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Abstract

Given a graphG, its clique hypergraphC(G) has the same set of vertices asG and
the hyperedges correspond to the (inclusionwise) maximal cliques ofG. We consider the
question of bicolorability ofC(G), i.e., whether the vertices ofG can be colored with two
colors so that no maximal clique is monochromatic. Our two main results say that deciding
the bicolorability ofC(G) is NP-hard for perfect graphs (and even for those with clique
number 3), but solvable in polynomial time for planar graphs.
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1. Preliminaries

Given a graphG= (V ,E), its clique hypergraphC(G) has vertex setV , and
the hyperedges correspond to the cliques (complete subgraphs) ofG maximal
under inclusion. A coloring of the vertices of a hypergraph is said to beproper if
no hyperedge is monochromatic.

The question of coloring the clique hypergraph of a given graph was raised by
Duffus et al. [5, p. 116]. One of the interesting open questions asks whether the
clique hypergraph of everyperfect graphcan be properly colored with a bounded
number of colors. As a matter of fact, it is not even known whether there exists
any perfect graph whose clique hypergraph has chromatic number greater than 3.
Recently, the problem has been investigated by Bacsó et al. in [4] where also the
question concerning the computational complexity of determining the chromatic
number of clique hypergraphs, and in particular the problem of deciding their
bicolorability, is raised.

It is easy to argue that the bicolorability of clique hypergraphs is NP-hard in
general. Consider a formulaΦ as an instance of not-all-equal satisfiability (see
formal definition in Section 2), which is well known to be NP-complete. Con-
struct a graphG where, for every variablex, we take an edge joining verticesx
and x̄, and for every clausec, we take a clique on verticesc
 for all literals 

occurring inc (a literal is a variable or its negation). Finally, for every literal
,
connect
 andc
 by an edge, for all clausesc containing
. The maximal cliques
of G are the edgesxx̄ and
c
, and the clause cliques{c
: 
 ∈ c}. It follows that
the vertices ofG can be bicolored without monochromatic maximal cliques if and
only if Φ is not-all-equal satisfiable.

Alternatively, NP-hardness can be deduced from that of hypergraph 2-color-
ability. In a hypergraphH = (X,E), we take each vertexx ∈ X and as many
further copiesxE as the number of edgesE ∈ E containingx. Join eachx with
all thosexE by (2-element) edges, and draw a complete graph on the vertex
set {xE: x ∈ E} for eachE ∈ E . In the graphG obtained, every 2-coloring of
the cliques makes the neighborhood ofx monochromatic. Therefore,C(G) is 2-
colorable if and only if so is the original hypergraphH.

As concerns the membership in NP, it depends how the input to the problem of
bicoloring the clique hypergraph is understood. The problem is straightforwardly
in NP if the clique hypergraph itself is given as the input. If the input to the
problem is the underlying graph, we can claim NP-membership in the case when
the input graph is guaranteed to have only a polynomial number (in terms of the
number of vertices) of maximal cliques. This is, e.g., the case of planar graphs.
(In general, it is possible to list all maximal cliques of a graph in time polyno-
mial in the number of the cliques and the number of vertices, more precisely, with
polynomial-time delay between consecutively listed maximal cliques [10]. For
planar graphs, the argument is even simpler, since it suffices to check all subsets
of at most four vertices.)
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In this paper we consider the bicolorability problem of clique hypergraphs
restricted to special classes of graphs. First we answer a question of [4],
showing that the problem remains NP-hard for perfect graphs. Actually, this high
complexity holds already for perfect graphs of clique number 3. Then we solve
a problem of Mohar and Škrekovski [14], proving that for all (not necessarily
perfect) planar graphs, bicolorability of their clique hypergraphs can be decided
in polynomial time. In fact, a stronger assertion is also valid, for any collection of
(not necessarily maximal) cliques of planar graphs.

Let us mention that the related problem of determining the minimum number
of vertices that meet all cliques (i.e., thetransversal numberor covering number
of the clique hypergraph) has also been investigated in a series of papers [1–
3,6,18]. Still, many problems remained unsolved. For instance, is the “clique-
transversal number” of a graph withn vertices at most 5n/9 if the graph is perfect
and planar, or at mostn/4 if the graph is chordal and each maximal clique has at
least four vertices?

We need to make some observations about the not-all-equal satisfiability
problem before proving the results.

2. Not-All-Equal Satisfiability

The following problem is well known to be NP-complete [17]:

NAE-SAT
Instance: A boolean formulaΦ in CNF over a setX of variables and a setC of

clauses, each clause containing 3 distinct literals.
Question: IsΦ not-all-equal satisfiable, i.e., is there a truth valuation ofX such

that every clause contains at least one true and at least one false literal?

We consider a restricted version of this problem. We call a formulaΦ an
(� k,� s)-formula if every clause contains at mostk distinct literals and every
variable is contained (positive or negated) in at mosts clauses. We assume,
without loss of generality, that no clause contains both a variable and its negation
(such a clause would be a priori NAE-satisfied) and that every clause contains at
least two literals (otherwise the formula would be a priori non-NAE-satisfiable).
We further call a formulaall-positive if all literals are positive variables. The
problem NAE-SAT restricted to(� k,� s)-all-positive formulas will be denoted
by (� k,� s)-All + NAE-SAT. We claim:

Theorem 2.1. The problem(� 3,� 3)-All + NAE-SAT is NP-complete.

Proof. Given an arbitrary formulaΦ as an instance of NAE-SAT, we show how
to reduce the degrees of variables and how to get rid of negations. We assume that
every clause has exactly three literals.
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First, consider a variablex which occurs ins clauses, sayc1, c2, . . . , cs . Create
s new variablesxi , i = 1,2, . . . , s. Replace the occurrence ofx in each particular
clauseci by the new variablexi . Add clauses(xi, x̄i+1) for i = 1,2, . . . , s, where
xs+1 = x1. These new clauses are NAE-satisfied if and only if all variablesxi
(i = 1,2, . . . , s) are assigned the same value. Therefore the formulaΦ ′ obtained
by such local replacements performed for all variables occurring in more than 3
clauses is not-all-equal satisfied if and only ifΦ is. NowΦ ′ is an (� 3,� 3)-
formula.

Next we attend to the negations. If a variablex occurs in a clausec negated, we
introduce a new variablexc, replace the occurrence ofx̄ in c by xc (positive) and
introduce a new clauseccx = (x, xc). This new clause is not-all-equal satisfied if
and only ifx andxc receive opposite values. Hence in a not-all-equal-satisfying
assignment,xc has the same value asx̄. Therefore the formulaΦ ′′ obtained by
such local replacements for all negated occurrences of variables is not-all-equal
satisfied if and onlyΦ is.

Clearly,Φ ′′ is constructed fromΦ in polynomial time andΦ ′′ is an(� 3,� 3)-
all-positive formula. ✷

Given a formulaΦ, the graph of this formula is the bipartite graph

GΦ = (
X ∪C, {xc: x ∈ c ∨ x̄ ∈ c})

whose vertices are the variables and the clauses ofΦ, and the edges connect
variables to clauses containing them or their negations. The formula is called
planar if the graphGΦ is planar. It is known that the Satisfiability problem
remains NP-complete when restricted to planar formulas (cf. Lichtenstein [13]).
On the other hand, the following statement shows that planarity does make a
difference in the case of not-all-equal satisfiability. We include a proof for the
sake of completeness. The result will be used in Section 4.

Lemma 2.2. Not-all-equal satisfiability of planar formulas is solvable in
polynomial time.

Proof. Given a planar formulaΦ, constructΦ ′′ as in the previous proof. Since
GΦ′′ is obtained fromGΦ by subdividing some edges,Φ ′′ is planar. (Note that we
do not need to constructΦ ′ on the way fromΦ toΦ ′′ in this case.) Now construct
another planar graph̃G fromGΦ′′ by replacing each clause vertexc by a clique
(triangle or a pair) on newly added verticescx for the variablesx occurring inc.
We argue that not-all-equal satisfiability ofΦ ′′ can be solved via MAX-CUT in
planar graphs. (The problem MAX-CUT asks for bicoloring the vertices of a given
graph so that the number of edges which meet both color classes is maximized.) In
a bicoloring of the vertices of̃G, every clique corresponding to a 3-clause can bear
at most two bicolored edges, and every clique (edge) corresponding to a 2-clause
gives rise to at most one such edge. The number of bicolored edges is thus at most
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twice the number of 3-clauses plus the number of 2-clauses plus the number of
variable-clause incidences. And this number is attained by a bicoloring if and only
if Φ ′′ is not-all-equal satisfied (to see this, regard the colors astrue andfalse and
the restriction of the bicoloring to the variable vertices ofG̃ as a truth valuation of
the variables ofΦ ′′). Hence, the not-all-equal satisfiability of planar formulas can
be decided via MAX CUT of planar graphs, known to be polynomially solvable
(cf. [9,15], or [16, p. 190].) ✷

Let us note that not-all-equal satisfiability of general planar formulas (with no
restriction on the numbers of literals in clauses) can be reduced to planar NAE-
SAT (with 3 variables per clause) and hence the MAX-CUT technique applies to
general planar not-all-equal satisfiability. We omit the details here.

3. Perfect graphs

As noted in Section 1, bicoloring clique hypergraphs is an NP-hard problem.
Here we prove a stronger result, namely that the NP-hardness prevails even if
the underlying graph is perfect. This shows that bicoloring clique hypergraphs is
a more difficult problem than coloring the underlying graph optimally, since the
latter is known to be polynomially solvable for perfect graphs.

Theorem 3.1. Bicoloring clique hypergraphs of perfect graphs is NP-complete,
even if the underlying graph has clique size at most3.

Proof. Note that for graphs of maximum clique size three, the problem of
bicoloring their clique hypergraphs belongs to NP regardless of how the input
is understood (whether as the underlying graph or as its clique hypergraph).

We reduce(� 3,� 3)-All + NAE-SAT to the bicolorability of clique hyper-
graphs of perfect graphs. Given a formulaΦ, we construct a perfect graphG such
thatC(G) is bicolorable if and only ifΦ is not-all-equal satisifiable.

An auxiliary graph used in the construction is the graphH(a,b) depicted in
Fig. 1. We will glue copies of this graph to the constructed graphG; each time
the specified verticesa, b will be vertices of the so far constructed graph while
the remaining vertices of a particularH(a,b) will be newly created and further
on will have no other adjacencies in the final graphG. The role ofH(a,b) is
captured by the following claim:

Claim 1. The clique hypergraph ofH(a,b) is bicolorable, and in each proper
bicoloring the verticesa, b receive the same color.

Proof. All edges of the patha,h1, h2, h3, h4, h5, h6, h7, b are maximal cliques,
and thus every proper bicoloring is alternating on this path. Thereforea andb
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Fig. 1. The auxiliary graphH(a,b).

Fig. 2. An example of the construction for a clauser(x)= (x, y, z) and variablex further occurring
in clausesd , e.

receive the same color. On the other hand, coloringa, b,h2, h4, h6 black and
h1, h3, h5, h7 white does not create any monochromatic clique.

Now assume we are given an(� 3,� 3)-all-positive formulaΦ with a variable
setX and a clause setC. AsΦ has no negations, clauses can be viewed as 2- or
3-element subsets of the variable set. We constructG as follows. (Cf. Fig. 2 for
illustration.) For every clausec and every variablex occurring inc, we create
verticesxc and cx . For every clausec, the verticescx with x ∈ c will form a
clique. For every variablex, the verticesxc, for clausesc containingx, will also
form a clique.

For every variablex, choose one clause containingx and call itr(x). Make
xc adjacent tocx for c �= r(x), and connectxr(x) to r(x)x by a path of length 3
with inner verticesx1, x2. AddH(x1, x2), add a vertexx3 adjacent tox1 andx2,
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and if x occurs in 3 clauses, addH(xd, xe) (whered, e are the other two clauses
containingx different fromr(x)).

First we show thatΦ is not-all-equal satisfiable ifC(G) is bicolorable. Let
f :V (G)→ {black, white} be a proper bicoloring ofC(G). Setφ(x) = true iff
f (xr(x)) = black. Since{xr(x), x1}, {x2, r(x)x} and {xc, cx} (for c �= r(x)) are
maximal cliques of size 2, necessarilyf (xr(x)) �= f (x1), f (x2) �= f (r(x)x) and
f (xc) �= f (cx) (for c �= r(x)). SinceH(x1, x2) forcesf (x1) = f (x2), we have
f (xr(x))= f (r(x)x). If x occurs in 2 clauses only, sayr(x) andd , then{xd, xr(x)}
is a maximal clique andf (xr(x)) �= f (xd). If x occurs in 3 clauses, sayr(x),
d and e, thenH(xd, xe) implies f (xe) = f (xd) and hencef (xd) �= f (xr(x))
since the maximal clique{xd, xe, xr(x)} would be monochromatic otherwise. In
any case,φ(x) = true iff f (cx) = black for every clausec containingx, and
φ(x)= false iff f (cx)= white for every such clause.

Consider a clausec. The corresponding maximal clique{cx : x ∈ c} is not
monochromatic, and hence it contains variablesx andy such thatf (cx)= black
(henceφ(x)= true) andf (cy)= white (thereforeφ(y)= false). Hencec is not-
all-equal satisfied and so is the entire formula.

Similarly, C(G) is bicolorable whenΦ is not-all-equal satisfiable. To see this,
assume thatφ :X→ {true, false} is a truth valuation that not-all-equal satisfiesΦ.
Set f (x3) = f (xr(x)) = f (cx) = black (for all c containingx) and f (x1) =
f (x2)= f (xc) = white (for all c �= r(x) containingx) iff φ(x)= true (and vice
versa), and extend this coloring to the auxiliary graphsH(xc, xd) andH(x1, x2)

according to Claim 1 above.
Finally, we argue thatG is perfect.
The graph is 3-colorable, because each of its nonempty induced subgraphs

contains a vertex of degree at most 2. Moreover, each triangle-free induced
subgraph is bipartite, since every induced cycle of length greater than 4 alternates
between the variable and clause parts of the graph, using always exactly one edge
of the formxcxd and one edge of the formdxdy , wherexd anddx are joined by
a path of odd length (either an edge or aP4). Thus, for every induced subgraph
of G, the chromatic number equals the maximum clique size.✷

Note that the result is best possible concerning the clique size ofG, since bi-
coloringC(G) is polynomial if the underlying graphG is triangle-free. Indeed, in
that caseC(G)=G and the clique graph is bicolorable if and only ifG is bipar-
tite. On the other hand, the complexity of deciding bicolorability ofC(G) is open
for perfect graphs with all maximal cliques having size� 3 (or� k for some fixed
k � 3).

4. Planar graphs

In this section we present a polynomial-time algorithm to decide the bicol-
orability of clique hypergraphs of planar graphs. This provides a solution to Prob-
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lem 5.3 of [14]. Moreover, since Mohar and Škrekovski proved in [14] that clique
hypergraphs of planar graphs are 3-colorable, our result has the following further
consequence:

Corollary 4.1. The chromatic number of the clique hypergraph of a planar graph
can be determined in polynomial time.

Note here that for the polynomiality argument we may assume that the input of
the problem is the graph itself, since planar graphs have only polynomially many
cliques.

It may be interesting to note that clique hypergraphs of planar graphs show
difference in complexity of coloring and list-coloring problems. It was observed
by Kratochvíl and Škrekovski [11] that given a planar graph and a list of two
feasible colors at every vertex, it is NP-complete to decide if the vertices can be
colored from their lists so that no maximal clique is monochromatic.

Throughout this section, we assume thatG is a planar graph and that a
noncrossing planar drawing ofG is fixed. Every subgraph ofG is automatically
considered with the drawing inherited from the drawing ofG. A triangle inG is
calledseparatingif both the inner region determined by the triangle and the outer
one are nonempty (i.e., contain vertices ofG).

For a cliqueQ of G, we denote byGQ the subgraph ofG induced by the
vertices ofQ and all vertices lying inside the regions bounded by the triangles
of Q. Let M be a set of (not necessarily all and not necessarily maximal)
cliques ofG. We say that a bicoloring ofGQ is proper with respect toM if
no clique ofM whose all vertices belong toGQ is monochromatic. We denote
MQ = {C: C ∈M ∧C ⊆GQ} (so a bicoloring ofGQ is proper with respect toM
if and only if it is proper with respect toMQ).

4.1. Outline of the algorithm

The algorithm, which in principle is dynamic programming, is based on two
key ideas. First, we actually solve a more general problem. We claim:

Theorem 4.2. LetM be a set of(not necessarily maximal) cliques of a planar
graphG, and letH = (V (G),M). It is polynomial to decide ifH is bicolorable.

Note that in general coloringH = (V (G),M) is more difficult than coloring
C(G). In particular, determining the chromatic number ofH = (V (G),M) for
planar graphsG is already NP-hard, since this problem includes 3-colorability of
planar graphs, a problem well known to be NP-complete [8].

It can be assumed without loss of generality that no two cliques ofM are
in inclusion, as otherwise deleting the larger one fromM we would obtain an
equivalent instance of the bicoloring problem.
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Next, we present a simple observation that plays a key role in the algorithm.
GivenH = (V (G),M), we denote byΦ(M) the formula whose variables are the
vertices ofG and the clauses are the cliques belonging toM (henceΦ(M) is an
all-positive formula with clauses of size at most 4). Note thatH is bicolorable if
and only ifΦ(M) is not-all-equal satisfiable.

Observation 4.3. If M contains no separating triangles and no cliques of size4,
then the formulaΦ(M) is planar.

Proof. We start with the fixed noncrossing drawing ofG, and we add vertices
corresponding to the clauses ofΦ(M), i.e., to the cliques ofM. SinceM has
noK4, these cliques are either edges or nonseparating triangles. Cliques of size 2
will be represented by vertices subdividing the corresponding edges, and cliques
of size 3 will be represented by vertices placed in the centers of the corresponding
triangular faces (of course, each nonseparating triangle bounds at least one face).
The edges of the original graphG are omitted. ✷

Note that this observation gives only sufficient conditions for the planarity of
Φ(M). The bicolorability ofH can then be tested in polynomial time. Indeed,
Φ(M) is planar and has clauses of size at most 3 only, so we can decide its not-all-
equal satisfiability via MAX-CUT in planar graphs, as described in Lemma 2.2.

In view of this observation we will call a cliquebad if it is a K4 or it is a
separating triangle in the fixed drawing ofG. Associating to each clique the region
surrounded by its boundary edges (for aK4 this means disregarding the internal
vertex), it follows immediately that the regions of bad cliques are partially ordered
under inclusion and, what is more, their Hasse diagram is a forest in which all
minimal elements are leaves.

This fact has two simple but important consequences. First, the tree structure
on the bad cliques allows us to apply dynamic programming techniques, as will
be given in detail below. Second, in order to guarantee polynomial running time,
we can deduce that a planar graph withn vertices cannot have more thann− 3
bad cliques. To prove this, choose a bad cliqueQ which is a minimal element in
the Hasse diagram. Its interior contains at least one vertex ofG. Removing all
those internal vertices,n decreases by at least 1, while the number of bad cliques
decreases by precisely 1. Hence, the assertion follows by induction. (The bound
n−3 is tight, as shown byK4 and in fact by all uniquely 4-colorable planar graphs
built fromK3 by successively splitting triangular faces intoK4’s.)

Table 1 displays our algorithm for deciding bicolorability ofH. Step 4 of the
algorithm (i.e., the subroutine for identifying extendible bicolorings ofQ and the
replacement rulesGQ → Q̃) will be treated in detail in the next subsection. It
is straightforward that the algorithm answers the bicolorability ofH correctly.
Concerning its running time, note that the loop (steps 3–5) is performed at most
n− 3 times, and each time the time-dominating factor is the planar MAX-CUT
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Table 1
Outline of the algorithm for testing bicolorability ofH = (V (G),M)
Algorithm
Input: A planar graphG and a setM of cliques ofG.
1. Fix a noncrossing planar drawing ofG.
2. If M has no bad cliques, solve the not-all-equal satisfiability ofΦ(M) directly via MAX-CUT,

asΦ(M) is planar. Halt.
3. If M contains bad cliques, choose a region-wise minimal one (i.e., a bad cliqueQ such that the

subgraphGQ contains no other bad clique fromM).
4. Call a subroutine that would identify all possible bicolorings ofQ that extend to bicolorings

of GQ which leave no clique ofMQ monochromatic. Depending on the outcome of this
subroutine, replace theGQ subgraph ofG by a simple subgraph̃Q and adjustM to M ′, so
that the new graphG′ has fewer bad cliques with respect toM ′ thanG had with respect toM,
and so thatH′ = (V (G′),M ′) is bicolorable if and only ifH is.

5. SetH = H′ and goto 2.

algorithm used in the subroutine, and that is polynomial. This concludes the proof
of Theorem 4.2.

4.2. Details of the replacement phase

Let T = {a, b, c} be a triangle ofG. We call a bicoloringf of GT
homogeneousif f (a) = f (b) = f (c), and we call it(a;b, c)-heterogeneousif
f (a) �= f (b) = f (c). The following constructions are aimed at deciding when
GT has a homogeneous or heterogeneous bicoloring of particular type. We denote
by GHom

a,b,c the graph obtained fromGT by adding two paths of length 2, one
connecting the verticesa and b, and the other one connecting the verticesa
and c. We letMHom

a,b,c contain all cliques ofMT plus the 2-cliques (i.e., edges)
of the added paths. (Here we assume thatT /∈M since otherwise no homogenous
bicoloring ofGT is proper with respect toM and we can output this fact without
calling any subroutine.) For heterogeneous colorings, we setaG

Het
b,c = GT and

aM
Het
b,c = (MT − {T }) ∪ {{a, b}, {a, c}}. In the illustrative pictures, cliques ofM

are marked with bold lines.

Fig. 3. The construction ofaGHet
b,c

andGHom
a,b,c

.
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Lemma 4.4. The subgraphGT has an(a;b, c)-heterogeneous bicoloring which
is proper with respect toM if and only if aGHet

b,c has a bicoloring proper with

respect toaMHet
b,c . Similarly,GT has an(a, b, c)-homogeneous bicoloring which

is proper with respect toM if and only ifGHom
a,b,c has a bicoloring proper with

respect toMHom
a,b,c.

Proof. Consider firstaGHet
b,c = GT . If f is a bicoloring proper with respect to

aM
Het
b,c , we havef (a) �= f (b) and f (a) �= f (c), sinceab and ac are cliques

of aMHet
b,c . It follows thatT is not monochromatic and hencef is an (a;b, c)-

heterogeneous bicoloring proper with respect toM. On the other hand, any
(a;b, c)-heterogeneousbicoloring proper with respect toM is proper with respect
to aMHet

b,c .

Next suppose thatg is a bicoloring ofGHom
a,b,c proper with respect toMHom

a,b,c.
The colors along the added paths must alternate, and henceg(a) = g(b) and
g(a) = g(c). It follows that T is monochromatic and henceg is an (a, b, c)-
homogeneous bicoloring proper with respect toM. On the other hand, any
(a, b, c)-homogeneousbicoloring proper with respect toM can be easily extended
to a bicoloring ofGHom

a,b,c proper with respect toMHom
a,b,c. ✷

Corollary 4.5. If MT contains no bad cliques(apart from possiblyT itself)
then one can decide in polynomial time ifGT allows an(a;b, c)-heterogeneous
bicoloring proper with respect toM, as well as ifGT allows an (a, b, c)-
homogeneous bicoloring proper with respect toM.

Proof. Adding paths connecting vertices ofT to the fixed drawing ofGT does
not destroy planarity, but drawing the paths inside the triangleT may create new
separating triangles. Therefore we draw these paths in the outer region determined
by T . This will not create any new separating triangles (norK4’s) except the
triangleT , since all vertices ofGT are in the region ofT . Note, however, that
T itself is not a clique inaMHet

b,c (nor in MHom
a,b,c) and thereforeΦ(aMHet

b,c ) and

Φ(MHom
a,b,c) are planar formulas. ✷

If Q = {a, b, c, d} � K4 is a clique such thatMQ does not contain bad
cliques (apart from possiblyQ itself), we can use the preceding approach to
identify all extendible colorings ofQ as well. In a planar drawing ofK4, one
of the four vertices lies inside the region bounded by the triangle formed by the
remaining three vertices. Without loss of generality assume thatd lies inside
the triangle{a, b, c}, and denote this triangle byT . We call the subroutines
for the three trianglesT1 = {a, b, d}, T2 = {b, c, d}, and T3 = {a, c, d}, and
combine the outcomes. E.g.,G{a,b,c} allows an(a;b, c)-heterogeneousbicoloring
proper with respect toM if and only if eitherG{a,b,d} allows a (b;a, d)-
heterogeneous bicoloring,G{b,c,d} allows a (d;b, c)-heterogeneous bicoloring
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andG{a,c,d} allows a (c;a, d)-heterogeneous bicoloring, or ifG{a,b,d} allows
an (a;b, d)-heterogeneous bicoloring,G{b,c,d} allows a(b, c, d)-homogeneous
bicoloring andG{a,c,d} allows an(a; c, d)-heterogeneous bicoloring. The other
cases are similarly obvious.

What remains to be shown are the replacement rules for region-wise minimal
bad cliques. Here we cannot avoid to be technical. LetQ be a region-wise
minimal bad clique inM and letT = {a, b, c} be the three vertices ofQ such
that GT = GQ. (I.e., eitherQ is a 3-clique andT = Q, or Q is a 4-clique
andQ = {a, b, c, d} for a vertexd which lies inside the triangle{a, b, c}.) As
described above, we determine (in polynomial time) all types of bicolorings
of T that extend to bicolorings ofGQ proper with respect toM. These can
be three heterogeneous and the homogeneous one, so all together we can have
16 possible outcomes. (The case analysis is a bit shorter since several of these
combinations are symmetric.) Recall that we constructG′ by replacing theGQ
subgraph ofG by (case-wise different) graphs̃Q. In each case,M ′ is constructed
from M̃Q = {C: C ∈M ∧C ∩ V (GQ)⊂ T }.

I. All three heterogeneous bicolorings and the homogeneous one.In this case
GQ does not provide any restriction at all. We constructG′ by deleting the vertices
drawn insideT , i.e., we replaceGQ by T in G. The relevant clique setM ′ is
M ′ = M̃Q in this case. Note thatT /∈M and henceT /∈M ′.

II. All three heterogeneous bicolorings but not the homogeneous one.In this
case we replaceGQ by the triangleT and setM ′ = M̃Q ∪ {T }. Note thatT is not
a separating triangle.

III. Two heterogeneous bicolorings and the homogeneous one.SayGQ allows
(a;b, c)-heterogeneous and(b;a, c)-heterogeneous bicolorings and an(a, b, c)-
homogeneous bicoloring, but not a(c;a, b)-heterogeneous one. This can be
equivalently expressed by saying “ifa has the same color asb then c has the
same color as well.” In this case we replaceGQ by the triangleT plus a vertex
d adjacent toa, b andc. Note thatT /∈ M̃Q. We add toM̃Q the triangle{a, b, d}

Case I Case II
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Case III Case IV

Case V Case VI

and the 2-clique (edge){d, c}. I.e.,M ′ = M̃Q∪{{a, b, d}, {c, d}}. Note that theK4
subgraphG′

T is not inM ′, as well asT is a separating triangle but not included
in M ′, while {a, b, d} ∈M ′ is not separating. In a bicoloring ofG′ proper with
respect toM ′, if a andb receive the same color,d must get the opposite one,
forcingc to have the same color asa andb via the clique{d, c}. If the colors ofa
andb are distinct,d (and consequentlyc) can be colored arbitrarily.

IV. Two heterogeneous bicolorings but not the homogeneous one.Say GQ
allows (a;b, c)-heterogeneous and(b;a, c)-heterogeneous bicolorings and no
other types. This can be equivalently expressed by saying “a andb have different
colors.” In this case we replaceGQ by the triangleT . We deleteT from M̃Q and
put the edge{a, b} intoM ′. This clique{a, b} forces thata andb receive different
colors.

V. One heterogeneous bicoloring and the homogeneous one.SayGQ allows
an (a;b, c)-heterogeneous bicoloring and an(a, b, c)-homogeneous one, but no
other types. This can be equivalently expressed by saying “b andc have the same
color.” In this case we replaceGQ by the triangleT plus a path of length 2
connecting the verticesb andc. Note thatT /∈ M̃Q. We add the edges along the
inserted path intoM ′. Again,G′ is planar, no bad clique is created andT /∈M ′.
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Case VII Case VIII

The edges along the path connectingb andc force thatb andc indeed receive the
same color.

VI. One heterogeneous bicoloring but not the homogeneous one.SayGQ allows
an (a;b, c)-heterogeneous bicoloring, but no other types. In this case we replace
GQ by the triangleT . We deleteT from M̃Q and add the edges{a, b}, {a, c}
toM ′. These edges guarantee that the color ofa differs from the colors ofb andc
in any proper bicoloring. Again,G′ is planar and no new bad cliques inM ′ were
created.

VII. No heterogeneous bicoloring but the homogeneous one.In this case we
replaceGQ by the triangleT plus paths of length 2 connectinga to b, anda
to c. Note thatT /∈ M̃Q. We add the edges of the inserted paths intoM ′. These
edges guarantee that the color ofa is the same as the colors ofb andc, in any
proper bicoloring. Again,G′ is planar,T /∈M ′ and no new bad cliques inM ′
were created.

VIII. No heterogeneous and no homogeneous bicolorings.SinceGQ does not
allow any bicoloring proper with respect toM,G is not bicolorable either. We do
not replaceQ in this case but simply halt the computation with negative output.

Let us summarize. IfQ is a region-wise minimal bad clique inM, the
replacement rules described above define an instance(G′,M ′) with the number
of bad cliques inM ′ being strictly smaller than the number of bad cliques in the
original instance(G,M) (in particular, neitherQ nor T as the ‘boundary’ ofQ
are bad cliques inM ′). And, as we have seen,(G′,M ′) is bicolorable if and only if
(G,M) is. Repeating step 4 of the Algorithm, we keep reducing the number of bad
cliques inM one by one until either uncolorability is demonstrated by Case VIII,
or all of the bad cliques get killed and step 2 directly decides the bicolorability of
H = (V (G),M) and halts the algorithm.
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