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1.5 Measuring the goodness of fit: 

Special case:  
Assume in the full model 휽풊, 풊 = ퟏ, ⋯ , 풏, are 풏 parameters, one per observation.  
Thus, 흁풊 = 풃 (휽풊), are also 풏 parameters, one per observation. Then, the  
log-likelihood function is  

풍 =
[풚풊휽풊 − 풃(휽풊)]

풂(흓) + 풄(풚풊, 흓)
풏

풊 ퟏ

. 

Then, 
흏풍

흏휽풊
=

[풚풊 − 풃 (휽풊)]
풂(흓) =

(풚풊 − 흁풊)
풂(흓) = ퟎ 

⟹ 흁풊 = 풚풊.                             
Suppose we want to use a simplest (null) model to fit the data in which  

흁ퟏ = 흁ퟐ = ⋯ = 흁풏 = 흁 ⟺ 휽ퟏ = 휽ퟐ = ⋯ = 휽풏 = 휽 
Then, in the null model,  

흏풍
흏휽 =

[풚풊 − 풃 (휽)]
풂(흓)

풏

풊 ퟏ

=
(풚풊 − 흁)

풂(흓)

풏

풊 ퟏ

= ퟎ 

⟹ 흁 =
∑ 풚풊

풏
풊 ퟏ

풏 = 풚.                       

 
Let  

휽풊 = (풃 ) ퟏ(흁풊) 
and 

휽 = (풃 ) ퟏ(흁) = (풃 ) ퟏ(풚). 
Denote 

풍(흁ퟏ, 흁ퟐ, ⋯ , 흁풏) = 풍(풚ퟏ, 풚ퟐ, ⋯ , 풚풏) =
풚풊휽풊 − 풃 휽풊

풂(흓) + 풄(풚풊, 흓)
풏

풊 ퟏ

 

and 

풍(흁) =
풚풊휽 − 풃 휽

풂(흓) + 풄(풚풊, 흓)
풏

풊 ퟏ

. 

Then,  
ퟐ[풍풐품(풍풊풌풆풍풊풉풐풐풅 풊풏 풇풖풍풍 풎풐풅풆풍) − 풍풐품(풍풊풌풆풍풊풉풐풐풅 풊풏 풏풖풍풍 풎풐풅풆풍)] 

             = ퟐ[풍(풚ퟏ, 풚ퟐ, ⋯ , 풚풏) − 풍(흁)] 
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             =
ퟐ

풂(흓) ∙ 풚풊 휽풊 − 휽 + 풃 휽 − 풃 휽풊

풏

풊 ퟏ

 

             =
푫(풚ퟏ, 풚ퟐ, ⋯ , 풚풏|흁)

풂(흓) , 

where 

푫(풚ퟏ, 풚ퟐ, ⋯ , 풚풏|흁) = ퟐ 풚풊 휽풊 − 휽 + 풃 휽 − 풃 휽풊

풏

풊 ퟏ

 

is called the deviance and can be used to measure the goodness of fit with the null 
model. 
Example 1 (normal distribution, continue): 
풀~푵(흁, 흈ퟐ). Then 

휽 = 흁, 풃(휽) =
휽ퟐ

ퟐ =
흁ퟐ

ퟐ . 

 푫(풚ퟏ, 풚ퟐ, ⋯ , 풚풏|흁) = ퟐ 풚풊 휽풊 − 휽 + 풃 휽 − 풃 휽풊

풏

풊 ퟏ

                  

= ퟐ [풚풊(흁풊 − 흁) + 풃(흁) − 풃(흁풊)]
풏

풊 ퟏ

 

= ퟐ 풚풊(풚풊 − 풚) +
풚ퟐ

ퟐ −
풚풊

ퟐ

ퟐ

풏

풊 ퟏ

     

= (풚풊 − 풚)ퟐ
풏

풊 ퟏ

                  

Note:  
In the above example, 풂(흓) = 흈ퟐ = 흓 and  

푫(풚ퟏ, 풚ퟐ, ⋯ , 풚풏|흁)
풂(흓) =

∑ (풚풊 − 풚)ퟐ풏
풊 ퟏ

흈ퟐ ~흌풏 ퟏ
ퟐ . 

Also,  
ퟐ[풍풐품(풍풊풌풆풍풊풉풐풐풅 풊풏 풇풖풍풍 풎풐풅풆풍) − 풍풐품(풍풊풌풆풍풊풉풐풐풅 풊풏 풏풖풍풍 풎풐풅풆풍)] 

             = ퟐ[풍(풚ퟏ, 풚ퟐ, ⋯ , 풚풏) − 풍(흁)] 
             = −ퟐ 퐥퐨퐠 횲~ 흌풏 ퟏ

ퟐ  
where 

횲 =
풍풊풌풆풍풊풉풐풐풅 풊풏 풏풖풍풍 풎풐풅풆풍
풍풊풌풆풍풊풉풐풐풅 풊풏 풇풖풍풍 풎풐풅풆풍 ≡ 풍풊풌풆풍풊풉풐풐풅 풓풂풕풊풐. 
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Example 2 (Poisson distribution, continue): 
풀~푷(흁). Then,  

휽 = 풍풐품(흁), 풃(휽) = 풆풙풑(휽) = 흁. 
Therefore 

푫(풚ퟏ, 풚ퟐ, ⋯ , 풚풏|흁) = ퟐ 풚풊 휽풊 − 휽 + 풃 휽 − 풃 휽풊

풏

풊 ퟏ

                  

   = ퟐ {풚풊[풍풐품(흁풊) − 풍풐품(흁)] + 흁 − 흁풊}
풏

풊 ퟏ

 

   = ퟐ {풚풊[풍풐품(풚풊) − 풍풐품(풚)] + 풚 − 풚풊}
풏

풊 ퟏ

 

= ퟐ 풚풊풍풐품
풚풊

풚 − (풚풊 − 풚)
풏

풊 ퟏ

     

Example 3 (binomial distribution, continue): 

풀~
푩(풎, 풑)

풎 , ퟎ ≤ 풀 ≤ ퟏ ⟹  푩풊풏풐풎풊풂풍 풅풊풔풕풓풊풃풖풕풊풐풏 풊풏 풇풓풆풒풖풆풏풄풚. 

Then,  

휽 = 풍풐품
풑

ퟏ − 풑 = 풍풐품
흁

ퟏ − 흁 , 

풃(휽) = 풍풐품[ퟏ + 풆풙풑(휽)] = 풍풐품
ퟏ

ퟏ − 풑 = 풍풐품
ퟏ

ퟏ − 흁 . 

Therefore 

푫(풚ퟏ, 풚ퟐ, ⋯ , 풚풏|흁) = ퟐ 풚풊 휽풊 − 휽 + 풃 휽 − 풃 휽풊

풏

풊 ퟏ

 

= ퟐ 풚풊 풍풐품
흁풊

ퟏ − 흁풊
− 풍풐품

흁
ퟏ − 흁 + 풍풐품

ퟏ
ퟏ − 흁 − 풍풐품

ퟏ
ퟏ − 흁풊

풏

풊 ퟏ

   

= ퟐ 풚풊 풍풐품
풚풊

ퟏ − 풚풊
− 풍풐품

풚
ퟏ − 풚 + 풍풐품

ퟏ
ퟏ − 풚 − 풍풐품

ퟏ
ퟏ − 풚풊

풏

풊 ퟏ

   

= ퟐ 풚풊풍풐품
풚풊

풚 + (ퟏ − 풚풊)풍풐품
ퟏ − 풚풊

ퟏ − 풚

풏

풊 ퟏ
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Example 4 (gamma distribution, continue): 
풀~푮(흁, 풗). Then,  

휽 =
−ퟏ
흁 , 풃(휽) = −풍풐품(−휽) = −풍풐품

ퟏ
흁 . 

Therefore 

푫(풚ퟏ, 풚ퟐ, ⋯ , 풚풏|흁) = ퟐ 풚풊 휽풊 − 휽 + 풃 휽 − 풃 휽풊

풏

풊 ퟏ

                   

       = ퟐ 풚풊
−ퟏ
흁풊

+
ퟏ
흁 − 풍풐품

ퟏ
흁 + 풍풐품

ퟏ
흁풊

풏

풊 ퟏ

  

      = ퟐ 풚풊
−ퟏ
풚풊

+
ퟏ
풚 − 풍풐품

ퟏ
풚 + 풍풐품

ퟏ
풚풊

풏

풊 ퟏ

 

= ퟐ
풚풊 − 풚

풚 − 풍풐품
풚풊

풚

풏

풊 ퟏ

       

Example 5 (inverse Gaussian distribution, continue): 
풀~푰푮(흁, 흈ퟐ). Then 

휽 =
−ퟏ
ퟐ흁ퟐ , 풃(휽) = −√−ퟐ휽 =

−ퟏ
흁 , 

Therefore 

푫(풚ퟏ, 풚ퟐ, ⋯ , 풚풏|흁) = ퟐ 풚풊 휽풊 − 휽 + 풃 휽 − 풃 휽풊

풏

풊 ퟏ

          

       = ퟐ 풚풊
−ퟏ
ퟐ흁풊

ퟐ +
ퟏ

ퟐ흁ퟐ −
ퟏ
흁 +

ퟏ
흁풊

풏

풊 ퟏ

 

      = ퟐ 풚풊
−ퟏ
ퟐ풚풊

+
ퟏ

ퟐ풚ퟐ −
ퟏ
풚 +

ퟏ
풚풊

풏

풊 ퟏ

 

 = ퟐ
풚풊

ퟐ풚ퟐ +
ퟏ

ퟐ풚풊
−

ퟏ
풚

풏

풊 ퟏ

    

=
(풚풊 − 풚)ퟐ

풚풊풚ퟐ

풏

풊 ퟏ
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General case: 
The null model we commonly use to fit the data involves 풑 parameters, 품(흁풊) =
풙풊휷, 풊 = ퟏ, ퟐ, ⋯ , 풏. Let 흁풊 = 품 ퟏ 풙풊휷 , where 휷 is the iterated reweighted least 
square estimate. Then, the deviance function  

푫(풚ퟏ, 풚ퟐ, ⋯ , 풚풏|흁ퟏ, 흁ퟐ, ⋯ , 흁풏) 
= ퟐ풂(흓)[풍(풚ퟏ, 풚ퟐ , ⋯ , 풚풏) − 풍(흁ퟏ, 흁ퟐ, ⋯ , 흁풏)] 

= ퟐ 풚풊 휽풊 − 휽풊 + 풃 휽풊 − 풃 휽풊

풏

풊 ퟏ

       

where 
휽풊 = (풃 ) ퟏ(흁풊) = (풃 ) ퟏ(풚풊) 

and 
휽풊 = (풃 ) ퟏ(흁풊). 

The deviance function can be used to assess the discrepancy of a fit with 품(흁풊) =
풙풊휷. Intuitively, large deviance implies that the “distance” between the data 풚풊 and 
the fitted value 흁풊 = 품 ퟏ 풙풊휷  is large. That is, the fit with 품(흁풊) = 풙풊휷 might 
not be sensible.  
The forms of the deviances for different distribution are given below: 
Normal distribution: 

(풚풊 − 흁풊)ퟐ
풏

풊 ퟏ

 

Poisson distribution:  

ퟐ 풚풊풍풐품
풚풊

흁풊
− (풚풊 − 흁풊)

풏

풊 ퟏ

 

Binomial distribution (in frequency): 

ퟐ 풚풊풍풐품
풚풊

흁풊
+ (ퟏ − 풚풊)풍풐품

ퟏ − 풚풊

ퟏ − 흁풊

풏

풊 ퟏ

 

Gamma distribution:  

ퟐ
풚풊 − 흁풊

흁풊
− 풍풐품

풚풊

흁풊

풏

풊 ퟏ

 

Inverse Gaussian distribution: 

(풚풊 − 흁풊)ퟐ

풚풊흁풊
ퟐ

풏

풊 ퟏ
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Supplement: Deviance function 
Let 풌 be the difference between the number of parameters in the full model and 
the one in the null model. Then,  

−ퟐ 퐥퐨퐠 횲 =
풅풆풗풊풂풏풄풆 풇풖풏풄풕풊풐풏

풂(흓) ≈ 흌풌
ퟐ, 

where 

횲 =
풍풊풌풆풍풊풉풐풐풅 풊풏 풏풖풍풍 풎풐풅풆풍
풍풊풌풆풍풊풉풐풐풅 풊풏 풇풖풍풍 풎풐풅풆풍 ≡ 풍풊풌풆풍풊풉풐풐풅 풓풂풕풊풐 

and 
풅풆풗풊풂풏풄풆 풇풖풏풄풕풊풐풏 = ퟐ풂(흓)[풍풐품(풍풊풌풆풍풊풉풐풐풅 풊풏 풇풖풍풍 풎풐풅풆풍) 

                                −풍풐품(풍풊풌풆풍풊풉풐풐풅 풊풏 풏풖풍풍 풎풐풅풆풍)]   
 
Case 1: 
Full model: 흁풊, 풊 = ퟏ, ퟐ, ⋯ , 풏. 
Null model: 흁 ⟹ 푯ퟎ: 흁ퟏ = 흁ퟐ = ⋯ = 흁풏 = 흁.  
Then,  

푫(풚ퟏ, 풚ퟐ, ⋯ , 풚풏|흁) ≈ 풂(흓)흌풏 ퟏ
ퟐ . 

 
Case 2: 휷 is a 풑 × ퟏ vector of parameters.  
Full model: 흁풊, 풊 = ퟏ, ퟐ, ⋯ , 풏. 
Null model: 품(흁풊) = 풙풊휷, 풊 = ퟏ, ퟐ, ⋯ , 풏 ⟹ 푯ퟎ: 품(흁) = 풙휷. 
Then, 

푫(풚ퟏ, 풚ퟐ, ⋯ , 풚풏|흁ퟏ, 흁ퟐ, ⋯ , 흁풏) ≈ 풂(흓)흌풏 풑
ퟐ , 

where 흁풊 = 품 ퟏ 풙풊휷 . 
 
Case 3 (most commonly used): 휷 is a 풑 × ퟏ vector of parameters   
                          휷 is a 풒 × ퟏ vector of parameters.   
Full model: 품(흁풊) = 풙풊휷, 풊 = ퟏ, ퟐ, ⋯ , 풏. 
Null model: 품(흁풊) = 풛풊휷, 풊 = ퟏ, ퟐ, ⋯ , 풏 ⟹ 푯ퟎ: 품(흁) = 풛휷. 
Then,  

푫(흁ퟏ, 흁ퟐ, ⋯ , 흁풏|흁ퟏ, 흁ퟐ, ⋯ , 흁풏) ≈ 풂(흓)흌풑 풒
ퟐ , 

where 흁풊 = 품 ퟏ 풙풊휷  and 흁풊 = 품 ퟏ 풛풊휷 . 

 
 


