouraged by
providing an resonant optical cavity in which the photon density can build
up to a large value through multiple internal reflections.
Under thermal equilibrium the total rates of upward and downward
transitions are equal:
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Eq. ( 15.3 ) means that in equilibrium the ratio of the stimulated
emission and upward transition rates is given by:

So, stimulated emission may dominate over absorption only when
i.e. in a non-equilibrium state. This state is called population inversion. In
summary, Eq. ( 15.2 ) and Eq. ( 15.3 ) indicate that stimulated emission can
dominate if two requirements are met: (i) there is an optical resonant cavity
to encourage the photon field to build up, (ii) there is population inversion.
The first requirement implies the multiple pass of the light through the
amplifying medium and the second requirement is a necessary condition for
the medium to amplify the input light (Fig. 15.2(c)). Fig. 15.3 illustrates
these two conditions for the generation of high intensity, coherent light.

15.3.2. Resonant cavity
As shown in Fig. 15.4, light propagating inside the amplifying medium and
perpendicularly to the mirrors (on-axis) with a particular frequency can be
reflected back and forth within the resonant cavity in a reinforcing or
coherent manner if an integral number of half-wavelengths fit between the
end mirrors. Thus the length of the cavity for stimulated emission must be:
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where m is an integer. In this equation,
is the photon wavelength
within the laser material. It should be noted that this wavelength is related to
the vacuum wavelength through the relation:

where
is the refractive index of the resonant cavity material. The
allowed wavelengths within the optical cavity are referred to as longitudinal
optical modes.

The amplifying medium is characterized by a definite wavelength region
in which stimulated emission can occur. This is referred to as the material
gain curve and is shown in Fig. 15.5(a). In a given resonant cavity including
this amplifying medium, only the longitudinal modes will experience
amplification, which leads to a characteristic laser output as shown in Fig.
15.5(c).
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Light output from a laser is also characterized by off-axis transverse
modes. The transverse modes refer to the spatial intensity distribution at the
exit mirrors. The origin of these modes is similar to the longitudinal modes,
but is related to the spatial interference of light in the cavity. Fundamental
modes are typically most intense on the axis of the cavity. Higher order
modes exhibit multiple intensity peaks of increasing spatial frequency.
Semiconductor lasers in particular demonstrate very specific transverse
modes.

15.3.3. Waveguides
In order to achieve low power consumption and high efficiency, modern
semiconductor lasers include thin layers (<1
deposited by epitaxial
techniques (Chapter 11) such that the electrons and holes are confined into a
narrow region. In addition, when different types of materials with different
refractive indices are used, these layers can also confine light, i.e. constitute
a waveguide which is a medium in which a wave can propagate in one
direction and is confined in others.
Light is an electromagnetic wave, composed of oscillatory electric and
magnetic fields perpendicular to each other and the direction of propagation.
The propagation of light in a medium can be described by Maxwell
equations which give the relation between the electric and magnetic fields in
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the wave. In this part, the propagation of the light inside a dielectric
waveguide will be discussed.
Maxwell equations can be simplified in a dielectric since there is a
negligible electrical current inside such material. In the single frequency
mode approximation, they are:

where
is the electric field,
is the magnetic induction or flux
density,
is the magnetic field strength,
is the electric displacement,
and is the angular frequency of the electromagnetic wave (i.e. light). In an
isotropic material, the displacement
and electric field strength
are
related through the permittivity of the material:

Similarly, the magnetic field strength
and the magnetic flux density
are related through the permeability of the material:

Using Eq. ( 15.9 ) in the first relation in Eq. ( 15.7 ), we have:

After applying

x to both sides of Eq. ( 15.10 ), we get:

On the other hand, we have the mathematical relation:
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where

represents the Laplacian operator and is such that:

In addition, using Eq. ( 15.8 ) in the last relation in Eq. ( 15.7 ), we get:

which means, because the permittivity cannot be zero, that:

Combining Eq. ( 15.11 ), Eq. ( 15.12 ) and Eq. ( 15.15 ) we find that:

Now, by inserting the second relation of Eq. ( 15.7 ) into this last
equation, we get:

Using Eq. ( 15.8 ), this becomes:

This equation is sometimes called the wave equation and governs the
behavior of the electric field strength component
of an electromagnetic
wave (i.e. light) in a medium. Knowing
one can use the first relation in
Eq. ( 15.7 ) to calculate
the magnetic component of the propagating
wave.
Solving the wave equation in any such non-isotropic structure also
requires the knowledge of the boundary conditions. These are in part
determined by the geometry of the waveguide. The wave equation is of the
second order in
and, for a symmetric waveguide, yields even and odd
parity solutions, which are called even and odd modes.
The simplest waveguide is a slab waveguide and consists of a high index
core layer sandwiched by two other parallel layers, called cladding layers,
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with different refractive indices, as shown in Fig. 15.6. As a result, the
propagation of the electromagnetic wave depends on whether the electric
field is parallel to the layers or perpendicular to them. The former case is
called TE polarization while the latter is called TM polarization.

To model the wave propagation in such a structure, one needs to
consider two general solutions to the wave equation Eq. ( 15.18 ). The
fundamental mode of most semiconductor lasers is TE. A TE mode must
satisfy the wave equation and takes on the general form in the waveguide
core:

where A is a normalization constant, and:
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where
is the propagation wavevector in the waveguide,
is the
permittivity and the permeability of the waveguide. In the slab waveguide,
some values of cause to become imaginary. This leads to a decay of the
mode in the waveguide cladding, and is called the evanescent solution:

where B and C are normalization constants, and:

and:

Let us assume that the waveguide is limited in the x-direction to within
the region (-d/2<x<d/2), that it extends to infinity in the y-direction and that
the waves propagate in the z-direction, as shown in Fig. 15.6. By solving the
wave equation, one can find that the electric field in the even TEpolarization mode is along the y-direction and is given by:

where
direction defined by:

and

are the components of the wavevector in the x-

is the propagation wavevector for the confined mode.
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The magnetic field strength can be determined from the electric field
strength using Eq. ( 15.10 ), given that

where
is the permeability of the material in layer l. The boundary
conditions for the electric and magnetic field strengths in a waveguide rely
on the continuity of their tangential components, i.e.
and
Applying
these boundary conditions at
yields a transcendental equation,
similar to finding the bound states for an electron in a finite potential well
(sub-section 3.3.3). By further assuming the permeabilities are such that
which is the case for most III-V semiconductors, this
transcendental equation has the form:

Using Eq. (15.25 ), this can be solved graphically as a function of
shown in Fig. 15.7.

as

The complete expression of the electric field strength can be obtained
after applying the normalization condition:
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where

is the complex conjugate of the quantity

This gives:

where:

and:

Each of these TE modes is indexed with the integer p and has its own
wavenumber

varying from that in the cladding layer

frequency to that in the core

at low

at high frequency.

When
and
the slab waveguide is said to be
symmetric. In this case, the allowed modes take on an even or odd parity
and look similar to Fig. 15.8. All the
modes, for p>0, exhibit a cutoff
frequency, such that a wave with a lower frequency cannot propagate
through the waveguide in that mode. For the symmetric waveguide, the
predictable cutoff condition is:
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which indicates that the
mode always has a solution, while higher
order modes may not.
The equations for TM modes are derived in a similar fashion to the TE.
This is done by using the duality principle, which consists of replacing
and
with
and –
respectively, and swapping with in all the
formulas. It should be realized that, in this case,
will be discontinuous
due the change of permittivity at material interfaces.

In practice, the waveguide in a semiconductor laser is formed by an
active layer or active region surrounded by two cladding layers of different
material. These layers typically have a smaller refractive index than the
active layer, which confines the light within the active layer and guides it.
The extent of the confinement is mathematically described by the optical
confinement factor ,
which in turn influences the threshold current and
other laser characteristics. In terms of the above solution, the confinement
factor can be expressed as:

where and
are the components of the electric and magnetic field
strengths in the y- and x-directions, respectively. The confinement factor is
always less than or equal to unity. It represents the percentage of the optical
mode that is confined within the waveguide core.
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A waveguide with a high confinement factor makes efficient use of
emitted light and tends to have a low threshold gain/current. For a
symmetric waveguide, a thick core and/or high refractive index difference
between layers leads to a high confinement factor. This effect is shown
graphically in Fig. 15.9.

15.3.4. Laser propagation and beam divergence
Regardless of the optical confinement, laser light exiting a semiconductor
laser
into air
diverges in the x-direction due to diffraction.
This happens for all lasers, but due to their small emitting aperture, the
effect is much more pronounced in semiconductor lasers.
Let us consider the laser geometry shown in Fig. 15.10. At some distant
observation point from the mirror (z=0), such that r>>r', the far-field
approximation holds, and is given as:
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Following a derivation from Chuang [1995] based on the propagating
radiation field, the angular dependence of the power distribution for a TE
mode is given by the following transform:

This intensity distribution is called the far-field pattern. The integral in
Eq. ( 15.35 ) is effectively a spatial Fourier transform, as a small aperture
translates to a large divergence.
In a symmetric slab waveguide characterized by a core thickness of d, a
Gaussian function can be used to approximate the
transverse mode. This
leads to an effective spot size, given by:

This function is easier to transform, and leads to a simpler solution for
the divergence angle,
given by:
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In other words, the divergence angle is inversely proportional to the spot
size. This is very important with regard to application. In general, the higher
the divergence, the harder it is to collect all the light.
Unlike the y-direction of a slab waveguide, the transverse dimension of a
real laser diode is not truly uniform. Various gain- and index-guided designs
are used to control the transverse mode output in this direction as well,
which makes

As a consequence, even in the transverse direction of the waveguide,
there is divergence, as shown in Fig. 15.11. The resulting power intensity
pattern in the two directions can be given as:
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15.3.5. Waveguide design considerations
It should be noted that higher order transverse modes will all have different
divergence characteristics. When multiple modes exist, interference effects
can produce non-Gaussian, poor quality, far-field patterns. This condition
makes it extremely difficult to focus the laser output to a tight spot, which
decreases the usable output.
The waveguide needs to be designed for a high confinement factor, low
divergence, and good beam quality. Care must be taken to suppress higher
order transverse modes, which appear more readily when there is a large
index difference or a thick waveguide core. For the most usable output, a
laser of given frequency
needs a waveguide such that
where
is
the cutoff frequency for the
mode.
For semiconductor lasers in general, even when higher modes do exist, it
is the ellipticity of the semiconductor laser output, as shown in Fig. 15.11,
that makes collection and focusing of light difficult. This is especially true
for laser arrays in which there may be a very large aspect ratio to overcome.
Cylindrical lenses are needed to first circularize the beam before the output
can be utilized. A laser designed with a circular output can take advantage
of simpler, and in general, high quality optics.

15.4. Ruby laser
The first working laser was built in 1960 by Maiman, using a ruby crystal as
the amplifying or active medium. Ruby belongs to the family of gems
consisting of sapphire or alumina
with various types of impurities.
For example, pink ruby contains about 0.05 % Cr atoms. Similarly,
doped with Ti, Fe, or Mn results in variously colored sapphire. Most of
these materials can be grown as single crystals.
Ruby crystals are available in rods several inches long, convenient for
forming an optical cavity (Fig. 15.12). The crystal is cut and polished so that
the ends are flat and parallel, with the end planes perpendicular to the axis of
the rod. These ends are coated with a highly reflective material, such as Al
or Ag, producing a resonant cavity in which light intensity can build up
through multiple reflections. One of the end mirrors is constructed to be
partially transparent so that a fraction of the light will “leak out” of the
resonant system. This transmitted light is the output of the laser. Of course,
in designing such a laser one must choose the amount of transmission to be
a small perturbation on the resonant system. The gain in photons per pass
between the end plates must be larger than the transmission at the ends, as
well as any other losses due to light scattering and absorption. The
arrangement of parallel plates providing multiple internal reflections is
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similar to that used in the Fabry-Perot interferometer; thus the silvered ends
of the laser cavity are often referred to as Fabry-Perot faces.

In the case of ruby, chromium (Cr) atoms in the crystal have their energy
levels as shown in Fig. 15.13, where only the energy levels which are
important for stimulated emission are depicted.

This is basically a three-level system. Absorption occurs in the green
part of the spectrum, exciting electrons from the ground state to the band
of levels designated
in the figure. Then electrons decay rapidly to the
level
This transition is non-radiative. The level
is very important for
the stimulated emission process since electrons in this level have a mean

Semiconductor Lasers

509

lifetime of about 5 ns before they fall to the ground state. Because this
lifetime is relatively long,
is called a metastable state. If electrons are
excited from to
at a rate faster than the radiative rate from
back to
the population of the metastable state becomes larger than that of the
ground state
(we assume that electrons fall from
to
in a negligibly
short time).
In the experiment done by Maiman in 1960, population inversion is
obtained by optical pumping of the ruby rod with a flash lamp such as the
one shown in Fig. 15.12. A common type of flash lamp is a glass tube
wrapped around the ruby rod and filled with xenon gas. A capacitor can be
discharged through the xenon-filled tube, creating a pulse of very intense
light over a broad spectral range. If the light pulse from the flash tube is
several milliseconds in duration, we might expect an output from the ruby
laser over a large fraction of that time. However, the laser does not operate
continuously during the light pulse but instead emits a series of very short
spikes (Fig. 15.14).

When the flash lamp intensity becomes large enough to create
population inversion (the threshold pumping level), stimulated emission
from the metastable level to the ground level occurs, with a resulting laser
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emission. Once the stimulated emission begins, the metastable level is
depopulated very quickly. Thus the laser output consists of an intense spike
lasting from a few nanoseconds to microseconds. After the stimulated
emission spike, population inversion builds up again and a second spike
results. This process continues as long as the flash lamp intensity is above
the threshold pumping level.
In this situation, one can easily understand that the metastable level
never receives a highly inverted population of electrons. Whenever the
population of
reaches the minimum required for stimulated emission,
these electrons are depleted quickly in one of the laser emission spikes.
To prevent this, we must somehow keep the coherent photon field in the
ruby rod from building up (and thus prevent stimulated emission) until after
a larger population inversion is obtained. This can be accomplished if we
temporarily interrupt the resonant character of the optical cavity.
This process is called Q-switching, where Q is the quality factor of the
resonant structure. A straightforward method for doing this is illustrated in
Fig. 15.15. The front face of the ruby rod is silvered to be partially
reflecting, but the back face is left un-silvered. The back reflector of the
optical cavity is provided by an external mirror, which can be rotated at high
speeds. When the mirror plane is aligned exactly perpendicular to the laser
axis, a resonant structure exists; but as the mirror rotates away from this
position, there is no buildup of photons through multiple reflections, and no
laser action can occur. Thus during a flash from the xenon lamp, a very
large inverted population builds up while the mirror rotates off-axis. When
the mirror finally returns to the position at which light reflects back into the
rod, stimulated emission can occur, and the large population of the
metastable level is given up in one intense laser pulse. This structure is
called a giant pulse laser or a Q-switched laser. By saving the electron
population for a single pulse, a large amount of energy can be given up in a
very short time. For example, if the total energy in the pulse is 1 Joule and
the pulse width is 100 ns
the peak pulse power is
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15.5. Semiconductor lasers
In a semiconductor laser, population inversion mechanism is realized
through a very unique method: by injecting electrical current directly into a
p-n junction. This method of population inversion is very power efficient
compared to ruby lasers or gas lasers. The semiconductor laser itself is also
very compact (a typical size of the active laser part is only
= one part in a hundred thousand cubic centimeters!).
Moreover, semiconductor lasers can be easily integrated with other type
of semiconductor devices such as transistors or even large-scale integrated
circuits, and the laser output can be easily modulated by controlling the
junction current. It is no surprise that semiconductor lasers are now widely
used for high speed optical processing and optical communication.
Another great advantage for these lasers is an inherent optical cavity.
Most polar semiconductors (III-V, II-VI) semiconductors have natural
cleavage planes, which are the crystallographic planes along which the
atomic bonds are weakest and therefore most easily broken. For zinc-blende
crystals, cleavage parallel to (l10) and
planes can produce atomically
flat mirrors for use in a Fabry-Perot optical cavity. The reflectivity of the
mirrors is limited by the refractive index of the semiconductor, and is given
by:
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where
is the refractive index of the semiconductor. A typical
semiconductor has a refractive index of 3.4, which gives a natural mirror
reflectivity of 29.8%.
15.5.1. Population inversion
If a p-n junction is formed between degenerate materials, the bands under
forward bias appear as shown in Fig. 15.16. If the injected current is large
enough, electrons and holes are injected into and travel across the transition
region in considerable concentrations. A large concentration of electrons is
then present in the conduction band, while a large concentration of holes is
present in the valence band, which satisfies the condition for population
inversion.

Unlike the case of the three-level system discussed earlier (the ruby laser
is essentially a three-level system), the condition for population inversion in
semiconductors is more complicated. Both electrons and holes experience
strong intraband scattering. The rapid intraband scattering and separate
injection of electrons and holes allows for thermal equilibrium in each band
separately. This situation is often called quasi-equilibrium and the particle
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distributions are described by Fermi distribution functions using quasiFermi energies for electrons and holes
and
(Chapter 9).
Let us consider the population inversion in a semiconductor in more
detail. We saw in Chapter 10 that, when an external bias was applied,
minority carriers are injected on either side of the p-n junction and the quasiFermi levels go deep into each band apart from their equilibrium position
somewhere in the bandgap. The absorption coefficient depends on the quasiFermi energies
and
It changes sign when
for a
given photon energy hv .
As the quasi-Fermi levels move apart from each other, this leads to a
negative absorption coefficient which means the medium amplifies the light
of frequency v . The condition
is known as the BernardDurafforg condition, or transparency point, because at this point the
absorption coefficient is zero. Reaching the transparency point, or
population inversion, is a necessary condition for lasing. When
light of frequency v is subject to amplification and is
characterized by a gain, which is the opposite of the absorption coefficient.
As a result of this condition, the frequency of the light emitted by
semiconductor lasers is larger than

This in turn means that for lasing to

occur in semiconductor lasers, it is necessary to apply a voltage
at least higher than

15.5.2. Threshold condition and output power
The photon wavelengths which participate in stimulated emission are
determined by the length of the resonant cavity as described in Eq. ( 15.5 ).
Fig. 15.17 illustrates a typical plot of the light emission intensity versus
photon energy for a semiconductor laser.
At low current levels, a spontaneous emission spectrum is observed, as
shown in Fig. 15.17(a). As the current is increased to the threshold value,
stimulated emission occurs at light frequencies corresponding to the cavity
modes as shown in Fig. 15.17(b). Finally, at a higher current level, a most
preferred mode or set of modes will dominate the spectral output, as shown
in Fig. 15.17(c).
This very intense emission represents the main laser output of the
device; the output light will be composed of almost monochromatic
radiation superimposed on a relatively weak radiation background, due
primarily to spontaneous emission.
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When the transparency condition is satisfied, the region becomes active,
which means it can amplify light. The peak value g of the gain as function
of frequency plays a major role in laser action. Typically, the peak gain is a
linear function of carrier density:

where
is the transparency density and a is called the differential gain.
Although gain leads to light amplification, the optical losses, such as
absorption outside the active region ,
and mirror loss ,
prevent the
domination of the stimulated emission. So, in real lasers, the threshold
current
has to provide not only the transparency condition but also has
to compensate the optical losses in the laser cavity. This means that the real
threshold current is larger than that which simply maintains the population
inversion. In other words, the threshold gain
must compensate losses:

where
is the confinement factor which is the fraction of stimulated
output mode power guided by the active region.
For a current density J, the carrier density rate equation is:
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where n denotes the carrier density, d is the thickness of the active
region, and is the lifetime of the non-equilibrium carriers. The first term
of the above equation accounts for carrier diffusion with a diffusion
coefficient D. The second term governs the rate at which the carriers are
injected into the active layer. Since the active region dimensions are usually
much smaller than the diffusion length, we assume the carrier density does
not vary significantly over the active region so that the diffusion term can be
neglected. Therefore, from

at steady-state, we get:

When the threshold condition is reached, the carrier density is pinned at
threshold value
and the threshold current density can be expressed as:

An important factor which determines laser output power is the internal
quantum efficiency
which is the percentage of the injected carriers that
contribute to radiative transitions. So, in the cavity, the photon density can
be written as:

where

is

the

photon

lifetime

which

is

defined

by

is the group velocity of the light. Since
photons escape out of the cavity at a rate of
related to the photon density by the relation:

the output power is

where V is the volume of the active region. If we neglect current
leakage, i.e. we assume that all the injected current passes through the active
region, then the current can be written as I = JS, where S is the area of the
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active region. Considering V = d × S, the output power depending on
driven current
is rewritten as:

Typical electrical and laser output power characteristics are shown in
Fig. 15.18, in which is the turn-on voltage for the diode,
is the series
resistance above diode turn-on, and is the slope efficiency.

In practice in real lasers, the linear current dependence in Eq. ( 15.48 )
saturates due to such factors as leakage of carriers from the active region,
heating, and current induced increases in the internal loss
The external differential quantum efficiency is defined as:

Since the optical field should reproduce itself after each round trip under
steady-state, the mirror loss
can be determined by:
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where
are the facet reflectivities at the two ends and L is the
cavity length. From the above equation we obtain:

When
we have
and
by plotting
versus L and extrapolating to L=0, the internal quantum efficiency can
be determined. Further the slope of the curve is proportional to the internal
loss,
In III-V double-heterostructure lasers
is close to unity and
ranges from
15.5.3. Homojunction Laser
The first semiconductor laser was realized using a simple p-n junction as
shown in Fig. 15.16. This is referred to as a homojunction, i.e. using the
same semiconductor material for the active and surrounding layers. In this
case, the difference in refractive index between the active layer and the
adjacent layers is only 0.1~1 %. The result of this is that a lot of the emitted
light escapes without undergoing feedback and amplification.
The primary benefits of the homojunction laser rely on simplicity of
design and compactness compared to gas and traditional solid state lasers.
The low confinement factor and high absorption loss lead to a very high
threshold current density at room temperature
and low power
conversion efficiency. These problems are solved in part by making use of a
more elegant design, the heterojunction laser.
15.5.4. Heterojunction lasers
To obtain more efficient lasers, it is necessary to use multiple layers with
different optical properties in the laser structure. When dissimilar materials
are combined, a heterojunction laser can be formed.
An example of a single heterojunction laser is shown in Fig. 15.19.
Carrier confinement is obtained in this single-heterojunction laser by using
an AlGaAs layer grown epitaxially on GaAs. In this structure the injected
carriers are confined to a narrow region so that population inversion can be
built up at lower current levels. Further, because there is a noticeable
refractive index change at the GaAs/AlGaAs interface, some waveguiding
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inside the epilayer and substrate is possible. These two effects help to reduce
the average threshold current density at room temperature to

A further improvement can be obtained by sandwiching the active GaAs
layer between two AlGaAs layers. This double-heterojunction (DH)
structure further confines injected carriers to the active region, and refractive
index steps at the GaAs-AlGaAs boundaries form the waveguide that
confines the generated light waves. A double-heterojunction laser, also
called double-heterostructure laser, is shown in Fig. 15.20.
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To date, the most extensively used heterostructure lasers are in the
GaAs-AlGaAs and GaAs-InGaAsP systems. The ternary alloy
As
has a direct bandgap for x up to
then becomes an indirect bandgap
semiconductor. For heterostructure lasers, the composition region 0<x<0.35
is of most interest and the direct energy gap of the ternary compound can be
expressed as:

The compositional dependence of the refractive index can be
represented by:
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For example, for x=0.3 the bandgap of
As is 1.798 eV which is
0.374 eV larger than GaAs; its refractive index 3.385 is about 6 % smaller
than the GaAs.
Because a DH laser requires several different materials and a controlled
doping profile, more sophisticated epitaxial techniques had to be developed,
as described in see Chapter 11. The deposition can be based on liquid,
vapor, or atomic beam processes. All processes allow some degree of
multilayer growth with accurate n- and p-type doping done in-situ. Lastly, in
order to avoid threading dislocations, the various crystal layers should be
lattice-matched to the substrate.
The optical and electrical confinement of the double heterostructure give
it a significant advantage over the homojunction and single-heterojuction
laser. Indeed, the threshold current density is reduced by an order of
magnitude for most structures. However, in order to maintain a high
confinement factor and minimize loss in the cladding regions, the active
region thickness must be quite large
The thick layer,
combined with a large density of states in the active region, requires a large
number of carriers to maintain a sufficient population inversion. Modern DH
lasers have thresholds current densities

15.5.5. Device Fabrication
After the laser structure is designed and epitaxially grown, a laser device
must be fabricated using the photolithographic and metallization processes
discussed in Chapter 12. Metal contacts are used to inject electrons and
holes into the active region, therefore allowing the creation of a population
inversion. In order to realize a low contact resistance between the metal and
the semiconductor film, most laser structures employ a highly doped cap
layer directly on top of the waveguide cladding layers. This will tend to
form an ohmic rather than Schottky contact when metal is evaporated onto
the surface.
The other feature a laser must exhibit is optical feedback. After the
contact region is formed, the laser must be diced into separate cavities for
testing. As discussed earlier, this is often accomplished by taking advantage
of the natural cleavage planes in the crystal material. Cleaving is most easily
achieved when the substrate is thinned down.
Subsequently, for testing and excess heat removal, the laser chip must be
mounted on some type of heat sink. The heat sink also supplies mechanical
stability, while allowing electrical connection to an outside circuit.
Example 1. Broad area laser fabrication
The simplest semiconductor laser to fabricate is a broad area laser. The
typical fabrication steps for such a laser are shown in Fig. 15.21. No
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lithography is needed and the fabrication is just enough to satisfy the above
requirements. A thin layer of metal is evaporated or electrochemically
deposited on the top surface. The type of metal used depends on the material
and doping type of the semiconductor, and is chosen to yield a low
resistance, ohmic metal-semiconductor contact. The metal is typically
annealed to both increase the metal adhesion and establish the ohmic
contact.

In order to decrease electrical and thermal resistance, as well as make
the wafer more conducive to cleaving of Fabry-Perot cavities, the back side
of the wafer is thinned. Lapping and polishing brings the wafer thickness
down to
The polished surface is then cleaned and the bottom
metal contact is deposited and annealed, as shown in Fig. 15.21(c) and (d).
After both contacts are formed, the wafer is cleaved into individual laser
cavities with a well-defined length and width, as shown in Fig. 15.21(e).
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After cavity formation, the laser is then die bonded to a submount, or
directly onto a heat sink (Fig. 15.21(f)). Besides removing waste heat, the
heat sink provides mechanical stability and allows macroscopic external
electrical contact.
Broad area lasers use one of the fastest fabrication methods. The device
features confinement of light and carriers within the large slab formed by
the cleaving process. Unfortunately, mechanical cleaving can only reliably
produce lengths and widths >
Further, the cleaving produces minor
damage where the surface was scribed along the lateral edges. The net effect
is a large current requirement and an increased chance of failure.
Example 2. Stripe-geometry laser fabrication
Stripe-geometry lasers are lasers in which the current is restricted along
the junction plane. In this technique, metal contact stripes are defined which
are typically
wide. This technique, while more difficult to
fabricate, does allow for a lower operating current and reduced failure rate
by keeping the injected area small and far from the (lateral) edges of the
chip.
Stripe-geometry lasers can be fabricated in a variety of ways. One of the
simplest techniques is shown in Fig. 15.22. The cavity width is defined by a
patterned insulator, such as
The insulator is typically deposited using
chemical vapor deposition, rf sputtering, or e-beam evaporation. Patterning
is done using standard optical photolithography and etching, as described in
Chapter 13.
The etching of the insulator can typically be done with chemicals or
plasma. For
a buffered hydrofluoric acid (HF) solution is generally a
good selective chemical etchant. The plasma process varies, but typically
uses
or a similar fluorocarbon species.
After the stripe definition, the process followed is similar to the broad
area laser. The top contact metallization is followed by substrate thinning
and bottom contact metallization. As shown in Fig. 15.22(d), the current
injection can be well confined to the area under the insulator opening. Laser
die bonding is straightforward, and device operation is relatively insensitive
to the lateral edges of the chip.
One of the disadvantages of the stripe-geometry laser is lateral current
leakage. Even though the width of the cavity is defined at the surface, the
injected current spreads out as it travels toward the substrate. The relative
amount of spreading at a given current depends on the stripe width as well
as the lateral conductivity and carrier diffusion length of the layers.
Because the gain of the laser varies along the junction plane due to this
current spreading, the effective complex refractive index is also nonuniform. The complex refractive index is highest at the center of the stripe
and decreases quadratically with distance, until it reaches its equilibrium
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value. A weak waveguiding effect is anticipated, as derived in Casey et al.
[1978]. This is referred to as a gain-guided laser.
While helpful in reducing the threshold current requirements, gainguiding typically shows multiple transverse mode output in the junction
plane.

Example 3. Buried-heterostructure laser
The last structure that will be discussed is referred to as a buriedheterostructure laser. This device goes one step further in complexity in
order to completely confines both current and the optical mode around a
small emitting core.
The fabrication of the buried-heterostructure lasers, as shown in Fig.
15.23, starts with the growth of the n-type waveguide cladding and active
layer(s). Using photolithography, the core is patterned with
photolithography and etching into very narrow stripes (Fig. 15.23(b)). The
width is small in order to confine only a single transverse optical mode, and
depends on the laser emission wavelength as well as the index difference
between the core and cladding regions.
After the core is defined, epitaxial regrowth is used to cover the core
with a low index, high-bandgap, p-type cladding (Fig. 15.23(c)). Following
this step, standard thinning, metallization, and die bonding is performed to
complete the device.

524

Fundamentals of Solid State Engineering

While epitaxial regrowth is technologically very challenging, this
fabrication procedure has the potential of producing the most efficient lasers
with a single transverse mode. The current is confined thanks to the
cladding-core material band offset, and the light is confined thanks to the
refractive index change. The output beam quality is generally very high,
which makes these lasers attractive for fiber coupling and
telecommunications. The only drawback is a low output power, which
scales as the core volume.

15.5.6. Separate confinement and quantum well lasers
A further advancement on the double heterostructure laser uses several
different kinds of materials to separate the optical and electrical confinement
into separate regions. The separate confinement heterostructure (SCH)
typically uses a thin or quantum well-based active region surrounded by an
intermediate waveguide layer, all of which are embedded in the standard
high-bandgap cladding region. A schematic of the heterostructure and the
optical waveguide properties under forward bias are shown in Fig. 15.24.
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For quantum well (QW) or multi-quantum well (MQW) active regions,
the density of states is reduced. This fact, combined with a narrow width for
the well (<30 nm) leads to a population inversion at very low current
densities. The gain also takes on another general form as a function of
carrier density and is given by:

where
and
are the transparency gain and current density
respectively. Furthermore, because the carrier injection is more uniform, the
internal quantum efficiency can be higher. The inserted waveguide layer
helps distribute the optical mode in order to reduce the divergence of the
laser beam. In addition, as the waveguide layer is nominally undoped, freecarrier absorption is reduced.
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Unfortunately, the confinement factor is rather small for the active
region (1~5 %). Despite this apparent disadvantage, for a low modal
threshold gain, defined as:

the SCH can still be designed to reach threshold significantly earlier
than a double heterostructure, as shown schematically in Fig. 15.25.

Another benefit of using thin and/or QW active regions is the possibility
to realize strained layers. Indeed, unlike the DH laser where all materials
needed to be lattice-matched, the SCH can incorporate strained materials
(such as
As on GaAs) as long as the layer is thinner than the critical
thickness above which threading dislocations start to form. Strained layers
can have two important benefits. The first improvement has to do with the
band structure of a strained semiconductor. For compressively strained
material, the heavy-hole mass becomes lighter than bulk, which leads to a
reduced hole density of states, and further reduction of the transparency
current density.
Finally, the accessible wavelength range for a given substrate is
increased. For example, a DH laser based on GaAs has a maximum
emission wavelength of 870 nm. Using strained quantum wells, a SCH laser
can extend the emission wavelength well past
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15.5.7. Laser packaging
Regardless of the fabrication procedure, the packaging of the laser diode
depends on the final application.

The simplest package consists of an open heat sink, similar to the type
used in the broad area laser fabrication (Fig. 15.21(f)). These come in many
different designs, depending on the size restrictions in the final product. One
example of an open package is shown in Fig. 15.26(a). Another popular
product, which also protects the laser, is a transistor-type can with an output
window, as shown in Fig. 15.26(b). These typically are sold in 5 and 9 mm
diameter sizes as well as a larger TO-3 package. For high power lasers or
laser bar packaging, heat management is very important. In this case, a
larger mass submodule is used, which frequently incorporates a
thermoelectric cooler (TEC) and controller to keep the temperature stable. A
representative high heat load package, is shown in Fig. 15.26(c). Other
applications benefit from having the laser coupled directly to a fiber optic
cable. In this case, the fiber is carefully aligned and welded into place inside
a hermetically sealed package, as shown in Fig. 15.26(d).
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15.5.8. Distributed feedback lasers
Semiconductor lasers typically exhibit multiple wavelength emission at high
current because of the presence of a Fabry-Perot cavity, as illustrated in Fig.
15.27(b). This occurs when multiple longitudinal modes reach the laser
threshold gain. When only one wavelength is desired, a common technique
is to realize a secondary feedback within the cavity. A corrugated grating
positioned inside the waveguide is one means to this end, as shown in Fig.
15.27(a). This type of laser is referred to as a distributed feedback (DFB)
laser, because the feedback effect is distributed over most, if not all, of the
laser cavity.

The grating geometrical parameters are chosen to satisfy Bragg’s lawof
diffraction:

where m is the grating order,

is the free space wavelength,

is the

effective refractive index in the waveguide, is the grating period, and is
the diffraction angle. The minimum requirement for optical feedback is
diffraction at 180° relative to the propagation of the waveguide mode, i.e.
the diffraction angle is
For a first order grating (m=1), Bragg’s law is
fulfilled only when:
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The diffraction of light by the grating serves to enhance the cavity
reflectivity at the designed wavelength. The threshold gain is then reduced
for this wavelength, allowing favored laser oscillation of a specific
longitudinal mode, in some cases (Fig. 15.27(b)).
Unfortunately, for many near-infrared lasers, the period of a first order
grating is in the 100~300 nm range, a resolution which requires a high-end
lithography setup. To make fabrication easier, second, third, and fourth
order gratings have also been explored for this application, though their
efficiency is somewhat lower due to lower order diffraction loss.
Despite this technological difficulty, DFB lasers are frequently
incorporated into buried-heterostructure designs in order to demonstrate true
single mode (longitudinal and transverse) behavior. This is especially useful
in telecommunications and chemical spectroscopy, where a stable,
monochromatic laser (single longitudinal mode wavelength) is preferred.

15.5.9. Material choices for common interband lasers
Table 15.1 summarizes some of the most common III-V material systems
used in various parts of a laser structure in order to achieve a specific range
of laser emission. The parts of the laser considered include the substrate,
cladding and active region materials.
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15.5.10. Quantum cascade lasers
In conventional (interband) semiconductor lasers, light is generated from the
recombination of electrons and holes separated by the energy gap. The
energy of the photons, or the wavelength of laser light is therefore
essentially determined by the energy gap of the semiconductors used. This
means, however, that only a certain range of wavelengths can be obtained,
which correspond to the energy gap of semiconductors that exist. It turns out
that it is quite difficult to have low energy gap semiconductors
with high enough quality suitable for semiconductor lasers, and thus it is
difficult to make lasers with low photon energy which corresponds to
infrared wavelengths
Because of this limitation, totally different
types of semiconductor lasers have been recently fabricated. The first one is
the quantum cascade laser, and the other is the type II superlattice laser
which will be discussed in the next sub-section. Here, we will briefly
describe the operating principle and underlying basic physics of these lasers.
Unlike the interband lasers which have bipolar device characteristics,
relying on electron-hole recombination to generate light, the quantum
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cascade laser (QCL) is a unipolar device which uses only conduction-band
electrons. This means that the electron is the dominant carrier and that
emitted light is solely due to electron transitions from upper to lower
subbands in the conduction band (semiconductor quantum wells have the
property of splitting a bulk band structure into a series of subbands). The
benefit of this design is that, using the same material, the emission energy
can be varied over a wide range (limited by the conduction band offset
between the barrier and well) simply by varying the quantum well widths.
The idea of generating light from intersubband transitions within
semiconductor quantum wells was first proposed in 1971 by Kazarinov and
Suris [1971]. Since then, many groups have tried to produce devices based
on similar models. The first electrically pumped intersubband laser at
was demonstrated in 1994 by Faist et al. [1994].
In order to have stimulated emission, there has to be a population
inversion. This means that there must be a steady injection of high energy
electrons and steady collection of low energy electrons from the same
quantum well region. The principle of operation is based on a multiquantum well structure in an electric field and is illustrated in Fig. 15.28.
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Electrons come to the active region from the injector (left) and go out to
a subsequent region (right) which acts as the injector of another active
region. All these regions are made from multi-quantum wells. The
combination of active+injector regions forms a period of the structure which
repeats many times (typically 25~30) forming a cascade structure.
The active region of a typical QCL is a triple AlInAs/GaInAs quantum
well structure that supports three subbands as illustrated above. The injector
region is made up of the same material and has many wells depending on
the emission wavelength.
A real example of QCL designed for
is shown in Fig. 15.29.
Due to quantum mechanical selection rules, the light emitted from a QCL is
of TM polarization, i.e. the electric field strength in the wave is
perpendicular to quantum well plane.
The most important advantage of the quantum cascade laser is its
insensitivity to temperature changes. Laser operation is not limited by Auger
recombination due to the unipolar nature of the device, which gives a much
higher theoretical operating temperature. This high temperature operation
will potentially reduce package size and cost due to the absence of elaborate
cooling systems. A more significant advantage of QCL is that relatively
mature InP or GaAs technology is used. This ensures that the growth and the
physical characteristics of the materials are relatively well understood for
QCLs. In a real device, 25~30 periods are typically used, which results in a
differential efficiency as high as
at
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The tunability of the emission wavelength is also an advantage of the
QCL design. The QCL emission wavelength is controlled solely by the layer
thicknesses and makes use of mature InP growth technology that leads to a
higher uniformity at lower price per wafer. Finally, the cascade, or serial,
nature of the active region stack has been designed to emit more than one
photon per electron above threshold.

15.5.11. Type II lasers
Type II band alignment and some of its interesting physical behavior were
originally suggested by Sai-Halasz et al. [1977]. Soon after that they
reported the optical absorption of type II superlattices [Sai-Halasz et al.
1978a] and later the semimetal behavior of the superlattice [Sai-Halasz et al.
1978b]. The applications of such a superlattice was proposed only after
several years [Smith et al. 1987]. The flexibility of the material used to
cover a huge infrared range (2 to
and the reduced Auger
recombination rate [Youngdale et al. 1994] caught the attention of many
research groups. Type II heterojunction has found many applications in
electronic devices such as resonant tunneling diodes and hot electron
transistors. However, perhaps the most important of these applications has
been in the optoelectronics and recently many significant results have been
achieved in type II modulator [Xie et al. 1994], detectors [Johnson et al.
1996] [Fuchs et al. 1997], and laser diodes [Yang et al. 1998] [Felix et al.
1997].
Type II lasers are based on active layers which exhibit a type II band
alignment. In general, the band alignment of any semiconductor
heterojunction can be categorized as type I, type II staggered or type II
misaligned, as illustrated in Fig. 15.30. The main difference between type I
and type II staggered band alignments resides in the fact that, in the former
case, one same side of the heterojunction presents a lower energy for both
electrons and holes. The electrons and the holes will thus be preferentially
found on the same side of the junction. If the bottom of the conduction band
of one material is located at a lower energy than the top of the valence band
of the other one, we obtain a type II misaligned heterojunction, as shown in
Fig. 15.30.
The type of heterojunction depends on the nature of the semiconductors
brought in contact. Most semiconductor junctions are of the type I. The
special band alignment of the type II heterojunctions provides three
important physical phenomena or features which are illustrated in Fig.
15.31: a lower effective bandgap, the separation of electrons and holes and
tunneling. These properties are used in many devices to improve their
overall performance.
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The first feature involves a superlattice with the type II band structure. A
superlattice is a structure consisting of closely spaced quantum wells, such
that the localized discrete energy levels in the quantum wells become
delocalized minibands across the entire structure, in both the conduction and
the valence bands. These minibands thus form an effective bandgap
for
the superlattice considered as a whole. Because of the type II band
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alignment, these minibands can exhibit a lower effective bandgap than the
bandgap of either constituting layer, as shown in Fig. 15.31 (a), which is a
most interesting property. In addition, this effective bandgap is tunable to
some extent by changing the thickness of the layers. This is very important
for the applications in the mid- and long infrared wavelength range since
one can generate an artificial material (the superlattice) with a fixed lattice
parameter but with a different bandgap. For example, recently, very
successful detectors [Mohseni at al. 1997] and lasers [Felix et al. 1997]
have been implemented in the 2 to
wavelength range with
InAs/InGaSb superlattices.
The second feature is the spatial separation of the electrons and holes in
a type II heterojunction, as shown in Fig. 15.31(b). This phenomena is a
unique feature of this type of band alignment and is due to the separation of
the electron and hole potential wells. As a result, a huge internal electrical
field exists in the junction without any doping or hydrostatic pressure. High
performance optical modulators have been implemented based on this
feature [Johnson et al. 1996].
The third feature is the Zener type tunneling of a type II misaligned
heterojunction, as shown in Fig. 15.31(c). Electrons can easily tunnel from
the conduction band of one layer to the valence band of the other layer,
since the energy of the conduction band of the former layer is less than the
energy of the valence band of the later layer. However, unlike Zener
tunneling, no doping is necessary for such a junction. Therefore, even a
semi-metal layer can be implemented with very high electron and hole
mobility since the impurity and ion scattering are very low. This feature of
type II heterojunctions has been successfully used for resonant tunneling
diodes and, recently, for type II unipolar lasers [Lin et al. 1997].
Type II lasers can generally be categorized as bipolar and unipolar
lasers. In the bipolar type II lasers, the structure of a conventional III-V
heterostructure laser diode is used except that the active layer is a type II
superlattice, as shown in Fig. 15.32. The electron-hole recombination occurs
between the first conduction miniband and the first heavy-hole miniband.
Since the active layer is a type II superlattice, the energy difference between
the minibands can be adjusted by changing the thickness of the layers. This
is an important advantage since the laser can potentially cover a wide range
of wavelengths (from
to beyond
without changing the
chemical composition of the materials in different layers.
In a unipolar type II laser, electrons are injected into the active layer
through an injection layer, similar to a quantum cascade laser. They then
radiatively recombine with a hole, unlike a quantum cascade laser. The
electrons can also tunnel through a type II tunneling junction, and go to the
next injection layer and repeat a similar transition in a cascade fashion. The
interband transition in these lasers leads to an important advantage
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compared to the quantum cascade lasers. This type of transition is much
more immune to the phonon scattering than the intersubband transition, and
hence the efficiency of unipolar type II lasers is much higher than that of
quantum cascade lasers.
It should be noted that type II lasers are interband lasers, meaning that it
involves the radiative recombination of an electron from the conduction
band with a hole in the valence band. In such types of lasers, Auger
recombination (sub-section 9.6.4) can generally play an important role and
limit the high temperature operation of such infrared lasers. Fortunately in
the case of a bipolar type II laser, the spatial separation of electrons and
holes and the band structure of the superlattices lead to a much lower Auger
recombination rate than in conventional semiconductor infrared lasers.
Recently, bipolar type II lasers yielded the highest operating temperature for
light emission at

15.5.12. Vertical cavity surface emitting lasers
In all the lasers discussed so far the light is emitted from the edges of active
region. There has always been a desire for surface-emitting lasers which
would allow free-space communication from chip to chip between specific
locations and 2D arrays of high-power light sources. Earlier attempts have
introduced mirrors or gratings to turn the edge-emitted light by 90°, but
recently major advances have been made by using GaAs-AlGaAs or GaAsAlAs multilayers (grown at the same time as the laser structure) as integral
mirrors.
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The multilayer mirrors (known as Bragg reflectors) reflect light at
certain wavelengths, in particular that of the laser. The GaAs and AlGaAs
(or AlAs) layers forming the mirrors are each typically a quarter-wavelength
thick (Fig. 15.33).
The structure is shown in Fig. 15.33, together with a photograph of an
array of such devices. It is straightforward to place ohmic contacts on the
top and the bottom, and there is no need for cleaving and polishing end
facets. The three main features that determine their operation are (i) the high
reflectivity of the mirrors, (ii) the means of lateral confinement of the active
region, and (iii) the limitations imposed by laser heating from carrier
injection through the resistive mirrors.

Surface-emitting lasers have comparable losses and gains to edgeemitting lasers but are much more compact. The need to confine the current
to achieve a narrow beam presents problems too. Lateral p-n junctions may
be used to confine the current. Moreover, the current flowing to the cavity
can heat up the mirrors through which it passes, which can lead to severe
heating during continuous-wave operation. At present the devices are about
10 % efficient in electrical to optical power conversion.
The surface-emitting geometry has many attractions for future systems,
including a smaller, circular beam divergence making it easier to couple
with optical fibers and integrate with other optoelectronic components.
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15.5.13. Low dimensional lasers
Further improvement in the performance of semiconductor lasers is
expected by using higher degrees of quantum confinement, such as the
quantum wires and quantum dots discussed in Chapter 5. One of the driving
forces toward such structures is to achieve a “threshold-less” semiconductor
laser, i.e. which can reach lasing threshold with minimal electrical current.

Fig. 15.34 compares the density of states in bulk crystals (3D), quantum
wells (2D), quantum wires (1D), and quantum dots (0D). The very narrow
density of states distribution in lower dimensional structures achieves a
narrower energy distribution for carriers than in bulk crystals, which results
in narrower luminescence spectra, higher differential gain, lower threshold
current density and wider modulation bandwidth in lasers using such
structures.
Another important feature in quantum dots is the dispersion-less
behavior of its electronic states. In other words, the allowed energy levels
are independent of the momentum and have a constant energy, which makes
it possible to avoid Auger recombination, as long as the positions of the
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energy levels are positioned adequately. This is illustrated in Fig. 15.35
which compares the Auger recombination process in a bulk semiconductor
with that in a quantum dot. We see that, in a quantum dot, the energy and
momentum conservation cannot be achieved simultaneously during an
Auger process. This ensures that no Auger process can occur in a quantum
dot, which is an important property because a high Auger recombination
rate is the major obstacle for the high operating temperature of infrared
interband lasers.

The use of lower dimensional structures has advantages for QCLs.
Indeed, in quantum wires and dots, the LO phonon scattering rates can be
considerably lower than in quantum well. The main reason behind this
property is the fact that the scattering rate between two energy bands is
proportional to the overlap of the density of states of these bands. Fig. 15.36
shows that such overlap is smaller in a quantum wire and can even be nonexistent in a quantum dot. A quantum dot based QCL can therefore have an
excellent efficiency through the elimination of phonon scattering.
Fabrication of lower dimensional structures is extremely difficult.
Currently, quantum feature fabrication is one of the main thrusts in atomic
engineering research. The average quantum dot is only 10~30 nm in
diameter. Sophisticated growth and/or fabrication techniques are required to
produce uniform features in this size regime.
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15.6. Summary
In this Chapter, we reviewed the fundamental physical concepts relevant to
lasers, including stimulated emission, resonant cavity, waveguide, the
propagation of en electromagnetic wave in a waveguide and the laser beam
divergence, and waveguide design. We introduced the notion of absorption,
spontaneous and stimulated emission, the Einstein coefficients, resonant
cavity, population inversion and threshold. The example of the ruby laser
was used to illustrate these concepts.
The discussion was then focused on semiconductor lasers which are
becoming dominant for numerous modern applications. The concepts of
gain, threshold current density, transparency current density, external
differential quantum efficiency, mirror loss and internal loss were
introduced. The different types of semiconductor lasers were then described,
including homojunction, single and double heterojunction, and separate
confinement and quantum well lasers. The fabrication and packaging
technology of semiconductor lasers were then briefly described. Finally, a
few specific examples of lasers were presented, including quantum cascade,
type II, vertical cavity surface emitting and low dimensional lasers.
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Problems
1. Assume that the system described by Eq. ( 15.3 ) is in thermal
equilibrium at an extremely high temperature such that the energy
density
is essentially infinite. Show that
2. Assuming equal electron and hole concentrations and band-to-band
transitions, calculate the minimum carrier concentration n=p for
population inversion in GaAs at 300 K. The intrinsic carrier
concentration in GaAs is about

3 . The refractive index of the active layer of a semiconductor laser varies
with the carrier density. What changes do you expect to occur as a result
of such variations?
4 . The active layer of a InGaAsP laser is
t h i c k , w i d e , and
long. Calculate the confinement factor for the fundamental mode if
and
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16.1. Introduction
A detector can be defined as a device that converts one type of signal into
another as illustrated in Fig. 16.1. Any types of input signal can be entered
into the detector which then generates the measurable output signal, such as
an electrical current or voltage. There can be various types of detectors
depending on the objects or physical properties that they sense. The input
signal can be mechanical vibrations, electromagnetic radiation, small
particles, and any other phenomenon. Fire detectors detect the fog caused by
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fire and earthquake detectors sense the mechanical vibrations caused by the
earth. The human body itself has various types of detectors: the eyes detect
electromagnetic radiation in the visible range, the ears detect sound which is
atmospheric vibrations, the tongue senses various types of chemicals, and
the skin senses temperature. The sensitivity of the detection can be increased
using more advanced instruments such as a microscope and a thermometer,
that were made possible thanks to the development of technology.
Furthermore the technology has made it possible for humans to detect things
that could not be naturally sensed by the human body. For example,
nowadays, we can see the infrared (IR) light emitted from warm objects and
the ultraviolet (UV) light from hot objects with the help of photodetectors
which will be the ocus of this Chapter.

Human eyes respond only to visible light, from violet to red. However,
the light spectrum is much broader and includes radiation beyond violet (e.g.
ultraviolet, UV) and red (e.g. infrared, IR). If the temperature of the object is
larger than 6,000 K, it will emit predominantly in the ultraviolet. However,
colder objects (<2,000 K) emit predominantly in the infrared. Most of the
objects on earth emit IR light, and IR photodetectors are designed to sense
this light. Using IR photodetectors, we can obtain information on the objects
emitting this radiation to determine their geometry, temperature, surface
quality, and chemical content. We can also get information on the
atmosphere through which the IR light is propagated.
The IR spectrum offers some attractive advantages for photodetection
purposes, because air is more transparent to IR light than to visible light.
Because of this and many other advantages, IR photodetectors have been in
active development over the last several decades and found numerous
applications, such as night vision, missile guidance, and range finders. As
the cost of these IR photodetectors decreased, they have become more
available for civilian and industrial applications where they are used in
hazardous gas sensing, security systems, thermal imaging for medical
purposes, hot spot monitoring, optical communications, etc...
Usually IR or UV photodetectors are integrated into a system that
generates a signal that can be easily recognized and interpreted by human
eyes. A few elements of such a system are shown in a block diagram form in
Fig. 16.2. The system may be designed to detect the target, to track it as it
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moves, or to measure its temperature. If the radiation from the target passes
through any portion of the earth’s atmosphere, it will be attenuated because
the atmosphere is not perfectly transparent. The optical receiver collects
some of the radiation from the target and delivers it to a detector which
converts it into an electrical signal. Before reaching the detector, the
radiation may pass through an optical modulator where it is coded with
information concerning the direction to the target or information destined to
assist in the discrimination of the target from unwanted details in the
background. Since some detectors must be cooled, one of the system
elements may be a cooler. The electrical signal from the detector then passes
through a processor where it is amplified and the coded target information is
extracted. The final step is the use of this information to automatically
control some process or to display the information for interpretation by a
human observer.

In this Chapter, we will first review the fundamental concepts of
electromagnetic radiation emitted by a body, which will allow us to better
understand the principles of photodetection. Next, we will describe the
theory of operation of photodetectors and introduce the important
parameters which characterize and compare their performance. Most
photodetectors can be divided in two types: thermal detectors and photon
detectors, and the difference lies in the detection mechanism. Both types of
detectors will be discussed, with an emphasis on photon detectors.
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16.2. Electromagnetic radiation
The schematic in Fig. 16.3 shows various types of electromagnetic
radiations with the wavelength and frequency ranges they cover. The
borderlines between visible, infrared, far-infrared, and millimeter waves are
not absolute, and have been introduced primarily for convenience. For
example, visible light is that portion of the spectrum to which the human eye
is sensitive, and a statement such as “infrared extends from 0.7
to 1000
is a convention. Typically, IR radiation does not penetrate metals
unless these are very thin, but passes through many crystalline, plastic, and
gaseous materials-including the earth’s atmosphere. There does not exist a
detector which can detect all types of radiation and with the same
sensitivity. A photodetector has to be made to operate within a specific
spectral bandwidth.

A source of electromagnetic radiation generally emits at many
wavelengths, and some wavelengths are emitted with more power than
others. For example, different bodies emit radiation differently depending on
their surface properties. To have an absolute scale, we typically use a
blackbody which is a perfect absorber of all radiant energy and which is also
a perfect emitter of electromagnetic radiation. The intensity of the
blackbody radiation depends on the wavelength of emitted light. This
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dependence is called the spectral distribution of intensity and is a function of
the blackbody’s absolute temperature.
An analytical expression of this distribution which could fit well the
experimental data shown in Fig. 2.3 was determined by Max Planck in 1901.
His theory assumed that the energy carried by an electromagnetic radiation
is composed of discrete or quantized energy packages proportional to the
frequency considered. Further details can be found in sub-section 3.1.1.

16.3. Photodetector parameters
As mentioned earlier, photodetectors are devices which sense light (input
signal) and generate a measureable output signal in the form of an electrical
current or voltage. The operation of these photodetectors can be quantified
using several parameters which will be reviewed in this section.

16.3.1. Responsivity
The responsivity of a photodetector is the ratio of its ouput electrical signal,
either a current
or a voltage
to the input optical signal expressed in
terms of the incident optical power
One can define a current
responsivity and a voltage responsivity using respectively:

The current responsivity
is expressed in terms of A/W, while the
voltage responsivity is expressed in units of V/W. The output signals
and
in Eq. ( 16.1 ) can be expressed in detailed in the case of specific
light detection mechanisms of the detector in question. The output current
and voltage are often called photocurrent
and photovoltage
as they
arise in the presence of light. The incident input power
on the
photodetector can be expressed as:

where A is the area of the detector,
is the incident photon flux
density expressed in units of
is Planck’s constant, is the
velocity of light in vacuum, and is the wavelength of the incident light.
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16.3.2. Noise in photodetectors
As the output signal of a photodetector is an electrical signal, it is subject
not an strictly stable quantity over time but fluctuates due to electrical noise.
Electrical noise is a random variable which results from stochastic or
random processes associated with the particle, i.e. discrete, nature of
electrons, phonons, and photons and their interaction. For example, the
instantaneous voltage signal
can schematically in Fig. 16.4. A
quantitative measure of the noise in the voltage signal is then its root-meansquare and is given by:

This relation expresses the average value of the square of the fluctuation
of the variable
around its average
over a long period of time

It is also useful to define a power signal-to-noise ratio as:

where

denotes the statistical average of a random variable,

is the

instantaneous photocurrent and
is the instantaneous noise current. We
talk about a power ratio because the expression in Eq. ( 16.4 ) involves the
squares of the electrical current. The effect of the signal-to-noise ratio is
illustrated in Fig. 16.5.
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The noise current
is usually a function of the frequency considered,
and the noise power
depends on the frequency bandwidth
over
which the statistical average is measured. For example, if the output signal
is centered at a frequency of 200 Hz, eliminating all electrical signal output
which have a above 250 Hz and below 150 Hz would decrease the noise
power in the output because the remaining 100 Hz electrical bandwidth
contains less noise than the entire frequency band in the case of white noise.
This is why, in order to compare different noise mechanisms in different
photodetectors, with different frequency bandwidths, it is convenient to use
the concept of noise spectral density, expressed in terms of
which
consists of normalizing the noise power to the frequency bandwidth
considered:

A similar expression can be obtained using the voltage noise

A useful concept in the evaluation of the electrical noise is to consider a
noise equivalent circuit which consists of a small signal electrical circuit
model of the device including the noise source. This equivalent circuit
makes use of the differential resistance
of the device when a bias
voltage
is applied:
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where V and I are the voltage and current of the device, respectively.
The noise equivalent circuits are shown in Fig. 16.6.
These noise equivalent circuits can only be used when the noise in the
devices is a white noise, i.e. does not depend on the frequency. These noise
equivalent circuits can be used like any small signal circuits when several
contributions to the total noise are considered, with the exception that the
noise powers need to be added instead of summing or subtracting noise
voltages and noise currents, e.g.:

16.3.3. Noise mechanisms
There exist several contributions to the noise in photodetectors which will
be briefly described in this sub-section.
Johnson noise. Thermal or Johnson noise occurs in all electrically
conductive materials regardless of the conduction mechanism and results
from the random motion of thermally activated charge carriers through the
conductor. The total noise current is proportional to the sum of the
movement of these carriers which in a short time frame. The Johnson noise
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is named after the scientist who experimentally investigated it [Johnson
1928]. The mean-square voltage of such noise can be calculated from:

where
is the Boltzmann constant, T is the temperature of the
conductor, R is its electrical resistance, and is the frequency bandwidth of
the noise which is the frequency range in which the noise exists or is
considered. This equation shows that the value of the noise in a given
bandwidth is independent of the value of frequency, therefore the Johnson
noise is a white noise. As a result, there is a constant maximum noise power
from any resistor R at a given temperature T:

and the value of this power at room temperature is about

W.

Shot noise. In 1918, Schottky showed that the random arrival of
electrons on the collecting electrode of a vacuum tube was responsible for a
so called shot noise. At the origin of shot noise is the process of charge
carriers being thermally or optically excited over a junction barrier. The
current shot noise in a simple temperature limited vacuum diode is given by
the following expression:

where is the elementary charge and
is the DC current bias of the
vacuum diode. This equation shows that shot noise is also independent of
the frequency and is a white noise. However, this is only valid if the inverse
of the frequency of operation,
is much larger than the traveling time of
the electron in the device.
The shot noise in a p-n junction diode can be estimated by the following
equation for the low frequency region:
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where

and

is the saturation current of the diode.

This relation is equivalent to Eq. ( 16.8 ) when no bias is applied
to Eq. ( 16.10 ) for a high enough current bias.

and

1/f noise. There also exists an important type of noise which has a power
spectrum inversely proportional to the frequency of operation f. This noise
mechanism often dominates other mechanisms at low frequencies. This is a
process dependent noise in the sense that it can be affected by the contact
type and preparation, as well as the surface preparation and passivation. For
example, carrier trapping and re-emission to and from defects at surfaces
and contacts may contribute to this 1/f noise. It should be noted that a
variety of names have been used for this type of noise in the literature such
as excess noise, modulation noise, contact noise, and flicker noise. The
power spectrum of this noise is given by:

where is a constant,
is the DC current bias of the device, f is the
frequency of operation, and are exponents characteristic of the particular
device considered. The value of is usually near 2, while the value of
ranges from 0.8 to 1.5.
Generation-recombination noise. The generation and recombination of
charge carriers in semiconductors are random processes as they are
associated with the creation and annihilation of electron-hole pairs in the
material. The number of free carriers during a given period of time is
therefore not constant but fluctuates in a random manner too. This results in
a random change of the voltage of the device which is called the generationrecombination or G-R noise. For a near intrinsic semiconductor with a
moderate bias, this noise can be expressed as [Long 1967]:

where

is the voltage bias, l is the length, w is the width, and t is the

thickness of the device, b is the ratio of mobilities

n and p are the
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electron and hole concentrations respsectively, is the carrier lifetime in the
semiconductor,
is the angular frequency of operation, and
is the
frequency bandwidth within which the noise is measured.
Temperature noise. If the conductivity of the device strongly depends on
the temperature, any random temperature fluctuation would result in a so
called temperature noise in the device. This is an important source of noise
for all infrared thermal detectors as well as low noise preamplifiers. This is
the reason why even uncooled infrared thermal detectors, i.e. which can
operate without cooling, usually have a thermoelectric cooler to stabilize
their temperature.
Photon noise. This noise mechanism arises from the random arrival of
background photons onto the surface of the photodetector and is included in
the incident photon flux. Unlike the previously described noise mechanisms,
photon noise is a source of noise which is extrinsic to the device. The
equivalent power of this noise or noise-equivalent-power for a given
detector with an area A and a quantum efficiency is:

where
is the total background photon flux density reaching the
detector, and v is the frequency of the photon.

16.3.4. Detectivity
Although the responsivity of a photodetector gives a measure of the ouput
signal of the detector for a given optical input signal, it does not give any
information about the sensitivity of the device. The sensivity of the detector
can be defined as the minimum optical input power that it can detect with a
signal-to-noise ratio of unity. This power is called the noise-equivalentpower
of the detector and is given by:

Jones suggested to define the detectivity of a detector as the inverse of
this noise-equivalent-power [Jones 1953]:
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which is expressed in units of
This quantity is very useful when
comparing the sensitivity of different detectors. However, it is not a fair
means of comparing the overall performance of different detectors because
it neglects the effects of the detector area and its frequency bandwidth. For
example, photodetectors with different sizes and thus detection areas will
have different noise-equivalent-powers. In addition, a detector with low
electrical bandwidth can have higher detectivity than another identical
detector with wider electrical bandwidth, although a higher bandwidth is
desired for faster devices. To address these issues, Jones introduced the
concept of specific detectivity which is denoted
and is the detectivity of
a photodetector with an area of 1
and an electrical bandwidth of 1 Hz:

where A is the area of the detector.
is expressed in units of
Since it is independent of the device dimensions and the
electrical configuration used for the measurement,
is widely used to
compare photodetectors with very different physical and operational
characteristics and is often simply called detectivity. One can easily express
in terms of the detector responsivity:

where is the frequency bandwidth of the measurement setup,
and
are the total root-mean-square current and voltage noises of the
detector in the given frequency bandwidth of

16.3.5. Frequency response
When the optical input signal is periodic with a fixed amplitude and a
frequency f, the amplitude of the detector electrical ouput signal is not
necessarily a constant but may vary with the frequency as shown in Fig.
16.7. This phenomenon is usually due to the electrical resistive-capacitance
or RC delay of the device in the case of the photon detectors, and the
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thermal RC delay of the thermal detectors. The frequency dependent
responsivity can be approximated by:

where
is the responsivity of the photodetector at very low
frequencies, and:

where R is the electrical (or thermal) resistance and C is the electrical (or
thermal) capacitance of the photon (or thermal) detector.

16.4. Thermal detectors
In thermal detectors, the absorption of IR light leads to a change in the
temperature of the detector, thus resulting in a change in resistance
(bolometer) or electrical polarization (pyroelectric detectors). This change is
then recorded by an electrical circuit. Because they can operate at room
temperature, thermal detectors are mostly used whenever cooling systems
are not possible. It is however often necessary to use thermoelectric coolers
in order to stabilize the temperature of the detectors, in an effort to minimize
the Johnson noise. There exist several types of thermal detectors which will
be briefly discussed here: bolometers, thermopiles and thermocouples, and
pyroelectric detectors.
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A bolometer is a thermal detector whose resistance depends on its
temperature. Since the resistance of most semiconductors is a strong
function of temperature, the resistance of a semiconductor chip can tell us
how much radiant energy is falling on it. The Golay cell uses the expansion
of a gas when heated to sense radiated power: the gas is contained in a
chamber that is closed with a reflecting membrane. When the gas is
warmed, the membrane distorts and deflects a beam of light that has been
focused on it.
A thermopile is an infrared radiation detecting thermocouple. The
principle of a thermocouple resides in the thermoelectric effect which yields
an voltage proportional to the temperature difference between two dissimilar
metal junctions. Therefore, an increase in the infrared radiation power
causes an increase in the thermopile voltage.
When ferroelectric polar crystals are exposed to a change in
temperature, their internal electric polarization changes, electrical charges
accumulate and can be measured on opposite sides of the crystal. The
capacitance of the detector material also changes and can be electrically
measured. Pyroelectric detectors use this material property to detect IR
radiation.
Among all these thermal detectors, bolometers are the most widely used
because of their advantages such as easy fabrication, stability, light-weight,
ruggedness, and an easy array capability. To illustrate some principles of
thermal detectors, consider the carbon bolometer shown in Fig. 16.8. Such
devices are very sensitive and detect radiation over a very wide spectral
range.
The resistance of an ordinary carbon resistor is a strong function of
temperature, which makes a carbon resistor an inexpensive temperature
sensor. To make a bolometer, we would mount the resistor in such a way
that it is cooled to a low temperature but also isolated. As radiation strikes it,
it warms up and the resistance decreases. An external electrical circuit
detects the resistance change. To make the bolometer more sensitive, we
would want to make its heat capacity smaller so that a small amount of
energy could heat it faster.
When a modulated optical signal with power amplitude
and angular
frequency hits a pixel with a heat capacity C, a temperature change
can be recorded. The heat dissipation inside a solid is characterized by its
thermal conductance K. If we define the quantum efficiency
as the
fraction of the incident optical power that is absorbed by the solid, the
temperature change is given by:

Photodetectors

559

where is the thermal response time defined as the heat capacity of the
material divided by its thermal conductance:
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A few key points can be understood from Eq. ( 16.21 ) which can
optimize the thermal detector performance. First, it is very important to
minimize the thermal conductance K, by maximizing thermal isolation, in
order to sense low power infrared radiation. This is often done by
lengthening or thinning the support legs in a bolometer bridge structures.
However, minimizing K also leads to a low frequency response which is
proportional to the heat dissipation rate. Secondly, the quality of the detector
material is important in maximizing
that is the ratio of incident to
absorbed radiation. And lastly, the heat capacity C, of the element must be
low enough in order to meet the response time requirement.

16.5. Photon detectors
In photon detectors, incident photons interact with the electrons in the
material and changes the electronic charge distribution. This change of
charge distribution generates a current or a voltage which are measured by
an electrical circuit. Because the photon-electron interaction is
instantaneous, the response speed of photon detectors is much higher than
that of thermal detectors. Indeed, by contrast to thermal detectors, quantum
or photon detectors respond to incident radiation through the excitation of
electrons into a non-equilibrium state. There is no measurable heating in the
semiconductor, therefore these detectors have a faster response than thermal
detectors. The mechanisms of electron excitation are shown in Fig. 16.9.
Semiconductor detectors may rely on interband electron excitation (Fig.
16.9(a)) (intrinsic detectors), on impurity-band transition (Fig. 16.9(b)) or
intersubband transitions in a quantum well (Fig. 16.9(c)) (extrinsic
detectors). The two types of photon detectors that exist, photoconductive
and photovoltaic detectors, will be discussed in more detail in the following
sub-sections.
The output signal of a photon detector to incident light is called the
photoresponse. It is strongly dependent on the frequency or wavelength of
the incident light. When the wavelength of the incident light becomes longer
than a critical wavelength, the photoresponse decreases abruptly. This
critical wavelength generally corresponds to the bandgap of the
semiconductor material in intrinsic detectors or to the activation energy of
defect states in extrinsic detectors. Indeed, for those wavelengths, the energy
of the incident photons would no longer be sufficient to excite an electronhole pair across the bandgap or to overcome the activation energy. The
wavelength at which this abrupt decrease in responsivity occurs is called the
cut-off wavelength.
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For example, InSb has a bandgap of 0.22 eV, which correspond to a
wavelength of 5.6
Photons with longer wavelengths will pass through
InSb undetected, i.e. InSb is transparent in spectral region beyond 5.6
while photons of wavelengths shorter than 5.6
are effectively absorbed
by InSb and contribute to the responsivity. Thus we expect to see a cut-off
wavelength of 5.6
This property is true for both photoconductors and
photovoltaic detectors.
Examples of photoconductive detectors include doped germanium
(Ge:X) and silicon (Si:X), and lead salts (PbS, PbSe). The ternary
compounds HgCdTe and PbSnTe can be used as photoconductors and also
as photovoltaic detectors.

16.5.1. Photoconductive detectors
A photoconductive detector (also called photoconductor) is essentially a
radiation-sensitive resistor. The operation of a photoconductor is shown in
Fig. 16.10. A photon of energy hv greater than the bandgap energy
is
absorbed to produce an electron-hole pair, thereby changing the electrical
conductivity of the semiconductor. In almost all cases the change in
conductivity is measured by electrodes attached to the sample. The
photoconductors are usually biased using a battery and a load resistor. An
increase in the detector conductance both increases the current and decreases
the voltage across the detector. For low resistance material, the
photoconductor is usually operated in a constant current circuit as shown in
Fig. 16.10. The series load resistance is large compared to the sample
resistance, and the signal is detected as a change in the voltage developed
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across the sample. For high resistance photoconductors, a constant voltage
circuit is preferred and the signal is detected as a change in current.

The photoconductivity
is the difference between the electrical
conductivity when illuminated and when non-illuminated:

where
and
are the excess electron and hole concentrations
resulting from the incident light,
and
are the electron and hole
mobility, respectively. In this case, the photoresponse takes the form of a
change in the electrical current flowing through the sample, as a result of the
change in electrical conductivity. The additional current component is called
photocurrent. In a sample with contacts area A and length l, the photocurrent
under the bias V is given by:

The excess carrier concentrations generated under a steady-state
illumination are:
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where
is the recombination lifetime of the excess carriers, as defined
in section 9.6, and G is the excess carrier generation rate. This quantity is
further related to the incident optical power
through:

where the quantum efficiency represents the fraction of the incident
optical power that contributes to electron-hole pair generation, and v is the
frequency of the incident light. Eq. ( 16.24 ), Eq. ( 16.25 ) and Eq. ( 16.26 )
can be combined and give:

For

this expression becomes:

where we have defined the quantity:

which represents physically the electron transit time across the
electrodes, i.e. the time taken by an electron to travel or transit from one end
of the semiconductor to the other, separated by a distance l, when a bias V is
applied. The ratio

in Eq. ( 16.28 ) characterizes how fast the electrons

can transit from one electrode to another electrode and contribute to the
photocurrent before recombination occurs. It is called the photoconductive
gain.
The current responsivity of a photoconductor is defined as the ratio of
the output signal, i.e. the photocurrent
to the input signal, i.e. the
incident optical power
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The units of the current responsivity is
It is also common to
express the responsivity as a function of the wavelength of the incident
light:

When the incident optical power is modulated by a sinusoidal signal of
frequency
the photoresponse can be considered in terms of the rootmean-square (rms) of the photocurrent, i.e.:

where

is the rms of the incident optical power.

Depending on the electrical circuit considered, the photoresponse can
sometimes be expressed as the ratio of the output voltage to incident optical
power. The choice of the output signal for a photoconductor, either current
or voltage, generally depends on the application in which the photodetector
will be used. As shown in Eq. ( 16.31 ), the responsivity is a linear function
of the wavelength of the incident light, up until the cut-off wavelength is
reached. Beyond that wavelength, the responsivity abruptly decreases as
discussed previously.

16.5.2. Photovoltaic detectors
Photoconductors are passive devices, which need an external electrical bias
in order to operate and do not generate a voltage by themselves. They can
consist of a simple block of semiconductor material. By contrast, a
photovoltaic detector needs a more complex structure that uses a p-n
junction. Such a detector is also called a photodiode. This allows the
detector to exhibit a voltage when photons are absorbed as we will now
briefly discuss. As a result, photovoltaic detectors are usually operated
without an external bias.
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In such a detector, as a result of the built-in electric field in the depletion
region, the photogenerated electron-hole pairs drift to opposite sides of the
depletion region: holes toward the p-type side and electrons toward the ntype side. There, they increase the majority carrier densities on both sides of
a junction. An open-circuit voltage generated by this build-up of charge can
then be measured. Fig. 16.11 depicts an example of the electrical circuit
commonly used with photovoltaic detectors. No specific bias circuit is
necessarily used in the photovoltaic detector operation.
The Simple calculation conducted in the case of a photoconductor can be
easily applied in the case of a photovoltaic detector and give an expression
for the current responsivity (see Problems):

where the parameters have the same meaning as defined earlier.
A more precise calculation can be conducted as follows. Since we
consider a p-n junction, we can make use of the diode equation which
relates the current to the applied external voltage as obtained in Eq. ( 10.46 )
in Chapter 10. The current-voltage characteristic of a photovoltaic detector
is illustrated in Fig. 16.12. The current given by this equation represents
what is called the dark current, i.e. the current which would be flowing
through the device without illumination. To obtain the total current across
the detector, we must add to the dark current the photocurrent which is the
component directly resulting from the photogenerated electron-hole pairs.
The total current is then given by:
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where V is applied external voltage, is the saturation current, and is
the photocurrent which is also called the short-circuit current and has the
following expression:

where A is the area of the p-n junction diode, and are the diffusion
lengths of electrons and holes, respectively. The current-voltage
characteristics for different electron-hole pair generation rates are depicted
in the bottom of the Fig. 16.12.

The voltage that could be measured across the photodetector in an opencircuit situation can be found from Eq. ( 16.34 ) by setting I=0:
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Since a photovoltaic detector can operate without external voltage, one
important characteristic of the detector is its differential resistance at zero
bias, defined by:

By differentiating Eq. ( 16.34 ) with respect to the voltage V, and
calculating it at V=0, we can express the saturation current as a function of
the differential resistance

Using Eq. ( 16.35 ), we can express the ratio of the photocurrent to the
saturation current which appears in Eq. ( 16.36 ):

We therefore see that this ratio is proportional to the product
which
is a useful figure of merit for photovoltaic detectors.
Si, InSb, and HgCdTe are examples of materials commonly used for
photovoltaic infrared photodetectors. Some of the advantages of
photovoltaic detectors over photoconductive ones include a better
theoretical signal-to-noise ratio, simpler biasing, and a more predictable
responsivity. However, photovoltaic detectors are generally more fragile
than photoconductors. Indeed, they are susceptible to electrostatic discharge
and to physical damage during handling. In addition, because they are thin
(10
for a backside illuminated InSb p-n junction), the insulating layers
are susceptible to electrical breakdown. Surface effects may also lead to
leakage between the p-type and the n-type regions, which would then
degrade detector performance.

16.5.3. Detectivity in photovoltaic detectors
A more simple analytical expression for the detectivity than the one given in
Eq. ( 16.18 ) can be obtained in the case of a p-n junction photovoltaic
detector when the thermal noise is dominant over all other noise sources:
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in which all the terms have been defined previously. This equation
directly relates the
product to the thermally limited detectivity.

16.6. Examples of photon detectors
In addition to the simple photoconductive and p-n junction photovoltaic
detectors discussed previously, there are other types of photodetectors which
will be briefly described in this section, including p-i-n photodiode,
avalanche photodiode (APD), quantum well detectors, Schottky photodiode,
and photoelectromagnetic (PEM) detectors.

16.6.1. P-i-n photodiodes
A p-i-n photodiode consists of a p-n junction diode in which an undoped
intrinsic or i-region is inserted between the p-type and the n-type regions.
Because of the very low density of free carriers in the i-region and thus its
high resistivity, any applied bias drops almost entirely across this i-layer,
which is then fully depleted at low reverse bias. The p-i-n diode has a
“controlled” depletion layer width, which can be tailored to meet the
requirements of photoresponse and frequency bandwidth. The absorption
and carrier generation processes in a p-i-n photodiode are shown in Fig.
16.13. For practical applications, photoexcitation is provided either through
an etched opening in the top contact, or an etched hole in the substrate, as
schematically shown in Fig. 16.14. The latter reduces the active area of the
diode to the size of the incident light beam.
By careful choice of the material parameters and device design, large
bandwidths can be attained. The response speed and bandwidth are
ultimately limited either by the transit time or by circuit parameters. The
transit time of carriers across the depletion or i-layer depends on its width
and the carrier velocity and can be reduced by reducing the thickness of the
i-layer.
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The key elements in achieving a high-performance p-i-n diode (high
quantum efficiency and large bandwidth) is to illuminate the diode through
the substrate, also called back-side illumination, ensure the total depletion of
the i-layer, and use the device at a low reverse bias. The latter is important
for digital operation and for low-noise performance.
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16.6.2. Avalanche photodiodes
An avalanche photodiode (APD) operates by converting each detected
photon into a cascade of electron-hole pairs. The device is a strongly
reverse-biased photodiode in which the junction electric field is large. The
charge carriers therefore accelerate in the space charge region, acquiring
enough energy to generate additional electron-hole pair through impact
ionization. This phenomenon has been somewhat discussed in the context of
avalanche breakdown in a p-n junction in sub-section 10.4.1.
The avalanche multiplication process is illustrated in Fig. 16.15. A
photon absorbed at point 1 creates one electron-hole pair. The electron
accelerates in the strong electric field. The acceleration process is constantly
interrupted by random collisions with the lattice in which the electron loses
some of its acquired energy. These competing processes cause the electron
to reach an average saturation velocity. When the electron can gain enough
kinetic energy to ionize an atom, it creates a second electron-hole pair. This
is called impact ionization (at point 2). The newly created electron and hole
both acquire kinetic energy from the electric field and create additional
electron-hole pairs (e.g. at point 3). These in turn fuel the process, creating
other electron-hole pairs. This process is therefore called avalanche
multiplication.
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The abilities of electrons and holes to ionize atoms are characterized by
their ionization coefficients
and
These represent the ionization
probabilities for electrons and holes per unit length. The ionization
coefficients increase with the electric field in the depletion layer and
decrease as the device temperature is raised. An important parameter which
characterizes the performance of an APD is the ionization ratio
If
holes do not ionize effectively (k<<1), most of the ionization events are
caused by electrons. The avalanching process then proceeds principally
from left to right, i.e. from the p-type side to n-type side, in Fig. 16.15. If
electrons and holes both ionize appreciably
the gain of the device, i.e.
the total charge generated in the circuit per photogenerated carrier pair,
increases. However, this situation is undesirable for several reasons: it is
time consuming and therefore reduces the device bandwidth, it is a random
process and therefore increases the device noise, and it may cause avalanche
breakdown. It is therefore desirable to fabricate APDs from materials that
permit only one type of carrier (either electrons or holes) to ionize
effectively. The ideal case of single-carrier multiplication is achieved when
k is 0 or
In an optimally designed photodiode, the geometry of the APD should
maximize photon absorption and the multiplication region should be thin to
minimize the possibility of localized uncontrolled avalanches.
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16.6.3. Schottky barrier photodiodes
Schottky barrier photodiodes have been studied extensively and have found
various applications. These devices have some advantages over p-n junction
photodiodes such as their simplicity in fabrication, absence of hightemperature diffusion processes, and high speed of response. The rectifying
property of the metal-semiconductor junction, which is then called a
Schottky contact, has been reviewed in detail in sub-section 10.5.2. Briefly,
it arises from the presence of an electrostatic barrier between the metal and
the semiconductor which is due to the difference in work functions
and
of the metal and semiconductor, respectively, as shown in Fig. 16.16 for
a n-type and a p-type semiconductor.
As also discussed in Chapter 10, the current transport across metalsemiconductor junctions is mainly due to the majority carriers, in contrast to
p-n junctions where current transport is mainly due to minority carriers. It is
now widely accepted that thermionic emission is the main process of carrier
transport across such junction, and the current density is given by
Eq. (A.18) in Appendix A.7. Knowing the current-voltage relationship, it is
possible to calculate the
product, as it was done in sub-section 16.5.2:

where A is the area of the Schottky junction. Using Eq. (A.18), we get:

where
is the thermionic emission saturation current,
is the
Boltzmann constant,
is the effective Richardson constant, and
is the
Schottky potential barrier height for electron injection and is defined as:

This quantity is illustrated in Fig. 16.16(a).
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16.6.4. Metal-semiconductor-metal photodiodes
A metal-semiconductor-metal (MSM) photodiode consists of two Schottky
contacts on an undoped semiconductor layer. Unlike a p-n junction diode, it
uses a planar structure. It can be designed such that the region in between is
almost completely depleted. An illustration of the energy band diagram for a
MSM photodiode with an applied bias V is shown in Fig. 16.17.
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The frequency response and bandwidth of a MSM photodiode are
determined primarily by the transit time of the photogenerated carriers and
the charge-up time of the diode. The MSM photodiode exhibits gain, has a
low dark current, a large bandwidth, and is amenable to simple and planar
integration schemes.

16.6.5. Type II superlattice photodetectors
The active layers of type II superlattice photodetectors are based on the type
II band alignment in semiconductor heterojunctions. The basic physical
properties behind such heterojunctions have already been discussed in subsection 15.5.11 and have been illustrated in the case of semiconductor
lasers.
Fig. 16.18 shows a photoconductive detector and the schematic diagram
of the detection mechanisms inside the active region which involves an
InAs/GaSb type II superlattice. Although the electrons and the holes are
mostly confined in different layers, their wavefunctions can extend through
the barriers. As a result, the overlap of the electron and hole wavefunctions
is not strictly zero. The optical matrix element will have a high enough
value to yield a considerable optical absorption only in the regions near the
layer interfaces. Although this means a lower absorption than in type I
quantum wells, the spatial separation of elecrons and holes is advantageous
in reducing the Auger recombination rate which, in turn, lengthens the
lifetime of the photogenerated electron-hole pairs. This longer carrier
lifetime, especially near room temperature, is the main advantage of this
type of detector and has been experimentally demonstrated by Youngdale et
al. [1994].
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Using type II superlattices as the narrow bandgap, active layer of a p-i-n
photodiode, a detectivity of
has been recently achieved at
6
wavelength [Fuchs et al. 1997]. Fig. 16.19 compares the detectivity of
type II superlattice photodetectors with that of other common detectors at 77
K. At a wavelength of 8
although the detectivity of HgCdTe is more
than an order of magnitude higher than the type II photodetector, the latter
still benefits from an easier growth process and a higher uniformity than
HgCdTe, which can lead to less expensive focal plane arrays with
comparable
noise performance.
A comparison of the existing room temperature photodetectors is shown
in Table 16.1. Currently, the only commercially available and fast room
temperature photodetectors operating in the long wavelength infrared
spectral region are based on HgCdTe and HgCdZnTe. In spite of their high
detectivity, microbolometers have a time response which is at least three
orders of magnitude slower than that of intrinsic detectors based on type II
or HgCdTe. The new generation of HgCdZnTe detectors are now available
with a special design to suppress the Auger recombination. Nevertheless, it
has been shown that a type II superlattice with only 50 periods can have a
higher detectivity at room temperature thanks to an lower Auger
recombination rate [Mohseni et al. 1998].
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16.6.6. Quantum well intersubband photodetectors
A quantum well intersubband photodetector or (QWIP) is a device whose
operation is based on the absorption of photons through the intersubband
transition of carriers which are confined in multiple quantum wells. The
process is the reverse of that described in a quantum cascade laser in subsection 15.5.10.
QWIPs have a narrow absorption spectrum that can be tailored to match
optical transitions in the 3~20
wavelength range by adjusting the
quantum well width and barrier height or barrier layer composition. More
importantly, it can be made using mature III-V semiconductors based on
gallium arsenide (GaAs) or indium phosphide (InP) substrates.
The study of intersubband optical transitions in doped multiple quantum
wells was motivated by the possibility of realizing high-speed sensitive
infrared photodetectors. Both conduction band (n-type) and valence band (ptype) based quantum wells have been studied, although the larger hole
effective mass results in poorer responsivity for the p-type devices.
The schematic for designing QWIPs is shown in Fig. 16.20(a). The
absorption of photons having energy equal to the intersubband separation
leads to transition of carriers between these subbands. For example, for IIIV quantum wells of width L=100 Å, the intersubband energy separation is in
the range of 100~200 meV. The quantum mechanics selection rules allow
absorption of electromagnetic radiation when the incident light polarization
is parallel to the growth direction, i.e. TM polarization. This causes
difficulties in detecting a two-dimensional image, since there is no effective
absorption of light directed perpendicular to quantum well plane. However,
illumination geometries using 45° facet can circumvent the problem as well
as the use of gratings. For photoconductive devices utilizing intersubband
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absorption, the photogenerated carriers travel out of the quantum wells and
contribute to the photocurrent.

16.6.7. Photoelectromagnetic detectors
The origin of the photoelectromagnetic (PEM) effect is the diffusion of
photogenerated carriers resulting from the carrier concentration gradient and
their deflection in opposite directions due to a magnetic field, as shown in
Fig. 16.21. If the sample ends are open circuited in the x-direction, a space
charge builds up, giving rise to an electric field directed along the x-axis
(open-circuit voltage). If the sample ends are short circuited in the xdirection, a current flows through the circuit (short-circuit current).
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The measured voltage or current can be directly related to the incident
radiation which generated the carriers.

16.7. Summary
In this Chapter, we described the operation of photodetectors and the
important parameters which characterize and compare their performance,
including the concepts of responsivity, signal-to-noise ratio, noise, and
detectivity. Various types of photodetector have been discussed, including
thermal detectors and photon (quantum) detectors. Of the latter type,
photoconductive and photovoltaic detectors were discussed in more detail.
Finally, other types of photodetectors were also described, including p-i-n,
avalanche, Schottky barrier, metal-semiconductor-metal photodiodes, type II
superlattice,
quantum
well
intersubband
photodetectors
and
photoelectromagnetic detectors.
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Problems
1. Sort the following types of electromagnetic radiation by order of
increasing wavelength:
Radio
Infrared
Near-infrared
Red
Gamma rays
Blue
Ultraviolet
X-rays
2. What phenomenon does Planck’s law describe?
3. Describe briefly how the distribution of thermally radiated energy varies
with wavelength and source temperature.
4. How does the responsivity change with the frequency of the incident
light?
5. What is the difference between a thermal and a photon (quantum)
detector?
6. Name the following detector parameters.
(a) Electrical output for a given light input.
(b) The signal-to-noise ratio that would result if the performance of
your detector were scaled to a detector of a standard size, under
standardized test conditions.
The
“clutter” or unwanted electrical variation that tends to hide
(c)
the true signal.
(d) The minimum infrared power that a detector can accurately “see”.
(e) A measure of the “cleanliness” of a signal pattern.
7. Prove the expression of the current responsivity in Eq. ( 16.33 ).
8. What is the responsivity of a photodetector under the following
conditions: optical power
and detector output = 30 mV?
9. What is the responsivity of a photodetector under the following
conditions: optical
detector area = 1
mm × l mm, detector output = 770 mV?
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10. What is the effect on the frequency response of a thermopile if we
choose to increase the size of the junction but do not otherwise change
the device?
11. What is the cutoff wavelength for a semiconductor with a bandgap of
0.2? What is it if the bandgap of 0.02 eV?
12. Which of the two materials in Problem 9 would operate at a warmer
temperature?
13. Describe briefly how thermal detectors work.
14. What specific property changes with temperature in the following
thermal detectors?
(a) Mercury-in-glass thermometer
(b) Carbon bolometer
(c) Thermopile
(d) Golay cell
15. Describe briefly the spectral characteristics of the following detectors.
(a) InSb photovoltaic detector
(b) Bolometer
16. Mention a few advantages and disadvantages of photovoltaic and
photoconductive detectors.
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A.1.

Physical constants

Angstrom unit
Avogadro constant
Bohr radius
Boltzmann constant
Calorie
Elementary charge
Electron rest mass
Electron Volt
Gravitational constant
Gas constant
Permeability in vacuum
Permittivity in vacuum
Plank’s constant
Reduced Plank’s constant
Proton rest mass
Standard Atmosphere
Thermal voltage at 300K
Velocity of light in vacuum
Wavelength of 1-eV quantum

0.52917 Å
cal
q

4.184 J

eV
R

1

h
atm
kT/q
c

0.0259 V
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A.2.

International System of units

Base units
Quantity

Unit name

Unit symbol

Length
Mass
Time
Electric current
Temperature
Amount of substance
Luminous intensity

meter
kilogram
second
ampere
kelvin
mole
candela

m
kg
s
A
K
mol
cd

Prefixes
Factor

Prefix

Symbol

yotta
zetta
exa
peta
tera
giga
mega
kilo
hecto
deka

Y
Z
E
P
T
G
M
k
h
da

Factor

Prefix

Symbol

deci
centi
milli
micro
nano
pico
femto
atto
zepto
yocto

d
c
m
n
p
f
a
z
y
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Derived units
Quantity
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Special name

Unit Symbol Dimension

Angle
radian
Solid angle
steradian
Speed, velocity
Acceleration
Angular velocity, frequency
Angular acceleration Frequency
hertz
Hz
Force
newton
N
Pressure, stress
pascal
Pa
Work, energy, heat
joule
J
Power
watt
W
Electric charge
coulomb
C
Electric potential
volt
V
Resistance
ohm
Conductance
Siemens
S
Magnetic flux
weber
Wb
Inductance
henry
H
Capacitance
farad
F
Electric field strength Magnetic induction
tesla
T
Electric displacement Magnetic field strength Celsius temperature
degrees Celsius °C
Luminous flux
lumen
1m
Illuminance
lux
lx
Radioactivity
becquerel
Bq
Catalytic activity
katal
kat

rad
sr

J.s
A.s

V.s

K
cd.sr

Appendix

A.3.

Physical properties of elements in the
periodic table

The following figures summarize the general physical properties of most
elements in the periodic table. These include their natural forms (Fig. A.1)
with the structure in which they crystallize, their density (Fig. A.2), boiling
point (Fig. A.3), melting point (Fig. A.4), thermal conductivity (Fig. A.5),
molar volume (Fig. A.6), specific heat (Fig. A.7), atomic radius (Fig. A.8),
oxidation states (Fig. A.9), ionic radius (Fig. A.10), electronegativity (Fig.
A.11), and electron affinity (Fig. A.12).
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A.4. Physical properties of important
semiconductors
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A.5.

The Taylor expansion

The Taylor expansion is a powerful mathematical method which yields a
simple polynomial approximation for any mathematical function near a
given point.
Let us consider a function f which can be differentiated at least (n+1)
times at
The Taylor expansion is such that the value of f at any point x
can be determined from its value and that of its n consecutive derivatives at
through:

where

is called the remainder and is equal to:

for an appropriate value such that
As a result of this expansion, an approximate value of the function f near
the point
is obtained by neglecting the remainder
in Eq. (A.1). In
principle, the more terms one chooses to keep in the expansion, the more
accurate result one will get.
is used to evaluate the magnitude of the
calculation error. It is often useful to carry the Taylor expansion near an
extremum of the function f because some of its derivatives are then equal to
zero and a simplified expression is obtained.
A few examples of Taylor expansion for commonly used functions are
given below:
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There exist convergence ranges in evaluating the infinite sums in Eq.
(A.3) to Eq. (A.6). This means that the Taylor expansion will no longer be
valid when trying to evaluate the sums for a value of x outside the
convergence range. For example: the convergence range for
sin(x) and
cos(x) is
whereas the convergence range for In(l-x) is

Appendix

A.6. Fourier series and the Fourier transform
Fourier series
A function f(t) is periodic with a period T when it satisfies f(t+T)=f(t) for
any value of t. If such a periodic function is also piecewise continuous, then
it can be written as the sum of trigonometric functions such that:

where we have denoted

and:

Such a sum of trigonometric functions is called the Fourier series of f(t),
and the coefficients
and
are called its Fourier coefficients. The
usefulness of such a mathematical expansion lies in its physical
interpretation. Indeed, one can see that a periodic function of time can be
decomposed into individual sine-like and cosine-like components, each
periodic with a frequency nw where n is an integer. The magnitude of each
component is given by the Fourier coefficients and
One can therefore
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obtain a “spectrum of frequencies” for the original function, which finds a
number of applications in physics phenomena.
For example, the Fourier expansion of the function shown in Fig. A.13,
is:

Fourier transformation
The Fourier transformation is a mathematical operation which consists
of associating to a given function f a second function, called its Fourier
transform F. The functions f and F do not operate on the same variables.
The Fourier transform is similar to a Fourier series but can be applied to a
general function f(t) as long as it is pulse like and

Its

Fourier transform F is then defined by:

Note that the Fourier transform F operates on frequencies w, whereas
the original function f operates on time t. The Fourier transform plays the
same role as the Fourier coefficients in Eq. (A.7), except that the
summations on frequencies are now continuous rather than discrete. The
original function f can be expressed in terms of its Fourier transform F
through:
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For example, the Fourier transform of the function shown in Fig. A.14
is:
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A.7.

The thermionic emission

The thermionic emission theory is a semi-classical approach developed by
Bethe [1942], which accurately describes the transport of electrons through
a semiconductor-metal junction. The parameters taken into account are the
temperature T, the energy barrier height
and the bias voltage V between
the far-ends of the semiconductor and the metal. These quantities are
illustrated in Fig. A.15.

The theory is based on the following three assumptions: (i) the energy
barrier height
at the interface is much higher than
(ii) the junction
plane is at thermal equilibrium, (iii) this equilibrium is not affected by the
presence of an electrical current. By assuming these, the thermionic
emission current only depends on the energy barrier height and not its
spatial profile. Furthermore, the total current is therefore the sum of the
current from the semiconductor into the metal, denoted
and that of
the metal into the semiconductor, denoted
To calculate the first current,
the theory assumes that the energy
of the electrons in the conduction band is purely kinetic, and that their
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velocity is isotropically distributed. The current density from the
semiconductor into the metal can be calculated by summing the current
contribution from all the electrons that have an energy higher than the
barrier
and that have a velocity component from the semiconductor
toward the metal. This results in the following expression:

or:

where
is the Boltzmann constant, V is the bias voltage,
is the
barrier height, T is the temperature in degrees Kelvin, h is Plank’s constant
and m* is the electron effective mass in the direction perpendicular to the
junction plane, and

is called the effective Richardson

constant for thermionic emission. This quantity can be related to the
Richardson constant for free electrons,
as discussed
below.
For n-type semiconductors with an isotropic electron effective mass m*
in the minimum of the conduction band, we have

where

is

the electron rest mass.
For n-type semiconductors with a multiple-valley conduction band, the
effective Richardson constant A* associated with each local energy
minimum is given by
and are the direction cosines corresponding to this energy minimum in the
First Brillouin zone.
In the case of a p-type semiconductor, we need to consider the heavyhole and the light-hole bands in the valence band, both of which have their
maximum at the center of the Brillouin zone. The effective Richardson
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constant is then given by the following expression
where

and

are the heavy-hole and light-hole effective masses,

respectively. A few examples of values for

are given in Table A.1.

The second current contribution to the thermionic emission current is the
current flowing from the metal into the semiconductor,
As the barrier
height for the transport of electrons in this direction is independent of the
applied bias voltage V (Fig. A.15(b)),
is also independent of the bias
voltage.
is therefore equal to the opposite of
when V=0,
because no net current exists at equilibrium. Using Eq. (A.16), we obtain:

The total current density is therefore:
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This expression shows that the thermionic emission current resembles
the diode equation obtained in Eq. ( 10.46 ). The difference lies in the
saturation current density which is now given by:
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A.8.

Physical properties and safety information
of metalorganics

Fig. A.16 and Fig. A.17 summarize some of the basic physical properties of
metalorganic sources commonly used in MOCVD, including their chemical
formula and abbreviation, boiling point, melting point, and the expression of
their vapor pressure as a function of temperature.
Additional information, including safety data, is also provided for a
number of important metalorganic sources, including diethylzinc (Table
A.2), trimethylindium (Table A.3), triethylindium (Table A.4),
trimethylgallium (Table A.5), and triethylgallium (Table A.6).
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umklapp processes
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