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1.4 Model estimation: IRLS: 

1. Score function and information matrix: 
Let the responses ࢏ࢅ, ࢏ = ૚, ⋯ ,  ,have the distribution in the exponential family ,࢔
taking the form 

,࢏࢟)ࢌ ,࢏ࣂ ࣘ) = ࢖࢞ࢋ ቊ
࢏ࣂ࢏࢟] − [(࢏ࣂ)࢈

(ࣘ)ࢇ + ,࢏࢟)ࢉ ࣘ)ቋ 

with link function 
(࢏ࣆ)ࢍ = [(࢏ࢅ)ࡱ]ࢍ = ࢏ࣁ = ࢼ࢏࢞ = ૚࢏૚࢞ࢼ + ૛࢏૛࢞ࢼ + ⋯ +  ,࢖࢏࢞࢖ࢼ

where 
࢏࢞ = ૚࢏࢞] ૛࢏࢞ ⋯  .[࢖࢏࢞

Thus, the log-likelihood function for the ࢎ࢚࢏ observation is  

(ࢼ)࢏࢒ = ,ࢼ)ࢌ}ࢍ࢕࢒ {(࢏࢟|ࣘ =
࢏ࣂ࢏࢟] − [(࢏ࣂ)࢈

(ࣘ)ࢇ + ,࢏࢟)ࢉ ࣘ). 

Since  
(࢏ࣂ)ᇱ࢈ =  ࢏ࣆ

⟹
࢏ࣂࣔ

࢏ࣆࣔ
=

૚

ቀࣔ࢏ࣆ
࢏ࣂࣔ

ൗ ቁ
=

૚
(࢏ࣂ)ᇱᇱ࢈

 

⟹
࢏࢒ࣔ

࢐ࢼࣔ
=

࢏࢒ࣔ

࢏ࣂࣔ

࢏ࣂࣔ

࢏ࣆࣔ

࢏ࣆࣔ

࢏ࣁࣔ

࢏ࣁࣔ

࢐ࢼࣔ
=

࢏࢟] − [(࢏ࣂ)ᇱ࢈
(ࣘ)ࢇ ∙

૚
࢏ࢂ

∙
࢏ࣆࣔ

࢏ࣁࣔ
∙  ࢐࢏࢞

for ࢐ = ૚, ⋯ , ࢏ࢂ where we denote ,࢖ =   Define .(࢏ࣂ)ᇱᇱ࢈

(ࢼ)࢏࢝ =
૚

࢏ࢂ ൬ࣔ࢏ࣁ
࢏ࣆࣔ

൰
૛. 

Then,  

࢏࢒ࣔ

࢐ࢼࣔ
=

࢏࢟] − [(࢏ࣂ)ᇱ࢈
(ࣘ)ࢇ ∙

૚
࢏ࢂ

∙
࢏ࣆࣔ

࢏ࣁࣔ
∙ ࢐࢏࢞ = ൬

࢏࢟ − ࢏ࣆ

(ࣘ)ࢇ ൰ ∙
૚

࢏ࢂ ൬ࣔ࢏ࣁ
࢏ࣆࣔ

൰
૛ ∙ ൬

࢏ࣁࣔ

࢏ࣆࣔ
൰

૛

∙
࢏ࣆࣔ

࢏ࣁࣔ
∙  ࢐࢏࢞

= ൬
࢏࢟ − ࢏ࣆ

(ࣘ)ࢇ ൰ ∙ (ࢼ)࢏࢝ ∙
࢏ࣁࣔ

࢏ࣆࣔ
∙                                   ࢐࢏࢞

since 

࢏ࣁࣔ

࢏ࣆࣔ
∙

࢏ࣆࣔ

࢏ࣁࣔ
=

૚

ቀࣔ࢏ࣆ
࢏ࣁࣔ

ൗ ቁ
∙

࢏ࣆࣔ

࢏ࣁࣔ
= ૚. 

The likelihood function is  

ෑ ,ࢼ)ࢌ (࢏࢟|ࣘ
࢔

ୀ૚࢏
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and  

࢒ = ܏ܗܔ ൥ෑ ,ࢼ)ࢌ (࢏࢟|ࣘ
࢔

ୀ૚࢏

൩ = ෍ (ࢼ)࢏࢒
࢔

ୀ૚࢏

. 

Thus, the score function is  

(ࢼ)࢐ࢁ =
࢒ࣔ

࢐ࢼࣔ
= ෍

࢏࢒ࣔ

࢐ࢼࣔ

࢔

ୀ૚࢏

= ෍ ൬
࢏࢟ − ࢏ࣆ

(ࣘ)ࢇ ൰ ∙ (ࢼ)࢏࢝ ∙
࢏ࣁࣔ

࢏ࣆࣔ
∙ ࢐࢏࢞

࢔

ୀ૚࢏

. 

Further,  

ࣔ૛࢏࢒

࢐ࢼࣔ࢘ࢼࣔ
=

ࣔ ൬ࣔ࢏࢒
࢐ࢼࣔ

൘ ൰

࢘ࢼࣔ
=

ࣔ ൤൬࢟࢏ − ࢏ࣆ
(ࣘ)ࢇ ൰ ∙ (ࢼ)࢏࢝ ∙ ࢏ࣁࣔ

࢏ࣆࣔ
∙ ࢐൨࢏࢞

࢘ࢼࣔ
 

=
ࣔ ൤࢟࢏ − ࢏ࣆ

(ࣘ)ࢇ ൨

࢘ࢼࣔ
∙ (ࢼ)࢏࢝ ∙

࢏ࣁࣔ

࢏ࣆࣔ
∙ ࢐࢏࢞ +

࢏࢟ − ࢏ࣆ

(ࣘ)ࢇ ∙
ࣔ ൤࢝(ࢼ)࢏ ∙ ࢏ࣁࣔ

࢏ࣆࣔ
∙ ࢐൨࢏࢞

࢘ࢼࣔ
. 

and 

ࡱ− ቆ
ࣔ૛࢏࢒

࢐ࢼࣔ࢘ࢼࣔ
ቇ 

=
૚

(ࣘ)ࢇ ∙
࢏ࣆࣔ

࢘ࢼࣔ
∙ (ࢼ)࢏࢝ ∙

࢏ࣁࣔ

࢏ࣆࣔ
∙  ࢐࢏࢞

    =
૚

(ࣘ)ࢇ ∙
࢏ࣁࣔ

࢘ࢼࣔ
∙

࢏ࣆࣔ

࢏ࣁࣔ
∙ (ࢼ)࢏࢝ ∙

࢏ࣁࣔ

࢏ࣆࣔ
∙  ࢐࢏࢞

      =
૚

(ࣘ)ࢇ ∙ (ࢼ)࢏࢝ ∙ ࢐࢏࢞ ∙
࢏ࣁࣔ

࢘ࢼࣔ
∙ ൬

࢏ࣆࣔ

࢏ࣁࣔ
∙

࢏ࣁࣔ

࢏ࣆࣔ
൰ 

     =
૚

(ࣘ)ࢇ ∙ (ࢼ)࢏࢝ ∙ ࢐࢏࢞ ∙             ࢘࢏࢞

since 

ࡱ ൤
࢏ࢅ − ࢏ࣆ

(ࣘ)ࢇ ൨ =
࢏ࢅ)ࡱ − (࢏ࣆ

(ࣘ)ࢇ = ૙ 

and 
࢏ࣆࣔ

࢏ࣁࣔ
∙

࢏ࣁࣔ

࢏ࣆࣔ
= ૚. 

Therefore, 

(ࢼ)࢐࢘ࡵ = ࡱ− ቆ
ࣔ૛࢒

࢐ࢼࣔ࢘ࢼࣔ
ቇ = − ෍ ࡱ ቆ

ࣔ૛࢏࢒

࢐ࢼࣔ࢘ࢼࣔ
ቇ =

࢔

ୀ૚࢏

෍
૚

(ࣘ)ࢇ ∙ (ࢼ)࢏࢝ ∙ ࢐࢏࢞ ∙ ࢘࢏࢞

࢔

ୀ૚࢏
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2. Fisher’s scoring method: 
The Fisher’s scoring method is  

෡࢚ା૚൧ࢼ෡࢚൯ࢼ൫ࡵൣ
࢘ = ෡࢚൧ࢼ෡࢚൯ࢼ൫ࡵൣ

࢘ + ,෡࢚൯ࢼ൫࢘ࢁ ࢘ = ૚, ૛, ⋯ ,  ,࢖

where ෡࢚ା૚൧ࢼ෡࢚൯ࢼ൫ࡵൣ
࢘  and ൣࡵ൫ࢼ෡࢚൯ࢼ෡࢚൧

࢘ are the ࢚࢘ࢎ  component of ࡵ൫ࢼ෡࢚൯ࢼ෡࢚ା૚  and 

 ,෡࢚, respectively. Thenࢼ෡࢚൯ࢼ൫ࡵ

෡࢚൧ࢼ෡࢚൯ࢼ൫ࡵൣ
࢘ = ෍ ෡࢚࢐ࢼ෡࢚൯ࢼ࢐൫࢘ࡵ

࢖

࢐ୀ૚

                          

= ෍ ෍
෡࢚࢐ࢼ࢐࢏࢞࢘࢏࢞࢏࢚࢝

(ࣘ)ࢇ

࢔

ୀ૚࢏

࢖

࢐ୀ૚

           

  =
૚

(ࣘ)ࢇ ෍ ࢘࢏࢞࢏࢚࢝ ቌ෍ ෡࢚࢐ࢼ࢐࢏࢞

࢖

࢐ୀ૚

ቍ
࢔

ୀ૚࢏

     

  =
૚

(ࣘ)ࢇ ෍ ࢏ෝ࢚ࣁ࢘࢏࢞࢏࢚࢝

࢔

ୀ૚࢏

             

where 

෡࢚൯ࢼ࢐൫࢘ࡵ = ෍
࢐࢏࢞࢘࢏࢞࢏࢚࢝

(ࣘ)ࢇ

࢔

ୀ૚࢏

, ࢏࢚࢝ =  ,෡࢚൯ࢼ൫࢏࢝

࢏ෝ࢚ࣁ = ෍ ෡࢚࢐ࢼ࢐࢏࢞

࢖

࢐ୀ૚

= ෡࢚૚ࢼ૚࢏࢞ + ෡࢚૛ࢼ૛࢏࢞ + ⋯ +  .࢖෡࢚ࢼ࢖࢏࢞

Similarly, 

෡࢚ା૚൧ࢼ෡࢚൯ࢼ൫ࡵൣ
࢘ =

૚
(ࣘ)ࢇ ෍ ࢏ෝ(࢚ା૚)ࣁ࢘࢏࢞࢏࢚࢝

࢔

ୀ૚࢏

=
૚

(ࣘ)ࢇ ෍ ࢘࢏࢞࢏࢚࢝ ቌ෍ ෡(࢚ା૚)࢐ࢼ࢐࢏࢞

࢖

࢐ୀ૚

ቍ
࢔

ୀ૚࢏

, 

where 

࢏ෝ(࢚ା૚)ࣁ = ෍ ෡(࢚ା૚)࢐ࢼ࢐࢏࢞

࢖

࢐ୀ૚

= ෡(࢚ା૚)૚ࢼ૚࢏࢞ + ෡(࢚ା૚)૛ࢼ૛࢏࢞ + ⋯ +  .࢖෡(࢚ା૚)ࢼ࢖࢏࢞

Further, 

෡࢚൯ࢼ൫࢘ࢁ = ෍ ൤൬
࢏࢟ − ࢏ࣆ

(ࣘ)ࢇ ൰ ∙ (ࢼ)࢏࢝ ∙
࢏ࣁࣔ

࢏ࣆࣔ
∙ ൨࢘࢏࢞

෡࢚ࢼୀࢼ

࢔

ୀ૚࢏
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=
૚

(ࣘ)ࢇ ෍ ࢘࢏࢞࢏࢚࢝ ൤(࢟࢏ − (࢏ࣆ ∙
࢏ࣁࣔ

࢏ࣆࣔ
൨

෡࢚ࢼୀࢼ

࢔

ୀ૚࢏

 

The right side of Fisher’s scoring equation is  

෡࢚൧ࢼ෡࢚൯ࢼ൫ࡵൣ
࢘ +  ෡࢚൯ࢼ൫࢘ࢁ

=
૚

(ࣘ)ࢇ ෍ ࢏ෝ࢚ࣁ࢘࢏࢞࢏࢚࢝

࢔

ୀ૚࢏

+
૚

(ࣘ)ࢇ ෍ ࢘࢏࢞࢏࢚࢝ ൤(࢟࢏ − (࢏ࣆ ∙
࢏ࣁࣔ

࢏ࣆࣔ
൨

෡࢚ࢼୀࢼ

࢔

ୀ૚࢏

 

=
૚

(ࣘ)ࢇ ෍ ࢘࢏࢞࢏࢚࢝ ቊࣁෝ࢚࢏ + ൤(࢟࢏ − (࢏ࣆ ∙
࢏ࣁࣔ

࢏ࣆࣔ
൨

෡࢚ࢼୀࢼ

ቋ
࢔

ୀ૚࢏

            

     =
૚

(ࣘ)ࢇ ෍ ࢏࢚ࢠ࢘࢏࢞࢏࢚࢝

࢔

ୀ૚࢏

                                       

while the left side of Fisher’s scoring equation is 

෡࢚ା૚൧ࢼ෡࢚൯ࢼ൫ࡵൣ
࢘ =

૚
(ࣘ)ࢇ ෍ ࢏ෝ(࢚ା૚)ࣁ࢘࢏࢞࢏࢚࢝

࢔

ୀ૚࢏

, 

where 

࢏࢚ࢠ = ࢏ෝ࢚ࣁ + ൤(࢟࢏ − (࢏ࣆ ∙
࢏ࣁࣔ

࢏ࣆࣔ
൨

෡࢚ࢼୀࢼ

. 

 
Thus, Fisher’s scoring equation can be reduced to  

෡࢚ା૚൧ࢼ෡࢚൯ࢼ൫ࡵൣ
࢘ = ෡࢚൧ࢼ෡࢚൯ࢼ൫ࡵൣ

࢘ +  ෡࢚൯ࢼ൫࢘ࢁ

⟺
૚

(ࣘ)ࢇ ෍ ࢘࢏࢞࢏࢚࢝ ቌ෍ ෡(࢚ା૚)࢐ࢼ࢐࢏࢞

࢖

࢐ୀ૚

ቍ
࢔

ୀ૚࢏

=
૚

(ࣘ)ࢇ ෍ ࢏࢚ࢠ࢘࢏࢞࢏࢚࢝

࢔

ୀ૚࢏

 

  ⟺ ෍ ࢘࢏࢞࢏࢚࢝ ቌ࢏࢚ࢠ − ෍ ෡(࢚ା૚)࢐ࢼ࢐࢏࢞

࢖

࢐ୀ૚

ቍ
࢔

ୀ૚࢏

= ૙                 

 
Note: 
  .෡࢚ࢼ depends only on ࢏࢚ࢠ
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3. Iterated reweighted least squares (IRLS): 
The above equation can be expressed in matrix form,  

࢚ࢠ൫࢚ࢃ࢚ࢄ − ෡࢚ା૚൯ࢼࢄ = ૙, 
where 

ࢄ = ൦

࢞૚૚ ࢞૚૛
࢞૛૚ ࢞૛૛

⋯ ࢞૚࢖
⋯ ࢞૛࢖

⋮ ⋮
૚࢔࢞ ૛࢔࢞

⋱ ⋮
⋯ ࢖࢔࢞

൪ , ࢚ࢃ = ൦

࢚࢝૚ ૙
૙ ࢚࢝૛

⋯ ૙
⋯ ૙

⋮  ⋮
૙  ૙

⋱ ⋮
⋯ ࢔࢚࢝

൪ , ࢚ࢠ = ൦

૚࢚ࢠ
૛࢚ࢠ

⋮
࢔࢚ࢠ

൪. 

Then, the maximum likelihood estimate at the (࢚ + ૚)࢚ࢎ iteration is  
࢚ࢠ࢚ࢃ࢚ࢄ =  ෡࢚ା૚ࢼࢄ࢚ࢃ࢚ࢄ

⟺ ෡࢚ା૚ࢼ =  ࢚ࢠ࢚ࢃ࢚ࢄ૚ି(ࢄ࢚ࢃ࢚ࢄ)
Note that ࢼ෡࢚ା૚ can be thought as the weighted least squares estimate with weight 
matrix ࢚ࢃ, covariate matrix ࢄand the response vector ࢚ࢠ. Thus, ࢼ෡࢚, ࢚ = ૙, ૚, ૛, ⋯ 
can be generated by  

෡૚ࢼ =  ૙ࢠ૙ࢃ࢚ࢄ૚ି(ࢄ૙ࢃ࢚ࢄ)
෡૛ࢼ =  ૚ࢠ૚ࢃ࢚ࢄ૚ି(ࢄ૚ࢃ࢚ࢄ)

⋮ 
෡࢚ା૚ࢼ =  ࢚ࢠ࢚ࢃ࢚ࢄ૚ି(ࢄ࢚ࢃ࢚ࢄ)

⋮ 
Note that the weight matrix ࢚ࢃ  is reweigthed (changed) at each iteration. 
Therefore, we also refer to ࢼ෡࢚, ࢚ = ૙, ૚, ૛, ⋯, as iterated reweighted least squares 
estimate.  
 


