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Abstract. The maximal clique that contains an edge which is not

contained in any other maximal cliques is called essential. A graph

in which each maximal clique is essential, or equivalently the set of all

maximal cliques is a set of least number of maximal cliques that con-

tains every edge, is said to be maximal clique irreducible. Max-

imal clique irreducible graphs were introduced and studied by W.D.

Wallis and G.-H. Zhang in 1990 [8]. We call a graph weakly maxi-

mal clique irreducible if the set of all essential maximal cliques is

a set of least number of maximal cliques that contains every edge. In

this article, we consider the characterization problem of the weakly

maximal clique irreducible graphs, which extends the notion of max-

imal clique irreducible graphs.

1. Background and Introduction

In this paper, all graphs considered are finite, undirected, and without
multiple edges or loops. If G and H are two graphs, then G is said to be
H-free if it contains no induced subgraph isomorphic to H. For terminology
not defined here, please see [7].

A clique in a graph G is a subset Q of the vertex set V (G) such that every
two vertices in Q are adjacent. The complete subgraph induced by a clique
is also called a clique. A clique is maximal if it not properly contained in
any other clique. An edge (maximal resp.) clique covering of a graph G is a
set of (maximal resp.) cliques that contains every edge in G. We denote by
ECC (EMCC resp.) an edge (maximal resp.) clique covering, and mECC
(mEMCC resp.) an edge (maximal resp.) clique covering of the minimum
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size , and cc(G) the number of cliques in an mECC/mEMCC of a graph G.
A maximal clique containing an edge which is not in any other maximal
clique is of our interest:

Definition 1.1. For a graph G,

(1) M(G) is the set of all maximal cliques in G, and m(G) = |M(G)| =
the number of maximal cliques in G.

(2) A maximal clique Q ∈ M(G) is called essential if there exists an
edge e in Q that is not in any other maximal clique in G, and
inessential otherwise.

(3) EM(G) = the set of all essential maximal cliques in G, and em(G) =
|EM(G)| = the number of essential maximal cliques in G.

In [4] we have the following observations:

Propersition 1.1. For any graph G,

(1) EM(G) ⊆ q ⊆ M(G), where q is an EMCC of G;
(2) em(G) ≤ cc(G) ≤ m(G);
(3) em(G) = cc(G) if and only if EM(G) is an mECC;
(4) cc(G) = m(G) if and only if M(G) is an mECC;
(5) cc(G) = m(G) if and only if M(G) = EM(G);
(6) cc(G) = m(G) ⇒ em(G) = cc(G).

Definition 1.2. For a graph G,

(1) G is said to be maximal clique irreducible if cc(G) = m(G).
(2) G is said to be weakly maximal clique irreducible if cc(G) =

em(G).

Remark 1.1. The notion of maximal clique irreducible graphs was intro-
duced and studied by W.D. Wallis and G.-H. Zhang in 1990 [8]. It was
noticed by Opsut and Roberts [6] in 1981 that any interval graph is maxi-
mal clique irreducible, in particular.

Remark 1.2. From previous proposition 1.1, we notice that for a graph G,
cc(G) = m(G), or equivalently being maximal clique irreducible, is the same
as saying the set of all maximal cliques M(G) is an edge clique covering of
minimum size (mECC). Also for a graph G, cc(G) = em(G), or equivalently
being weakly maximal clique irreducible, is the same as saying the set of all
essential maximal cliques EM(G) is an edge clique covering of minimum
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size (mECC). Note that for either maximal clique irreducible or weakly
maximal clique irreducible graphs, there is a unique edge maximal clique
covering of minimum size.

It is interesting to consider the following characterization problems:

(1) Characterize and/or give efficient algorithms for recognizing the
graphs G with m(G) = cc(G), i.e., maximal clique irreducible.

(2) Characterize and/or give efficient algorithms for recognizing the
graphs G with em(G) = cc(G), i.e., weakly maximal clique irre-
ducible.

For a graph, the concept of edge clique coverings is closely related to
the one of set representations of intersection graphs, as pointed out by P.
Erdős, A. Goodman, and L. Posa in [2]. A graph G is uniquely intersectable
([1, 5]) if there is a unique family (up to isomorphism) of distinct subsets
of a ground set with minimum cardinality, such that G is isomorphic to
the intersection graph of such family of set representations. If some of the
subsets are allowed to be same, then G is said to be uniquely intersectable
with respect to multifamilies(uim). A graph is called hereditary uim
if every induced subgraph is uim. In [4, 5], we studied uim graphs and
generalized previously known results. Among others, we proved that a
graph G is hereditary uim if and only if every induced subgraph of G has
a unique mECC if and only if G is NP4-free and NC4-free (see Figure 1).
Note that G is NP4-free and NC4-free if and only if G is locally P4-free
and C4-free, i.e. for each vertex v in V (G), the subgraph induced by its
neighbors N(v) is P4-free and C4-free. The key observation in showing the
above characterization is that, for a graph, NP4-free and NC4-free implies
cc(G) = m(G). In proving the key observation we made use of M. C.
Golumbic’s characterization for trivially perfect graphs, and then passed
local results to global ones[4]. Note that a graph G is called trivially
perfect if for each A ⊆ V (G) the induced subgraph GA satisfies α(GA) =
m(GA), where α(GA) is the size of a maximum independent set of GA, and
M. C. Golumbic’s result[3] is as follows: for a graph G, G is trivially perfect
if and only if G is P4-free and C4-free.

In this paper, we characterize the weakly maximal clique irreducible
graphs of hereditary type. While Golumbic have obtained the characteri-
zation of hereditary type for graphs G with the property m(G) = α(G) and
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Figure 1. NP4 and NC4

Wallis and Zhang have obtained the characterization of hereditary type for
graphs G with the property m(G) = cc(G), precisely we obtain a forbidden
subgraph characterization for a graph G with the property em(G) = cc(G)
and so is each induced subgraph of G.

2. Characterizations

W.D. Wallis and G.-H. Zhang in [8] have obtained a result that if a
graph G is not maximal clique irreducible, then G must contain an induced
subgraph isomorphic to F1, F2, F3, or F4. (see Figure 2) The result is
equivalent to the following characterization theorem 2.2. However for com-
pletion, here we still restate it in a forbidden subgraph characterization
format and provide with a proof from a different point of view. Let’s start
with a lemma and its application first:

Lemma 2.1. For any inessential maximal clique Q of a graph, there must
exist an induced triangle in Q such that the three edges belong to three
different maximal cliques (on at least three vertices) respectively other than
Q itself.

Proof. For a vertex u in an inessential maximal clique Q, it is impossible
that every edge in Q incident to u belongs to certain single maximal clique
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Figure 2. F1, F2, F3 and F4
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other than Q since Q is maximal. Thus there exist at least two edges, say
uv , uw which belong to two different maximal cliques other than Q. But
this implies the third side vw is in another maximal clique other than Q.
Therefore the triangle uvw is desired. ¤

Remark 2.1. Note that every maximal K2 is essential. Therefore, if a
graph G has an inessential maximal clique Q, then by Lemma 2.1, G has at
least four maximal cliques (including Q) on three or more vertices. In other
words, for a graph G, if the number of maximal cliques on three or more
vertices are less than four, then cc(G) = m(G), and hence cc(G) = em(G).
This observation provides with examples for both maximal clique irreducible
and weakly maximal clique irreducible graphs as interval graphs do.

The following is the characterization of hereditary type for the maximal
clique irreducible graphs:

Theorem 2.2. For a graph G, for each A ⊆ V (G) the induced subgraph
GA satisfies cc(GA) = m(GA) if and only if G is F1-free, F2-free, F3-free
and F4-free. (see Figure 2)

Proof. Note that for 1 ≤ i ≤ 4, cc(Fi) 6= m(Fi) and for each proper induced
subgraph F ′i of Fi we have cc(F ′i ) = m(F ′i ). Thus to show this theorem
is true it suffices to show that if cc(G) 6= m(G), then G contains F1, F2,
F3 or F4. Suppose cc(G) 6= m(G), then there exists a maximal clique Q

which is inessential. We claim that there exists an induced triangle uvw

in Q so that the edges uv, vw and wu belong to three different maximal
cliques other than Q itself. If so, then by exhausting all possibilities, it is
easy to see the graph G shall contain F1, F2, F3, or F4. The claim is true
by Lemma 2.1. So we are done. ¤

More generally, we have the following characterization of hereditary type
for the weakly maximal clique irreducible graphs:

Theorem 2.3. For a graph G, for each A ⊆ V (G), the induced subgraph
GA satisfies em(GA) = cc(GA) if and only if G is G1-free, G2-free,......,
and G19-free. (see Figure 3)

Proof. It suffices to show that if em(G) 6= cc(G) then G contains G1...G18

or G19 as induced subgraphs, because for 1 ≤ i ≤ 19, em(Gi) 6= cc(Gi)
and for each proper induced subgraph G′i of Gi we have em(G′i) = cc(G′i).
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Figure 3. G1,......, G19
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Figure 4. Basic Figures
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Note that if em(G) 6= cc(G), then there exists an inessential maximal clique
Q which belongs to some edge maximal clique covering of minimum size,
say q. Also there is some edge e in Q which is not in any other maximal
clique in q. Since Q is inessential, the edge e is shared with some other
maximal clique, say Q′. Note that Q′ is not in q and Q′ is also inessential
because every essential maximal clique is in q. Therefore G contains a
diamond uvwx with uw = e (as in Figure 4), where v ∈ Q and x ∈ Q′. We
may choose v ∈ Q in such a way that these two edges uv, vw belong to
two different maximal cliques of q other than Q, since otherwise e will be
contained in another maximal clique of q, a contradiction. Now for fixed v,
there is x ∈ Q′ so that v and x not adjacent.

CASE 1: If ux, xw are in the same maximal clique other than Q, then
G contains F3 or F4, which are isomorphic to G18, G19 respectively.

CASE 2: If ux, xw are in two different maximal cliques other than Q,
then we may obtain these 19 subgraphs G1, G2, ....., G19 by exhausting all
possibilities among the vertices of the Basic Figure in Figure 4. ¤

In particular, forbidding these 19 subgraphs G1, G2, ......, G19 gives a
sufficient condition for graphs with above mentioned property, and hence
a polynomial time algorithm for recognizing such class of graphs as well.
However, the problems for characterizing the general class of weakly maxi-
mal clique irreducible graphs remain open.
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