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1.5 Measuring the goodness of fit: 

Special case:  
Assume in the full model ࢏ࣂ, ࢏ = ૚, ⋯ ,   .parameters, one per observation ࢔ are ,࢔
Thus, ࢏ࣆ =   parameters, one per observation. Then, the ࢔ are also ,(࢏ࣂ)ᇱ࢈
log-likelihood function is  

࢒ = ෍ ቊ
࢏ࣂ࢏࢟] − [(࢏ࣂ)࢈

(ࣘ)ࢇ + ,࢏࢟)ࢉ ࣘ)ቋ
࢔

ୀ૚࢏

. 

Then, 
࢒ࣔ

࢏ࣂࣔ
=

࢏࢟] − [(࢏ࣂ)ᇱ࢈
(ࣘ)ࢇ =

࢏࢟) − (࢏ࣆ
(ࣘ)ࢇ = ૙ 

⟹ ࢏ෝࣆ =                              .࢏࢟
Suppose we want to use a simplest (null) model to fit the data in which  

૚ࣆ = ૛ࣆ = ⋯ = ࢔ࣆ = ࣆ ⟺ ૚ࣂ = ૛ࣂ = ⋯ = ࢔ࣂ =  ࣂ
Then, in the null model,  

࢒ࣔ
ࣂࣔ = ෍

࢏࢟] − [(ࣂ)ᇱ࢈
(ࣘ)ࢇ

࢔

ୀ૚࢏

= ෍
࢏࢟) − (ࣆ

(ࣘ)ࢇ

࢔

ୀ૚࢏

= ૙ 

⟹ ෝࣆ =
∑ ࢏࢟

࢔
ୀ૚࢏

࢔ = ഥ࢟.                       

 
Let  

࢏෡ࣂ =  (࢏ෝࣆ)૚ି(ᇱ࢈)
and 

෡ࣂ = (ෝࣆ)૚ି(ᇱ࢈) =  .૚(ഥ࢟)ି(ᇱ࢈)
Denote 

,ෝ૚ࣆ)࢒ ,ෝ૛ࣆ ⋯ , (࢔ෝࣆ = ,૚࢟)࢒ ࢟૛, ⋯ , (࢔࢟ = ෍ ቊ
࢏෡ࣂ࢏࢟ൣ − ൯൧࢏෡ࣂ൫࢈

(ࣘ)ࢇ + ,࢏࢟)ࢉ ࣘ)ቋ
࢔

ୀ૚࢏

 

and 

(ෝࣆ)࢒ = ෍ ቊ
෡ࣂ࢏࢟ൣ − ෡൯൧ࣂ൫࢈

(ࣘ)ࢇ + ,࢏࢟)ࢉ ࣘ)ቋ
࢔

ୀ૚࢏

. 

Then,  
૛[(࢒ࢋࢊ࢕࢓ ࢒࢒࢛ࢌ ࢔࢏ ࢊ࢕࢕ࢎ࢏࢒ࢋ࢑࢏࢒)ࢍ࢕࢒ −  [(࢒ࢋࢊ࢕࢓ ࢒࢒࢛࢔ ࢔࢏ ࢊ࢕࢕ࢎ࢏࢒ࢋ࢑࢏࢒)ࢍ࢕࢒

             = ૛[࢒(࢟૚, ࢟૛, ⋯ , (࢔࢟ −  [(ෝࣆ)࢒
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             =
૛

(ࣘ)ࢇ ∙ ෍ൣ࢟࢏൫ࣂ෡࢏ − ෡൯ࣂ + ෡൯ࣂ൫࢈ − ൯൧࢏෡ࣂ൫࢈
࢔

ୀ૚࢏

 

             =
,૚࢟)ࡰ ࢟૛, ⋯ , (ෝࣆ|࢔࢟

(ࣘ)ࢇ , 

where 

,૚࢟)ࡰ ࢟૛, ⋯ , (ෝࣆ|࢔࢟ = ૛ ෍ൣ࢟࢏൫ࣂ෡࢏ − ෡൯ࣂ + ෡൯ࣂ൫࢈ − ൯൧࢏෡ࣂ൫࢈
࢔

ୀ૚࢏

 

is called the deviance and can be used to measure the goodness of fit with the null 
model. 
Example 1 (normal distribution, continue): 
,ࣆ)ࡺ~ࢅ ࣌૛). Then 

ࣂ = ,ࣆ (ࣂ)࢈ =
૛ࣂ

૛ =
૛ࣆ

૛ . 

,૚࢟)ࡰ  ࢟૛, ⋯ , (ෝࣆ|࢔࢟ = ૛ ෍ൣ࢟࢏൫ࣂ෡࢏ − ෡൯ࣂ + ෡൯ࣂ൫࢈ − ൯൧࢏෡ࣂ൫࢈
࢔

ୀ૚࢏

                  

= ૛ ෍[࢟ࣆ)࢏ෝ࢏ − (ෝࣆ + (ෝࣆ)࢈ − [(࢏ෝࣆ)࢈
࢔

ୀ૚࢏

 

= ૛ ෍ ቈ࢟࢏࢟)࢏ − ഥ࢟) +
ഥ࢟૛

૛ −
࢏࢟

૛

૛
቉

࢔

ୀ૚࢏

     

= ෍(࢟࢏ − ഥ࢟)૛
࢔

ୀ૚࢏

                  

Note:  
In the above example, ࢇ(ࣘ) = ࣌૛ = ࣘ and  

,૚࢟)ࡰ ࢟૛, ⋯ , (ෝࣆ|࢔࢟
(ࣘ)ࢇ =

∑ ࢏࢟) − ഥ࢟)૛࢔
ୀ૚࢏

࣌૛ ૚ି࢔࣑~
૛ . 

Also,  
૛[(࢒ࢋࢊ࢕࢓ ࢒࢒࢛ࢌ ࢔࢏ ࢊ࢕࢕ࢎ࢏࢒ࢋ࢑࢏࢒)ࢍ࢕࢒ −  [(࢒ࢋࢊ࢕࢓ ࢒࢒࢛࢔ ࢔࢏ ࢊ࢕࢕ࢎ࢏࢒ࢋ࢑࢏࢒)ࢍ࢕࢒

             = ૛[࢒(࢟૚, ࢟૛, ⋯ , (࢔࢟ −  [(ෝࣆ)࢒
             = −૛ ܏ܗܔ ઩~ ૚ି࢔࣑

૛  
where 

઩ =
࢒ࢋࢊ࢕࢓ ࢒࢒࢛࢔ ࢔࢏ ࢊ࢕࢕ࢎ࢏࢒ࢋ࢑࢏࢒
࢒ࢋࢊ࢕࢓ ࢒࢒࢛ࢌ ࢔࢏ ࢊ࢕࢕ࢎ࢏࢒ࢋ࢑࢏࢒ ≡  .࢕࢏࢚ࢇ࢘ ࢊ࢕࢕ࢎ࢏࢒ࢋ࢑࢏࢒
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Example 2 (Poisson distribution, continue): 
  ,Then .(ࣆ)ࡼ~ࢅ

ࣂ = ,(ࣆ)ࢍ࢕࢒ (ࣂ)࢈ = (ࣂ)࢖࢞ࢋ =  .ࣆ
Therefore 

,૚࢟)ࡰ ࢟૛, ⋯ , (ෝࣆ|࢔࢟ = ૛ ෍ൣ࢟࢏൫ࣂ෡࢏ − ෡൯ࣂ + ෡൯ࣂ൫࢈ − ൯൧࢏෡ࣂ൫࢈
࢔

ୀ૚࢏

                  

   = ૛ ෍{࢟ࢍ࢕࢒]࢏(ࣆෝ࢏) − [(ෝࣆ)ࢍ࢕࢒ + ෝࣆ − {࢏ෝࣆ
࢔

ୀ૚࢏

 

   = ૛ ෍{࢟(࢏࢟)ࢍ࢕࢒]࢏ − [(ഥ࢟)ࢍ࢕࢒ + ഥ࢟ − {࢏࢟
࢔

ୀ૚࢏

 

= ૛ ෍ ൤࢟ࢍ࢕࢒࢏ ൬
࢏࢟

ഥ࢟ ൰ − ࢏࢟) − ഥ࢟)൨
࢔

ୀ૚࢏

     

Example 3 (binomial distribution, continue): 

~ࢅ
,࢓)࡮ (࢖

࢓ , ૙ ≤ ࢅ ≤ ૚ ⟹  .࢟ࢉ࢔ࢋ࢛ࢗࢋ࢘ࢌ ࢔࢏ ࢔࢕࢏࢚࢛࢈࢏࢚࢙࢘࢏ࢊ ࢒ࢇ࢏࢓࢕࢔࢏࡮ 

Then,  

ࣂ = ࢍ࢕࢒ ൬
࢖

૚ − ൰࢖ = ࢍ࢕࢒ ൬
ࣆ

૚ −  ,൰ࣆ

(ࣂ)࢈ = ૚]ࢍ࢕࢒ + [(ࣂ)࢖࢞ࢋ = ࢍ࢕࢒ ൬
૚

૚ − ൰࢖ = ࢍ࢕࢒ ൬
૚

૚ −  .൰ࣆ

Therefore 

,૚࢟)ࡰ ࢟૛, ⋯ , (ෝࣆ|࢔࢟ = ૛ ෍ൣ࢟࢏൫ࣂ෡࢏ − ෡൯ࣂ + ෡൯ࣂ൫࢈ − ൯൧࢏෡ࣂ൫࢈
࢔

ୀ૚࢏

 

= ૛ ෍ ൜࢟࢏ ൤ࢍ࢕࢒ ൬
࢏ෝࣆ

૚ − ࢏ෝࣆ
൰ − ࢍ࢕࢒ ൬

ෝࣆ
૚ − ෝ൰൨ࣆ + ࢍ࢕࢒ ൬

૚
૚ − ෝ൰ࣆ − ࢍ࢕࢒ ൬

૚
૚ − ࢏ෝࣆ

൰ൠ
࢔

ୀ૚࢏

   

= ૛ ෍ ൜࢟࢏ ൤ࢍ࢕࢒ ൬
࢏࢟

૚ − ࢏࢟
൰ − ࢍ࢕࢒ ൬

ഥ࢟
૚ − ഥ࢟൰൨ + ࢍ࢕࢒ ൬

૚
૚ − ഥ࢟൰ − ࢍ࢕࢒ ൬

૚
૚ − ࢏࢟

൰ൠ
࢔

ୀ૚࢏

   

= ૛ ෍ ൤࢟ࢍ࢕࢒࢏ ൬
࢏࢟

ഥ࢟ ൰ + (૚ − ࢍ࢕࢒(࢏࢟ ൬
૚ − ࢏࢟

૚ − ഥ࢟ ൰൨
࢔

ୀ૚࢏
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Example 4 (gamma distribution, continue): 
,ࣆ)ࡳ~ࢅ ࢜). Then,  

ࣂ =
−૚
ࣆ , (ࣂ)࢈ = (ࣂ−)ࢍ࢕࢒− = ࢍ࢕࢒− ൬

૚
 .൰ࣆ

Therefore 

,૚࢟)ࡰ ࢟૛, ⋯ , (ෝࣆ|࢔࢟ = ૛ ෍ൣ࢟࢏൫ࣂ෡࢏ − ෡൯ࣂ + ෡൯ࣂ൫࢈ − ൯൧࢏෡ࣂ൫࢈
࢔

ୀ૚࢏

                   

       = ૛ ෍ ൤࢟࢏ ൬
−૚
࢏ෝࣆ

+
૚
ෝ൰ࣆ − ࢍ࢕࢒ ൬

૚
ෝ൰ࣆ + ࢍ࢕࢒ ൬

૚
࢏ෝࣆ

൰൨
࢔

ୀ૚࢏

  

      = ૛ ෍ ൤࢟࢏ ൬
−૚
࢏࢟

+
૚
ഥ࢟൰ − ࢍ࢕࢒ ൬

૚
ഥ࢟൰ + ࢍ࢕࢒ ൬

૚
࢏࢟

൰൨
࢔

ୀ૚࢏

 

= ૛ ෍ ൤൬
࢏࢟ − ഥ࢟

ഥ࢟ ൰ − ࢍ࢕࢒ ൬
࢏࢟

ഥ࢟ ൰൨
࢔

ୀ૚࢏

       

Example 5 (inverse Gaussian distribution, continue): 
,ࣆ)ࡳࡵ~ࢅ ࣌૛). Then 

ࣂ =
−૚
૛ࣆ૛ , (ࣂ)࢈ = −√−૛ࣂ =

−૚
ࣆ , 

Therefore 

,૚࢟)ࡰ ࢟૛, ⋯ , (ෝࣆ|࢔࢟ = ૛ ෍ൣ࢟࢏൫ࣂ෡࢏ − ෡൯ࣂ + ෡൯ࣂ൫࢈ − ൯൧࢏෡ࣂ൫࢈
࢔

ୀ૚࢏

          

       = ૛ ෍ ቈ࢟࢏ ቆ
−૚
૛ࣆෝ࢏

૛ +
૚

૛ࣆෝ૛ቇ −
૚
ෝࣆ +

૚
࢏ෝࣆ

቉
࢔

ୀ૚࢏

 

      = ૛ ෍ ൤࢟࢏ ൬
−૚
૛࢟࢏

+
૚

૛ഥ࢟૛൰ −
૚
ഥ࢟ +

૚
࢏࢟

൨
࢔

ୀ૚࢏

 

 = ૛ ෍ ൤
࢏࢟

૛ഥ࢟૛ +
૚

૛࢟࢏
−

૚
ഥ࢟൨

࢔

ୀ૚࢏

    

= ෍
࢏࢟) − ഥ࢟)૛

ഥ࢟૛࢏࢟

࢔

ୀ૚࢏
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General case: 
The null model we commonly use to fit the data involves ࢖ parameters, (࢏ࣆ)ࢍ =
,ࢼ࢏࢞ ࢏ = ૚, ૛, ⋯ , ࢏෥ࣆ Let .࢔ =  ෡ is the iterated reweighted leastࢼ ෡൯, whereࢼ࢏૚൫࢞ିࢍ
square estimate. Then, the deviance function  

,૚࢟)ࡰ ࢟૛, ⋯ , ,෥૚ࣆ|࢔࢟ ,෥૛ࣆ ⋯ ,  (࢔෥ࣆ
= ૛࢒](ࣘ)ࢇ(࢟૚, ࢟૛ , ⋯ , (࢔࢟ − ,෥૚ࣆ)࢒ ,෥૛ࣆ ⋯ ,  [(࢔෥ࣆ

= ૛ ෍ൣ࢟࢏൫ࣂ෡࢏ − ൯࢏෩ࣂ + ൯࢏෩ࣂ൫࢈ − ൯൧࢏෡ࣂ൫࢈
࢔

ୀ૚࢏

       

where 
࢏෡ࣂ = (࢏ෝࣆ)૚ି(ᇱ࢈) =  (࢏࢟)૚ି(ᇱ࢈)

and 
࢏෩ࣂ =  .(࢏෥ࣆ)૚ି(ᇱ࢈)

The deviance function can be used to assess the discrepancy of a fit with (࢏ࣆ)ࢍ =
 and ࢏࢟ Intuitively, large deviance implies that the “distance” between the data .ࢼ࢏࢞
the fitted value ࣆ෥࢏ = (࢏ࣆ)ࢍ ෡൯ is large. That is, the fit withࢼ࢏૚൫࢞ିࢍ =  might ࢼ࢏࢞
not be sensible.  
The forms of the deviances for different distribution are given below: 
Normal distribution: 

෍(࢟࢏ − ૛(࢏෥ࣆ
࢔

ୀ૚࢏

 

Poisson distribution:  

૛ ෍ ൤࢟ࢍ࢕࢒࢏ ൬
࢏࢟

࢏෥ࣆ
൰ − ࢏࢟) − ൨(࢏෥ࣆ

࢔

ୀ૚࢏

 

Binomial distribution (in frequency): 

૛ ෍ ൤࢟ࢍ࢕࢒࢏ ൬
࢏࢟

࢏෥ࣆ
൰ + (૚ − ࢍ࢕࢒(࢏࢟ ൬

૚ − ࢏࢟

૚ − ࢏෥ࣆ
൰൨

࢔

ୀ૚࢏

 

Gamma distribution:  

૛ ෍ ൤൬
࢏࢟ − ࢏෥ࣆ

࢏෥ࣆ
൰ − ࢍ࢕࢒ ൬

࢏࢟

࢏෥ࣆ
൰൨

࢔

ୀ૚࢏

 

Inverse Gaussian distribution: 

෍
࢏࢟) − ૛(࢏෥ࣆ

࢏෥ࣆ࢏࢟
૛

࢔

ୀ૚࢏
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Supplement: Deviance function 
Let ࢑ be the difference between the number of parameters in the full model and 
the one in the null model. Then,  

−૛ ܏ܗܔ ઩ =
࢔࢕࢏࢚ࢉ࢔࢛ࢌ ࢋࢉ࢔ࢇ࢏࢜ࢋࢊ

(ࣘ)ࢇ ≈ ࣑࢑
૛, 

where 

઩ =
࢒ࢋࢊ࢕࢓ ࢒࢒࢛࢔ ࢔࢏ ࢊ࢕࢕ࢎ࢏࢒ࢋ࢑࢏࢒
࢒ࢋࢊ࢕࢓ ࢒࢒࢛ࢌ ࢔࢏ ࢊ࢕࢕ࢎ࢏࢒ࢋ࢑࢏࢒ ≡  ࢕࢏࢚ࢇ࢘ ࢊ࢕࢕ࢎ࢏࢒ࢋ࢑࢏࢒

and 
࢔࢕࢏࢚ࢉ࢔࢛ࢌ ࢋࢉ࢔ࢇ࢏࢜ࢋࢊ = ૛(࢒ࢋࢊ࢕࢓ ࢒࢒࢛ࢌ ࢔࢏ ࢊ࢕࢕ࢎ࢏࢒ࢋ࢑࢏࢒)ࢍ࢕࢒](ࣘ)ࢇ 

   [(࢒ࢋࢊ࢕࢓ ࢒࢒࢛࢔ ࢔࢏ ࢊ࢕࢕ࢎ࢏࢒ࢋ࢑࢏࢒)ࢍ࢕࢒−                                
 
Case 1: 
Full model: ࢏ࣆ, ࢏ = ૚, ૛, ⋯ ,  .࢔
Null model: ࣆ ⟹ :૙ࡴ ૚ࣆ = ૛ࣆ = ⋯ = ࢔ࣆ =   .ࣆ
Then,  

,૚࢟)ࡰ ࢟૛, ⋯ , (ෝࣆ|࢔࢟ ≈ ૚ି࢔࣑(ࣘ)ࢇ
૛ . 

 
Case 2: ࢼ is a ࢖ × ૚ vector of parameters.  
Full model: ࢏ࣆ, ࢏ = ૚, ૛, ⋯ ,  .࢔
Null model: (࢏ࣆ)ࢍ = ,ࢼ࢏࢞ ࢏ = ૚, ૛, ⋯ , ࢔ ⟹ :૙ࡴ (ࣆ)ࢍ =  .ࢼ࢞
Then, 

,૚࢟)ࡰ ࢟૛, ⋯ , ,෥૚ࣆ|࢔࢟ ,෥૛ࣆ ⋯ , (࢔෥ࣆ ≈ ࢖ି࢔࣑(ࣘ)ࢇ
૛ , 

where ࣆ෥࢏ =  .෡൯ࢼ࢏૚൫࢞ିࢍ
 
Case 3 (most commonly used): ࢼ is a ࢖ × ૚ vector of parameters   
ࢗ ෩ is aࢼ                           × ૚ vector of parameters.   
Full model: (࢏ࣆ)ࢍ = ,ࢼ࢏࢞ ࢏ = ૚, ૛, ⋯ ,  .࢔
Null model: (࢏ࣆ)ࢍ = ,෩ࢼ࢏ࢠ ࢏ = ૚, ૛, ⋯ , ࢔ ⟹ :૙ࡴ (ࣆ)ࢍ =  .෩ࢼࢠ
Then,  

,ෝ૚ࣆ)ࡰ ,ෝ૛ࣆ ⋯ , ,෥૚ࣆ|࢔ෝࣆ ,෥૛ࣆ ⋯ , (࢔෥ࣆ ≈ ࢗି࢖࣑(ࣘ)ࢇ
૛ , 

where ࣆෝ࢏ = ࢏෥ࣆ ෡൯ andࢼ࢏૚൫࢞ିࢍ = ૚ିࢍ ቀࢼ࢏ࢠ෩෡ቁ. 

 
 


