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5.2 Estimation of survival function: 

1. Parametric approach 
Suppose 풕ퟏ, 풕ퟐ, ⋯ , 풕풏  are failure times corresponding to censor indicators 
풘ퟏ, 풘ퟐ, ⋯ , 풘풏 (풘풊 = ퟏ, death; 풘풊 = ퟎ, censoring). Then the likelihood function is  

푳(휽) = [풇(풕풊)]풘풊

풏

풊 ퟏ

[푺(풕풊)]ퟏ 풘풊 =
풇(풕풊)
푺(풕풊)

풘풊풏

풊 ퟏ

푺(풕풊) = [흀(풕풊)]풘풊

풏

풊 ퟏ

푺(풕풊), 

where 
풘풊 = ퟏ ⟹ [풇(풕풊)]풘풊[푺(풕풊)]ퟏ 풘풊 = 풇(풕풊) 

and 
풘풊 = ퟎ ⟹ [풇(풕풊)]풘풊[푺(풕풊)]ퟏ 풘풊 = 푺(풕풊) = 푷(푻 ≥ 풕풊). 

where 흀(풕), 푺(풕) depends on some parameter 휽. Then, the parameter estimate 휽 
can be obtained by solving  

흏푳(휽)
흏휽 = ퟎ 

and  흀(풕) and 푺(풕) can be obtained by evaluating 휽 at 휽. 
 
Example: 
Let 푻  have exponential density. Then, 풇(풕) = 흀 ∙ 풆풙풑(−흀풕), 푺(풕) = 풆풙풑(−흀풕), 
and 흀(풕) = 흀. Then, 

푳(흀) = 흀풘풊 ∙
풏

풊 ퟏ

풆풙풑(−흀풕풊) 

and further  

풍(흀) = 풍풐품[푳(흀)] = [풘풊 ∙ 풍풐품(흀) − 흀풕풊]
풏

풊 ퟏ

= 풘풊

풏

풊 ퟏ

∙ 풍풐품(흀) − 흀 풕풊

풏

풊 ퟏ

. 

Thus, 

풅풍(흀)
풅흀 =

∑ 풘풊
풏
풊 ퟏ

흀 − 풕풊

풏

풊 ퟏ

= ퟎ ⟹ 흀 =
∑ 풘풊

풏
풊 ퟏ

∑ 풕풊
풏
풊 ퟏ

. 

푺(풕) = 풆풙풑 −흀풕 . 
For example, in the motivating example,  

흀 =
∑ 풘풊

풏
풊 ퟏ

∑ 풕풊
풏
풊 ퟏ

=
ퟏ + ퟏ + ퟏ + ퟏ

ퟔ + ퟕ + ퟗ. ퟓ + ퟕ + ퟏퟎ + ퟕ + ퟔ + ퟏퟏ =
ퟒ

ퟔퟑ. ퟓ. 

Then,  
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푺(풕) = 풆풙풑 −
ퟒ풕

ퟔퟑ. ퟓ . 

Note:  
Intuitively,  

푬(푻) =
ퟏ
흀, 

i.e., the estimate for mean survival time is  
ퟏ
흀

=
∑ 풕풊

풏
풊 ퟏ

∑ 풘풊
풏
풊 ퟏ

. 

 
2. Nonparametric approach 
Let 풕(ퟏ) < 풕(ퟐ) < ⋯ < 풕(풎)  be death times. The number of individuals who alive 
just before time 풕(풋) , including those who are about to die at this time, will be 
denoted 풏풋 , for 풋 = ퟏ, ⋯ , 풎, and 풅풋 will denote the number who die at this time. 
Thus, we have the following table: 

풕(ퟏ) 풕(ퟐ) ⋯ 풕(풎) 

풏ퟏ 풏ퟐ ⋯ 풏풎 
풅ퟏ 풅ퟐ ⋯ 풅풎 

 
Then, for 풕(풌) ≤ 풕 < 풕(풌 ퟏ), 

푺(풕) =
풏풋 − 풅풋

풏풋

풌

풋 ퟏ

                       

=
풏ퟏ − 풅ퟏ

풏ퟏ

풏ퟐ − 풅ퟐ

풏ퟐ
⋯

풏풌 − 풅풌

풏풌
 

= ퟏ −
풅ퟏ

풏ퟏ
ퟏ −

풅ퟐ

풏ퟐ
⋯ ퟏ −

풅풌

풏풌
    

         = ퟏ −  흀 풕(ퟏ) ퟏ −  흀 풕(ퟐ) ⋯ ퟏ −  흀 풕(풌)  
and 푺(풕) is referred to as Kaplan-Meier estimate.  
 
Note: 
Intuitively, if 푻 is a discrete random variable taking values 풕(ퟏ) < 풕(ퟐ) < ⋯ with 
associated probability function 

풕(ퟏ) 풕(ퟐ) 풕(풎) 풕(풌) 풕(풌 ퟏ) 

풕 
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푷 푻 = 풕(풋) , 풋 = ퟏ, ퟐ, ⋯, 
then   

흀 풕(풋) = 푷 푻 = 풕(풋) 푻 ≥ 풕(풋) =
풇 풕(풋)

푺 풕(풋)
. 

Therefore, for 풕(풌) < 풕 < 풕(풌 ퟏ), 
푺(풕) = 푷(푻 ≥ 풕) = 푷 푻 ≥ 풕(풌 ퟏ)                                  

=
푷 푻 ≥ 풕(ퟐ)

푷 푻 ≥ 풕(ퟏ)
∙

푷 푻 ≥ 풕(ퟑ)

푷 푻 ≥ 풕(ퟐ)
∙ ⋯ ∙

푷 푻 ≥ 풕(풌 ퟏ)

푷 푻 ≥ 풕(풌)
              

=
푷 푻 ≥ 풕(ퟏ) − 푷 푻 = 풕(ퟏ)

푷 푻 ≥ 풕(ퟏ)
⋯

푷 푻 ≥ 풕(풌) − 푷 푻 = 풕(풌)

푷 푻 ≥ 풕(풌)
 

= ퟏ −
푷 푻 = 풕(ퟏ)

푷 푻 ≥ 풕(ퟏ)
ퟏ −

푷 푻 = 풕(ퟐ)

푷 푻 ≥ 풕(ퟐ)
⋯ ퟏ −

푷 푻 = 풕(풌)

푷 푻 ≥ 풕(풌)
   

= ퟏ − 흀 풕(ퟏ) ퟏ − 흀 풕(ퟐ) ⋯ ퟏ − 흀 풕(풌)                 
since 푷 푻 ≥ 풕(ퟏ) = ퟏ.  
 
Example (continue): 
In the motivating example, we have  

풕(풋) ퟔ ퟕ ퟏퟏ 
풏풋 ퟖ ퟔ ퟏ 
풅풋 ퟏ ퟐ ퟏ 

Thus,  
푺(풕) 

=

⎩
⎪
⎪
⎨

⎪
⎪
⎧

ퟏ, ퟎ ≤ 풕 < ퟔ                                                   
풏ퟏ − 풅ퟏ

풏ퟏ
=

ퟖ − ퟏ
ퟖ = ퟎ. ퟖퟕퟓ, ퟔ ≤ 풕 < ퟕ                               

풏ퟏ − 풅ퟏ

풏ퟏ

풏ퟐ − 풅ퟐ

풏ퟐ
=

(ퟖ − ퟏ)
ퟖ ∙

(ퟔ − ퟐ)
ퟔ =

ퟕ
ퟏퟐ , ퟕ ≤ 풕 < ퟏퟏ             

풏ퟏ − 풅ퟏ

풏ퟏ

풏ퟐ − 풅ퟐ

풏ퟐ

풏ퟑ − 풅ퟑ

풏ퟑ
=

(ퟖ − ퟏ)
ퟖ ∙

(ퟔ − ퟐ)
ퟔ ∙

(ퟏ − ퟏ)
ퟏ = ퟎ, 풕 ≥ ퟏퟏ

 

The plot of the survival function is  
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