5.2 Estimation of survival function:

1. Parametric approach
Suppose tq,t;,---,t, are failure times corresponding to censor indicators
Wi, Wy, -, W, (w; =1, death; w; = 0, censoring). Then the likelihood function is

L) = | [rreeomiseor—= | [’;g; s = | [iacearse,
i=1 i=1 ! i=1

where

w; = 1= [f&)]Vi[SE)] ™ = f(¢)
and
w; = 0= [f(t)]"i[St)]' ™ = S(t) = P(T 2 t,).

where A(t),S(t) depends on some parameter 6. Then, the parameter estimate
can be obtained by solving

aL(0)
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and A(t) and S(t) can be obtained by evaluating 0 at 8.

Let T have exponential density. Then, f(t) = A-exp(—At),S(t) = exp(—At),
and A(t) = A. Then,

L(A) = 1_[ i - exp(—At;)
i=1

and further

12) = log[L(A)] Z[wl log(X) — At;] = (Z w,)-log(/l) —/I(Z ti>.

i=1 i=1

Thus,
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S(t) = exp(—At).
For example, in the motivating example,
Taw; 1+1+1+1 4
"t 6+7+95+7+10+7+6+11 63.5

Then,



S(t)=exp (— at )

63.5
Note:
Intuitively,
1
E(T) = 7

i.e., the estimate for mean survival time is
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2. Nonparametric approach

Let ) <t < <l be death times. The number of individuals who alive
just before time ¢, including those who are about to die at this time, will be
denoted n;, for j=1,---,m, and d]- will denote the number who die at this time.

Thus, we have the following table:
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Then, for t(k) <t< t(k+1),
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S = 1_[ (nln;dl>
j
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=[1- Altw)l[1 - Atx)] - [1- Atw)]
and S(t) is referred to as Kaplan-Meier estimate.

Note:
Intuitively, if T is a discrete random variable taking values £y < t(;) < --- with

associated probability function



P(T = t(]-)),j = 1, 2,"';
then

f(tg))

Aty) =P(T=t;H|T=>t;)= .
( (1)) ( (1)| (1)) S(t(]-))
Therefore, for ¢y <t < L1,
S@® =P(T =t) =P(T = tysr)
_P(T>tg) P(T2ts) P(T=tg)

P(T > ty)) P(T =¢t) P(T > ty,)
_ [P(T > ty)) —P(T = t(l))l [P(T > ty) — P(T = t(k))l
P(T > t()) P(T 2 ty)
_ [ P(T = t(l))l [ P(T = t(Z))l [ P(T = tq)
CP(T2ty)]l P(T2tp) P(T 2 tg)

= [1-A(tw)][1 - A(tz)] -+ [1 - A(tw)]
since P(T >ty)) = 1.

\Example (continue):\

In the motivating example, we have

L 6 7 11
n; 8 6 1
d]- 1 2 1
Thus,
S
r 1,0<t<6
nl—dl 8-1
= =0.875,6 <t<7
ng 8
=—,7< 11
ng n, 8 6 12’ st<
ny—dq\ /n, —d,\ /ms;—d 8—-1) (6—-2 1-1
(1 1)(2 2)(3 3)=( )_( )_( )=0,t211
\ ny n; ns 8 6 1

The plot of the survival function is
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