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Chapter 5 Models for Survival Data 

5.1 Introduction: 

1. Motivation 
Motivating example: 
There are ퟖ  patients (퐈~퐕퐈퐈퐈 ) in a ퟏퟐ -months clinical study (D: death; L: loss 
information). 

 

 
In this data, the exact failure times of some patients are unknown either because the 
patients withdraw from the study or because the patients were still alive at the end 
of the study. We refer the above situation as “censoring”. Censoring is so common 
in medical experiments that the statistical methods must allow for it.  
For the above example, we have the following data: 

ퟔ ퟕ∗ ퟗ. ퟓ∗ ퟕ ퟏퟎ∗ ퟕ ퟔ∗ ퟏퟏ 
where “*” stands for censoring. Further, if we have the following information about 
these patients: 
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퐒퐮퐛퐣퐞퐜퐭 퐒퐮퐫퐯퐢퐯퐚퐥 

퐭퐢퐦퐞 
퐂퐞퐧퐬퐨퐫  

퐢퐧퐝퐢퐜퐚퐭퐨퐫 
퐆퐫퐨퐮퐩 # 퐨퐟 퐜퐢퐠퐚퐫퐞퐭퐭퐞 퐆퐞퐧퐝퐞퐫 퐀퐠퐞 

퐈 ퟔ ퟏ 퐓 ퟐퟎ ퟏ ퟒퟓ 
퐈퐈 ퟕ ퟎ 퐓 ퟑퟎ ퟏ ퟐퟎ 
퐈퐈퐈 ퟗ. ퟓ ퟎ 퐓 ퟓ ퟎ ퟑퟖ 
퐈퐕 ퟕ ퟏ 퐓 ퟒퟎ ퟏ ퟐퟔ 
퐕 ퟏퟎ ퟎ 퐂 ퟑ ퟎ ퟒퟐ 
퐕퐈 ퟕ ퟏ 퐂 ퟒퟎ ퟎ ퟏퟕ 
퐕퐈퐈 ퟔ ퟎ 퐂 ퟔퟎ ퟏ ퟐퟓ 
퐕퐈퐈퐈 ퟏퟏ ퟏ 퐂 ퟏퟎ ퟎ ퟐퟗ 

where Censor indicator (ퟏ: death; ퟎ: censoring) and Group (퐓: treatment group; 퐂: 
control group).  
Objective:  
For the above typical survival data, we are concerned with  
1. the survival function 
2. the comparison of two groups of survival data 
3. which factors (# of cigarette, gender or age) are important in deciding the failure 

rate 
2. Survival functions and hazard functions 
Let 푻 be the positive random variable representing failure time. Then,  

푺(풕) = 푷(푻 ≥ 풕) = 풇(풙)풅풙
풕

 

is called the survival function, where 풇(풙) is the probability density function of 푻. 
The hazard function is  

흀(풕) = 풍풊풎
휺→ퟎ

푷(풕 ≤ 푻 < 풕 + 휺|푻 ≥ 풕)
휺  

 = 풍풊풎
휺→ퟎ

ퟏ
휺 ∙

푷(풕 ≤ 푻 < 풕 + 휺)
푷(푻 ≥ 풕)  

= 풍풊풎
휺→ퟎ

ퟏ
휺 ∙

∫ 풇(풙)풅풙풕 휺
풕

푺(풕)     

=
ퟏ

푺(풕) ∙ 풍풊풎
휺→ퟎ

∫ 풇(풙)풅풙풕 휺
풕

휺  

=
풇(풕)
푺(풕)                  

The relationships among 흀(풕), 풇(풕), 푺(풕): 
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1.  

흀(풕) = −
풅풍풐품[푺(풕)]

풅풕 . 

2.  

푺(풕) = 풆풙풑 − 흀(풙)풅풙
풕

ퟎ
. 

3.  

풇(풕) = 흀(풕)푺(풕) = 흀(풕)풆풙풑 − 흀(풙)풅풙
풕

ퟎ
. 

[derivation:] 
1.   

−
풅풍풐품[푺(풕)]

풅풕 = −
ퟏ

푺(풕) ∙
풅푺(풕)

풅풕 = −
ퟏ

푺(풕) ∙
풅 ∫ 풇(풙)풅풙풕

풅풕               

                = −
ퟏ

푺(풕) ∙
풅 ퟏ − ∫ 풇(풙)풅풙풕

ퟎ

풅풕  = −
ퟏ

푺(풕) ∙ (−ퟏ) ∙ 풇(풕)  =
풇(풕)
푺(풕)  

 = 흀(풕).                                
 

2. By 1,  

흀(풕) = −
풅풍풐품[푺(풕)]

풅풕  

  ⟺ − 흀(풙)풅풙
풕

ퟎ
=

풅풍풐품[푺(풙)]
풅풙 풅풙 = 풅풍풐품[푺(풙)]

풕

ퟎ

풕

ퟎ
 

                = 풍풐품[푺(풙)]|ퟎ
풕 = 풍풐품[푺(풕)] − 풍풐품[푺(ퟎ)] 

                = 풍풐품[푺(풕)] − 풍풐품[푷(푻 ≥ ퟎ)]          
                 = 풍풐품[푺(풕)] − 풍풐품(ퟏ)                 

                  = 풍풐품[푺(풕)]                          

 ⟺ 푺(풕) = 풆풙풑 − 흀(풙)풅풙
풕

ퟎ
                        

3. By 2, since 

흀(풕) =
풇(풕)
푺(풕), 

then 

풇(풕) = 흀(풕)푺(풕) = 흀(풕) ∙ 풆풙풑 − 흀(풙)풅풙
풕

ퟎ
. 

Example: 
(i) Constant hazards: 흀(풕) = 흀 
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Then, 

푺(풕) = 풆풙풑 − 흀(풙)풅풙
풕

ퟎ
= 풆풙풑 − 흀풅풙

풕

ퟎ
= 풆풙풑(−흀풕) 

and 

풇(풕) = 흀(풕) ∙ 풆풙풑 − 흀(풙)풅풙
풕

ퟎ
= 흀 ∙ 풆풙풑 − 흀풅풙

풕

ퟎ
= 흀 ∙ 풆풙풑(−흀풕) 

is the exponential distribution. 
(ii) 흀(풕) = 흀풑(흀풕)풑 ퟏ 
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Then, 

푺(풕) = 풆풙풑 − 흀(풙)풅풙
풕

ퟎ
= 풆풙풑 − 흀풑(흀풙)풑 ퟏ풅풙

풕

ퟎ
 

= 풆풙풑 − 풑(흀풙)풑 ퟏ풅흀풙
풕

ퟎ
= 풆풙풑[−(흀풕)풑]  

and 

풇(풕) = 흀(풕) ∙ 풆풙풑 − 흀(풙)풅풙
풕

ퟎ
= 흀풑(흀풕)풑 ퟏ ∙ 풆풙풑[−(흀풕)풑] 

is the Weibull distribution. 
(iii)  

흀(풕) = 휶풕 +
휷

ퟏ + 풓풕 

is bathtub hazard function. 
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