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Chapter 5 Models for Survival Data 

5.1 Introduction: 

1. Motivation 
Motivating example: 
There are ૡ  patients (۷~۷۷۷܄ ) in a ૚૛ -months clinical study (D: death; L: loss 
information). 

 

 
In this data, the exact failure times of some patients are unknown either because the 
patients withdraw from the study or because the patients were still alive at the end 
of the study. We refer the above situation as “censoring”. Censoring is so common 
in medical experiments that the statistical methods must allow for it.  
For the above example, we have the following data: 

૟ ૠ∗ ૢ. ૞∗ ૠ ૚૙∗ ૠ ૟∗ ૚૚ 
where “*” stands for censoring. Further, if we have the following information about 
these patients: 
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 ܔ܉ܞܑܞܚܝ܁ ܜ܋܍ܒ܊ܝ܁

 ܍ܕܑܜ
  ܚܗܛܖ܍۱

 ܚܗܜ܉܋ܑ܌ܖܑ
 ܍܏ۯ ܚ܍܌ܖ܍۵ ܍ܜܜ܍ܚ܉܏ܑ܋ ܎ܗ # ܘܝܗܚ۵

۷ ૟ ૚ ܂ ૛૙ ૚ ૝૞ 
۷۷ ૠ ૙ ܂ ૜૙ ૚ ૛૙ 
۷۷۷ ૢ. ૞ ૙ ܂ ૞ ૙ ૜ૡ 
 ૝૙ ૚ ૛૟ ܂ ૠ ૚ ܄۷
 ૚૙ ૙ ۱ ૜ ૙ ૝૛ ܄
 ૠ ૚ ۱ ૝૙ ૙ ૚ૠ ۷܄
 ૟ ૙ ۱ ૟૙ ૚ ૛૞ ۷۷܄
 ૚૚ ૚ ۱ ૚૙ ૙ ૛ૢ ۷۷۷܄

where Censor indicator (૚: death; ૙: censoring) and Group (܂: treatment group; ۱: 
control group).  
Objective:  
For the above typical survival data, we are concerned with  
1. the survival function 
2. the comparison of two groups of survival data 
3. which factors (# of cigarette, gender or age) are important in deciding the failure 

rate 
2. Survival functions and hazard functions 
Let ࢀ be the positive random variable representing failure time. Then,  

(࢚)ࡿ = ࢀ)ࡼ ≥ ࢚) = න ࢞ࢊ(࢞)ࢌ
ஶ

࢚
 

is called the survival function, where ࢌ(࢞) is the probability density function of ࢀ. 
The hazard function is  

(࢚)ࣅ = ࢓࢏࢒
૙శ→ࢿ

ቈ
࢚)ࡼ ≤ ࢀ < ࢚ + ࢀ|ࢿ ≥ ࢚)

ࢿ
቉ 

 = ࢓࢏࢒
૙శ→ࢿ

ቈ
૚
ࢿ ∙

࢚)ࡼ ≤ ࢀ < ࢚ + (ࢿ
ࢀ)ࡼ ≥ ࢚) ቉ 

= ࢓࢏࢒
૙శ→ࢿ

൥
૚
ࢿ ∙

∫ ࢿା࢚࢞ࢊ(࢞)ࢌ
࢚

(࢚)ࡿ ൩    

=
૚

(࢚)ࡿ ∙ ࢓࢏࢒
૙శ→ࢿ

൥
∫ ࢿା࢚࢞ࢊ(࢞)ࢌ

࢚
ࢿ

൩ 

=
(࢚)ࢌ
                  (࢚)ࡿ

The relationships among ࣅ(࢚), ,(࢚)ࢌ  :(࢚)ࡿ
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1.  

(࢚)ࣅ = −
[(࢚)ࡿ]ࢍ࢕࢒ࢊ

࢚ࢊ . 

2.  

(࢚)ࡿ = ࢖࢞ࢋ ቈ− න ࢞ࢊ(࢞)ࣅ
࢚

૙
቉. 

3.  

(࢚)ࢌ = (࢚)ࡿ(࢚)ࣅ = ࢖࢞ࢋ(࢚)ࣅ ቈ− න ࢞ࢊ(࢞)ࣅ
࢚

૙
቉. 

[derivation:] 
1.   

−
[(࢚)ࡿ]ࢍ࢕࢒ࢊ

࢚ࢊ = −
૚

(࢚)ࡿ ∙
(࢚)ࡿࢊ

࢚ࢊ = −
૚

(࢚)ࡿ ∙
∫ൣࢊ ஶ࢞ࢊ(࢞)ࢌ

࢚ ൧
࢚ࢊ               

                = −
૚

(࢚)ࡿ ∙
ࢊ ቂ૚ − ∫ ࢚࢞ࢊ(࢞)ࢌ

૙ ቃ
࢚ࢊ  = −

૚
(࢚)ࡿ ∙ (−૚) ∙ (࢚)ࢌ  =

(࢚)ࢌ
  (࢚)ࡿ

 =                                 .(࢚)ࣅ
 

2. By 1,  

(࢚)ࣅ = −
[(࢚)ࡿ]ࢍ࢕࢒ࢊ

࢚ࢊ  

  ⟺ − න ࢞ࢊ(࢞)ࣅ
࢚

૙
= න ቊ

[(࢞)ࡿ]ࢍ࢕࢒ࢊ
࢞ࢊ ቋ ࢞ࢊ = න [(࢞)ࡿ]ࢍ࢕࢒ࢊ

࢚

૙

࢚

૙
 

                = ૙|[(࢞)ࡿ]ࢍ࢕࢒
࢚ = [(࢚)ࡿ]ࢍ࢕࢒ −  [(૙)ࡿ]ࢍ࢕࢒

                = [(࢚)ࡿ]ࢍ࢕࢒ − ࢀ)ࡼ]ࢍ࢕࢒ ≥ ૙)]          
                 = [(࢚)ࡿ]ࢍ࢕࢒ −                  (૚)ࢍ࢕࢒

                  =                           [(࢚)ࡿ]ࢍ࢕࢒

 ⟺ (࢚)ࡿ = ࢖࢞ࢋ ቈ− න ࢞ࢊ(࢞)ࣅ
࢚

૙
቉                        

3. By 2, since 

(࢚)ࣅ =
(࢚)ࢌ
 ,(࢚)ࡿ

then 

(࢚)ࢌ = (࢚)ࡿ(࢚)ࣅ = (࢚)ࣅ ∙ ࢖࢞ࢋ ቈ− න ࢞ࢊ(࢞)ࣅ
࢚

૙
቉. 

Example: 
(i) Constant hazards: ࣅ(࢚) =  ࣅ



4 
 

 
Then, 

(࢚)ࡿ = ࢖࢞ࢋ ቈ− න ࢞ࢊ(࢞)ࣅ
࢚

૙
቉ = ࢖࢞ࢋ ቆ− න ࢞ࢊࣅ

࢚

૙
ቇ =  (࢚ࣅ−)࢖࢞ࢋ

and 

(࢚)ࢌ = (࢚)ࣅ ∙ ࢖࢞ࢋ ቈ− න ࢞ࢊ(࢞)ࣅ
࢚

૙
቉ = ࣅ ∙ ࢖࢞ࢋ ቆ− න ࢞ࢊࣅ

࢚

૙
ቇ = ࣅ ∙  (࢚ࣅ−)࢖࢞ࢋ

is the exponential distribution. 
(ii) ࣅ(࢚) =  ૚ି࢖(࢚ࣅ)࢖ࣅ
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Then, 

(࢚)ࡿ = ࢖࢞ࢋ ቈ− න ࢞ࢊ(࢞)ࣅ
࢚

૙
቉ = ࢖࢞ࢋ ቈ− න ࢞ࢊ૚ି࢖(࢞ࣅ)࢖ࣅ

࢚

૙
቉ 

= ࢖࢞ࢋ ቈ− න ࢞ࣅࢊ૚ି࢖(࢞ࣅ)࢖
࢚

૙
቉ =   [࢖(࢚ࣅ)−]࢖࢞ࢋ

and 

(࢚)ࢌ = (࢚)ࣅ ∙ ࢖࢞ࢋ ቈ− න ࢞ࢊ(࢞)ࣅ
࢚

૙
቉ = ૚ି࢖(࢚ࣅ)࢖ࣅ ∙  [࢖(࢚ࣅ)−]࢖࢞ࢋ

is the Weibull distribution. 
(iii)  

(࢚)ࣅ = ࢚ࢻ +
ࢼ

૚ + ࢚࢘ 

is bathtub hazard function. 
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