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3.2 Likelihood functions: 

1. Poisson distribution 
The distribution of a Poisson random variable ࢅ is  

ࢅ)ࡼ = ࢟) =
࢟ࣆ(ࣆ−)࢖࢞ࢋ

࢟! , ࢟ = ૙, ૚, ૛, ⋯ 

The cumulant generating function is  
ࢅࣄ = (࢚)࢖࢞ࢋ]ࣆ − ૚]. 

Thus,  
(ࢅ)ࡱ = ࢀࣄ

ᇱ (૙) = ࣆ] ∙ ୀ૙࢚[(࢚)࢖࢞ࢋ =  ࣆ
and 

(ࢅ)ࡱ = ࢀࣄ
ᇱᇱ(૙) = ࣆ] ∙ ୀ૙࢚[(࢚)࢖࢞ࢋ =  .ࣆ

 
 
2. The Poisson log-likelihood function 
The Poisson log-likelihood function for independent (࢏ࣆ)ࡼ~࢏ࢅ, ࢏ = ૚, ⋯ ,   is ,࢔

,૚ࣆ)࢒ ,૛ࣆ ⋯ , (࢔ࣆ ∝ ෍[࢟࢏ ∙ (࢏ࣆ)ࢍ࢕࢒ − [࢏ࣆ
࢔

ୀ૚࢏

, 

where (࢏ࢅ)ࡱ =   The deviance function is .࢏ࣆ
,૚࢟)ࡰ ࢟૛, ⋯ , ,෥૚ࣆ|࢔࢟ ,෥૛ࣆ ⋯ ,  (࢔෥ࣆ

= ૛ ෍ ൤࢟ࢍ࢕࢒࢏ ൬
࢏࢟

࢏෥ࣆ
൰ − ࢏࢟) − ൨(࢏෥ࣆ

࢔

ୀ૚࢏

 

    = ૛ ෍ ൤࢟ࢍ࢕࢒࢏ ൬
࢏࢟

࢏෥ࣆ
൰൨

࢔

ୀ૚࢏

− ૛ ෍(࢟࢏ − (࢏෥ࣆ
࢔

ୀ૚࢏

 

where ࣆ෥࢏ = (࢏ࢅ)ࡱ ෡൯ is the estimate ofࢼ࢏૚൫࢞ିࢍ =  .࢏ࣆ
Note:  
If a constant term (the intercept) is included in the model, it can be shown that  

෍(࢟࢏ − (࢏෥ࣆ
࢔

ୀ૚࢏

= ૙. 

Thus, the deviance function can be reduced to  

,૚࢟)ࡰ ࢟૛, ⋯ , ,෥૚ࣆ|࢔࢟ ,෥૛ࣆ ⋯ , (࢔෥ࣆ = ૛ ෍ ൤࢟ࢍ࢕࢒࢏ ൬
࢏࢟

࢏෥ࣆ
൰൨

࢔

ୀ૚࢏

. 

Note:  
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The deviance function is closely related to Pearson’s statistic. Since 
࢏࢟ − ࢏෥ࣆ

࢏෥ࣆ
= ࢏ࢿ ⟺

࢏࢟

࢏෥ࣆ
= ૚ + ࢏ࢿ ⟺ ࢏࢟ = ૚)࢏෥ࣆ +  ,(࢏ࢿ

then 

࢏࢟ ∙ ࢍ࢕࢒ ൬
࢏࢟

࢏෥ࣆ
൰ − ࢏࢟) − (࢏෥ࣆ = ૚)࢏෥ࣆ + (࢏ࢿ ∙ ࢍ࢕࢒ ൬

࢏࢟

࢏෥ࣆ
൰ −  ࢏ࢿ࢏෥ࣆ

 = ૚)]࢏෥ࣆ + (࢏ࢿ ∙ ૚)ࢍ࢕࢒ + (࢏ࢿ −  [࢏ࢿ

   = ࢏෥ࣆ ቈ(૚ + (࢏ࢿ ቆ࢏ࢿ −
࢏ࢿ

૛

૛ + ⋯ ቇ −  ቉࢏ࢿ

     = ࢏෥ࣆ ቈቆ࢏ࢿ −
࢏ࢿ

૛

૛ + ࢏ࢿ
૛ −

࢏ࢿ
૜

૛ + ⋯ ቇ −  ቉࢏ࢿ

 = ࢏෥ࣆ ቆ
࢏ࢿ

૛

૛ + ⋯ ቇ               

≈
࢏ࢿ࢏෥ࣆ

૛

૛ ,                     

where  

૚)ࢍ࢕࢒ + (࢏ࢿ = ࢏ࢿ −
࢏ࢿ

૛

૛ + ⋯. 

Thus, as the model includes the intercept,  

,૚࢟)ࡰ ࢟૛, ⋯ , ,෥૚ࣆ|࢔࢟ ,෥૛ࣆ ⋯ , (࢔෥ࣆ = ૛ ෍ ൤࢟ࢍ࢕࢒࢏ ൬
࢏࢟

࢏෥ࣆ
൰൨

࢔

ୀ૚࢏

                        

≈ ෍
࢏࢟) − ૛(࢏෥ࣆ

࢏෥ࣆ

࢔

ୀ૚࢏

  

       ≡    ܋ܑܜܛܑܜ܉ܜܛ ܛᇱܖܗܛܚ܉܍۾
Note:  
࣌૛ can be estimated by  

෥࣌૛ =
૚

࢔ − ࢖ ෍
࢏࢟) − ૛(࢏෥ࣆ

࢏෥ࣆ

࢔

ୀ૚࢏

=
૛ࢄ

࢔ −  ,࢖

 .૛ is the sum of Pearson’s residuals, i.e., Pearson’s statisticࢄ
 


