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3.3 Comparison of two or more Poisson means: 

Suppose that 풀풊~푷(흁풊), 풊 = ퟏ, ⋯ , 풌, are independent Poisson random variables 
with 풍풐품(흁풊) = 휷ퟎ + 휷ퟏ풙풊 and that we require to test the composite null 
hypothesis 

푯ퟎ: 흁ퟏ = 흁ퟐ = ⋯ = 흁풌 = 풆풙풑(휷ퟎ)       
⟺ 푯ퟎ: 풍풐품(흁ퟏ) = 풍풐품(흁ퟐ) = ⋯ = 풍풐품(흁풌) = 휷ퟎ 
⟺ 푯ퟎ: 휷ퟏ = ퟎ                               

The alternative hypotheses under consideration are 푯ퟏ: 휷ퟏ > ퟎ, or 푯ퟏ: 휷ퟏ < ퟎ or 
푯ퟏ: 휷ퟏ ≠ ퟎ . Denote 풀 = (풀ퟏ, 풀ퟐ, ⋯ , 풀풌). Standard theory of significance testing 
leads to consideration of the test statistic 

푻(풀) =  푻(풀ퟏ, 풀ퟐ, ⋯ , 풀풌) = 풙풊풀풊

풌

풊 ퟏ

 

conditionally on the observed value of  

풎(풀) = 풎(풀ퟏ, 풀ퟐ, ⋯ , 풀풌) = 풀풊

풌

풊 ퟏ

 

which is the sufficient statistic for 휷ퟎ. For example, as 푯풂: 휷ퟏ > ퟎ, the test is  
퐫퐞퐣퐞퐜퐭 푯ퟎ 퐚퐬 푻(풚) > 풄ퟎ(풎)      

                  퐫퐞퐣퐞퐜퐭 푯ퟎ 퐰퐢퐭퐡 퐩퐫퐨퐛퐚퐛퐢퐥퐢퐭퐲 풘(풎) 퐚퐬 푻(풚) = 풄ퟎ(풎) 
퐧퐨퐭 퐫퐞퐣퐞퐜퐭 푯ퟎ 퐚퐬 푻(풚) < 풄ퟎ(풎)  

given the data 

퐲 = (풚ퟏ, 풚ퟐ, ⋯ , 풚풌), 풎 = 풚풊

풌

풊 ퟏ

, 

where 풄ퟎ(풎) and 풘(풎) can be obtained by solving  
푷(푻(풀) > 풄ퟎ(풎)|풎(풀) = 풎) + 풘(풎)푷(푻(풀) = 풄ퟎ(풎)|풎(풀) = 풎) = 휶 

 
under 푯ퟎ, 풊. 풆. , 휷ퟏ = ퟎ and 풘(풎) is some constant depending on 풎.  
 
Note that under the null hypothesis, we regard the data as having multinomial 

distribution with index 풎  and parameter vector ퟏ
풌 , ퟏ

풌 , ⋯ , ퟏ
풌  

independent of 휷ퟎ, i.e.,  

푷 풀ퟏ = 풚ퟏ, 풀ퟐ = 풚ퟐ, ⋯ , 풀풌 = 풚풌|풎(풀) = 풀풊

풌

풊 ퟏ

= 풎  
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=
풎!

∏ 풚풊!풌
풊 ퟏ

ퟏ
풌

풚풊
풌

풊 ퟏ

=
풎!

∏ 풚풊!풌
풊 ퟏ

ퟏ
풌

∑ 풚풊
풌
풊 ퟏ

 

=
풎!

∏ 풚풊!풌
풊 ퟏ

ퟏ
풌풎                        

 
Note:  
Let 풀 = (풀ퟏ, 풀ퟐ, ⋯ , 풀풌) has the probability density function or probability 
distribution function 

풇(풚) = 풇(풚ퟏ, 풚ퟐ, ⋯ , 풚풌) = 풄(휽, 휼)풆풙풑 휽푻(풚) + 휼풋풎풋(풚)
풓

풋 ퟏ

풉(풚). 

Let  
풎(풚) = 풎ퟏ(풚), 풎ퟐ(풚), ⋯ , 풎풓(풚) . 

Then, for testing 푯ퟎ: 휽 ≤ 휽ퟎ 풗풔 푯ퟏ: 휽 > 휽ퟎ, an UMP (uniformly most powerful) 
unbiased level-test given 풎(풀) = 풎 is  

퐫퐞퐣퐞퐜퐭 푯ퟎ 퐚퐬 푻(풚) > 풄ퟎ(풎)      
                  퐫퐞퐣퐞퐜퐭 푯ퟎ 퐰퐢퐭퐡 퐩퐫퐨퐛퐚퐛퐢퐥퐢퐭퐲 풘(풎) 퐚퐬 푻(풚) = 풄ퟎ(풎) 

퐧퐨퐭 퐫퐞퐣퐞퐜퐭 푯ퟎ 퐚퐬 푻(풚) < 풄ퟎ(풎)  
where 풄ퟎ(풎) and 풘(풎) can be obtained by solving  

푷(푻(풀) > 풄ퟎ(풎)|풎(풀) = 풎) + 풘(풎)푷(푻(풀) = 풄ퟎ(풎)|풎(풀) = 풎) = 휶 
under the null hypothesis. 

 
Therefore, for independent Poisson random variables 풀풊~푷(흁풊), 풊 = ퟏ, ⋯ , 풌, with 
풍풐품(흁풊) = 휷ퟎ + 휷ퟏ풙풊, the probability distribution function is  

풇(풚) =
흁풊

풚풊 ∙ 풆풙풑(−흁풊)
풚풊!

풌

풊 ퟏ

= 풆풙풑 − 흁풊

풌

풊 ퟏ

풆풙풑 풍풐품 흁풊
풚풊

풌

풊 ퟏ

∙
ퟏ

∏ 풚풊!풌
풊 ퟏ

 

        = 풆풙풑 − 흁풊

풌

풊 ퟏ

풆풙풑 풚풊 ∙ 풍풐품(흁풊)
풌

풊 ퟏ

∙
ퟏ

∏ 풚풊!풌
풊 ퟏ

 

        = 풆풙풑 − 흁풊

풌

풊 ퟏ

풆풙풑 풚풊(휷ퟎ + 휷ퟏ풙풊)
풌

풊 ퟏ

∙
ퟏ

∏ 풚풊!풌
풊 ퟏ

 

        = 풆풙풑 − 흁풊

풌

풊 ퟏ

풆풙풑 휷ퟏ 풙풊풚풊

풌

풊 ퟏ

+ 휷ퟎ 풚풊

풌

풊 ퟏ

∙
ퟏ

∏ 풚풊!풌
풊 ퟏ

 

        = 풄(휷ퟎ, 휷ퟏ)풆풙풑[휷ퟏ푻(풚) + 휷ퟎ풎(풚)]풉(풚) 
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where 

풄(휷ퟎ, 휷ퟏ) = 풆풙풑 − 흁풊

풌

풊 ퟏ

, 푻(풚) = 풙풊풚풊

풌

풊 ퟏ

, 풎(풚) = 풚풊

풌

풊 ퟏ

, 풉(풚) =
ퟏ

∏ 풚풊!풌
풊 ퟏ

. 

 
Note:  
The Poisson log-likelihood function for (휷ퟎ, 휷ퟏ) in this problem is  

풍(휷ퟎ, 휷ퟏ) ∝ [풚풊 ∙ 풍풐품(흁풊) − 흁풊]
풌

풊 ퟏ

 

= [풚풊(휷ퟎ + 휷ퟏ풙풊) − 풆풙풑(휷ퟎ + 휷ퟏ풙풊)]
풌

풊 ퟏ

       

= 휷ퟎ 풚풊

풌

풊 ퟏ

+ 휷ퟏ 풙풊풚풊

풌

풊 ퟏ

− 풆풙풑(휷ퟎ + 휷ퟏ풙풊)
풌

풊 ퟏ

 

Denote 

흉 = 풆풙풑(휷ퟎ + 휷ퟏ풙풊)
풌

풊 ퟏ

= 흁풊

풌

풊 ퟏ

. 

 
Then, the log-likelihood for (흉, 휷ퟏ) becomes  

풍(휷ퟎ, 휷ퟏ) ∝ 휷ퟎ 풚풊

풌

풊 ퟏ

+ 휷ퟏ 풙풊풚풊

풌

풊 ퟏ

− 풆풙풑(휷ퟎ + 휷ퟏ풙풊)
풌

풊 ퟏ

 

            = 휷ퟎ풎 + 휷ퟏ 풙풊풚풊

풌

풊 ퟏ

− 흉 

= 풎 ∙ 풍풐품(흉) − 흉 + 휷ퟏ 풙풊풚풊

풌

풊 ퟏ

− [풎 ∙ 풍풐품(흉) − 휷ퟎ풎] 

 = 풎 ∙ 풍풐품(흉) − 흉 + 휷ퟏ 풙풊풚풊

풌

풊 ퟏ

− 풎 ∙ 풍풐품
흉

풆풙풑(휷ퟎ)    

    = 풎 ∙ 풍풐품(흉) − 흉 + 휷ퟏ 풙풊풚풊

풌

풊 ퟏ

− 풎 ∙ 풍풐품 풆풙풑(휷ퟏ풙풊)
풌

풊 ퟏ

 

= 풍풎(풀)(흉) + 풍풀|풎(풀)(휷ퟏ)                        
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where  
풍풎(풀)(흉) ∝  풎 ∙ 풍풐품(흉) − 흉 

is the Poisson log-likelihood based on 

풎 = 풚풊

풌

풊 ퟏ

= 풎(풀)~푷(흉) 

and  

풍풀|풎(풀)(휷ퟏ) ∝ 휷ퟏ 풙풊풚풊

풌

풊 ퟏ

− 풎 ∙ 풍풐품 풆풙풑(휷ퟏ풙풊)
풌

풊 ퟏ

 

 
is the multinomial log-likelihood for 휷ퟏ based on conditional distribution,  

풀|풎(풀) = 풎 ≡ 풀ퟏ, 풀ퟐ, ⋯ , 풀풌|풎(풀) = 풎~푴(풎, 흅ퟏ, ⋯ , 흅풌), 
where 푴(풎, 흅ퟏ, ⋯ , 흅풌)  is a multinomial distribution with index 풎  and 
parameters  

흅풋 =
풆풙풑 휷ퟏ풙풋

∑ 풆풙풑(휷ퟏ풙풊)풌
풊 ퟏ

, 풋 = ퟏ, ⋯ , 풌. 

 


