1.2 Outline of generalized linear models:

1. Model assumptions
Let Y be a random variable.

Linear models:
p=E®Y)=xp,
where
x=[x1 xp " Xpl.

Generalized linear models:

gw) = glE(Y)] =n = xB,
where g is called the link function.

In addition, the response Y has a distribution in the exponential family, taking the
form

f(y,0,¢) =exp {W +c(y, ¢)}.
Intuitively, generalized linear model is the “extension” of the linear model. As the
distribution is normal and the link function is identity function, the generalized linear
model reduces to the linear model.

\Example 1 (normal distribution):\
Y~N(u,c?). Then
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Therefore,

0 =pu¢=d?
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a(¢) = o? = pb(0) =5 =7

cy,¢) = —% yz/az + log(ZnaZ)] = —% [y2/¢ + log(2m¢)|.



\Example 2 (Poisson distribution):\
Y~P(u). Then,

— y
f(3.6,¢) = w = exply-log(p) — p—log(yhl.

Therefore,
=log(w),¢ =1,
a(¢p) =1=¢,b(0) = u=exp(8),c(y,p) =—log(y).

\Example 3 (binomial distribution):\

B(m,
Ve (m,p)
m

Then,

fr,0,¢) = (mmy) p™(1—p)™ ™

,0 <Y <1= Binomial distribution in frequency.

= exp {my “log(p) + (m —my) -log(1—p) + log [(mmy)]}

[y -log (%) —log (%)]
= { S sl
Therefore,
0 = log( ) b =—
a(@®) = 3 = #b(0) = log (=) = log[1+ exp(©@)],c3,$) = log [y )]

\Example 4 (gamma distribution):\
Y~G(u,v). Then,

——><ﬂ>” (),
= y + v-log ( :) —log[T(v)] — log(y)}
1+ log )] +v-log(vy) — log[T()] - log(y) %
(*v)

Therefore,



a(¢) == = ¢, b(0) = —log (;) = —log(-9),

c(y, ¢) =v-log(vy) — log[T(v)] — log(y)
= % log (%) — log [F (%)] —log(y).

\Example 5 (inverse Gaussian distribution):\
Y~IG(u, 0?). Then
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a($) = o2 = ¢, b(6) = _71 _ V=28,

-17 1 -1r71
c(y,p) = 7 o7y + log(ZnaZyS)] =5 [E + log(2mpy3)

2. Properties of generalized linear model

Important Result:

Let the response Y has a distribution in the exponential family, taking the form
f(,0,¢) =exp {W +c(y, ¢)}.

Then,

1. EY)=u=>b'(0)

2. Var(Y) = a(¢p)b" ()

[Derivation:]

Let

1(y,0,¢) =log(f(y,0,¢)]
Then,



ol(Y,0,¢)]
E [T y
and
921(Y, 0, ) aL(Y,0, )]
—E [T =k Tl -
Thus,
dl(y,6,¢) _y—b'(0)
a6 a(p)
Then
Eruxa¢q=EY—yw)=Eu3—yw)=
a0 a(¢) a(¢)
and this gives
E(Y) =Db'(6)
Also,
0°l(y,0,¢) —b"(6)
262 a(®)
Then
i [aZz(y, 0,9)] _b"(®) _ . laz(y, 0, ¢)r g (y - b’(0)>2]
FIE a(¢) a6 a(¢)
_E(Y —p)?
— a¥(¢)
__Var(Y)
- a(P)
and hence

b"(0) 3 Var(Y)
a(¢p)  a2(¢)

= Var(Y) = a(¢)b" (09).

\Example 1 (normal distribution, continue):\
Y~N(u,c?). Then

”Z 02
0=pu¢=0"a(p)=0"=¢,b0) ="=—
Therefore
and

Var(Y) = a(¢p)b"(8) = ¢ = o2



\Example 2 (Poisson distribution, continue):\
Y~P(u). Then,
=log(p),¢p =1,a(¢p) =1 =¢,b(0) = u = exp(6).

Therefore
E(Y)=Db'(0) = exp(0) = u
and
Var(Y) = a(¢)b"(0) = exp(8) = p

\Example 3 (binomial distribution, continue):\

B(m,p) . . R
~ ,0 <Y <1= Binomial distribution in frequency.
Then,
=1 ( ) !
Og ) ¢ - m'
1
a(p) =—=¢,b(0) = log( p) log[1 + exp(0)].
Therefore
o exp(0)
E(Y) = b'(6) = 1+exp(0)
and
~ poon 1| exp(8) exp(8) \*| p-p?
Var(y) = a(¢)b"(6) = m|1 + exp(0) (1 +exp(®)| m
_p(1-p)
=—

\Example 4 (gamma distribution, continue):\
Y~G(u,v). Then,

0 =" =.a4) = = $.50) = ~log ;) = ~log(~6),

Therefore

E() =b(6) = = u

and
Var(y) = a(@)b'(8) = - o = ”;
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\Example 5 (inverse Gaussian distribution, continue):\
Y~IG(u, 0?). Then

Therefore,
= _— = 2 = 2 = = _— = —\ —
9—2ﬂz,¢ o%,a(p) = o* = ¢p,b(0) u V-28,
Therefore
1
EY)=b'(0) = — =
¥) ) 28 M
and
Var(Y) = a(¢p)b" () = 11 (=2) 0% = . o? = uda’.
2 (-20)" (-20)2

3. Link function
Canonical link function:
Let the response Y has a distribution in the exponential family, taking the form
[y6 — b(0)] }
,0, =exps——— + c(y,
f.0,9) p{ a(d) . ®)
with link function g(u) = g[E(Y)] = n = xB. As 1 = 0, the link function is called

canonical link.

Commonly used link functions:
The canonical links for the following distributions are
1. Normal distribution:

n=gw=n

g

Poisson distribution:
n =g =log(.

w

Binomial distribution:
_ _ 2 _ .
n=g(u) = log (—1 — ”) = logit(p).

4. Gamma distribution:

=g =—.
n=g 1
5. Inverse Gaussian distribution:
-1
n=guw = 2—”2



Other useful link functions:
1. Probit link:
n=g ="
2. Complementary log-log link:
n =g = log[-log(1—p)].
3. Power family of links:
wa+0

n=9g = {log(u),/l = 0.



