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5.3 Comparison of two groups of survival data: 
Suppose 풕(ퟏ) < 풕(ퟐ) < ⋯ < 풕(풎)  are  풎  distinct death times across two groups 
and that at time 풕(풋), 풅ퟏ풋 individuals in Group I die and 풅ퟐ풋 individuals in Group II 
die, for 풋 = ퟏ, ⋯ , 풎 . Also, suppose 풏ퟏ풋  individuals in Group I are still alive just 
before time 풕(풋) while 풏ퟐ풋 individuals in Group II are still alive just before time 풕(풋). 
Let 풏풋 = 풏ퟏ풋 + 풏ퟐ풋 and  풅풋 = 풅ퟏ풋 + 풅ퟐ풋. Then, we have the following table,  

Group Number of death 
at 풕(풋) 

Number surviving 
beyond 풕(풋) 

Number alive just 
before 풕(풋) 

I 풅ퟏ풋 풏ퟏ풋−풅ퟏ풋  풏ퟏ풋 
II 풅ퟐ풋 풏ퟐ풋−풅ퟐ풋  풏ퟐ풋 

Total 풅풋 풏풋−풅풋  풏풋 = 풏ퟏ풋 + 풏ퟐ풋  
Then, we can regard 풅ퟏ풋~푩 풏ퟏ풋, 흅ퟏ풋  and 풅ퟐ풋~푩 풏ퟐ풋, 흅ퟐ풋  with  

풍풐품풊풕 흅ퟏ풋 = 흀풋 + ∆, 
풍풐품풊풕 흅ퟐ풋 = 흀풋. 

Thus, conditionally on 풅풋 , 풅ퟏ풋  has a hypergeometric distribution. Based on the 
conditional distribution, the score statistic  

푼푳 =
풅풍풄(∆)

풅∆ ∆ ퟎ
= 풅ퟏ풋 − 풆ퟏ풋

풎

풋 ퟏ

= 풅ퟏ풋 −
풏ퟏ풋풅풋

풏풋
,

풎

풋 ퟏ

 

where 풍풄(∆) is the conditional log-likelihood function and 

풆ퟏ풋 =
풏ퟏ풋풅풋

풏풋
 

is the conditional mean of 풅ퟏ풋. Further,  

푽푳 = 푽풂풓(푼푳) =
풏ퟏ풋풏ퟐ풋풅풋 풏풋−풅풋

풏풋
ퟐ 풏풋 − ퟏ

풎

풋 ퟏ

. 

As the number of death time is not too small, then 

풁 =
푼푳

푽푳
≈ 푵(ퟎ, ퟏ). 

Note:  

We can also use the continuity-correct value  

풁 =
푼푳 − ퟏ

ퟐ
푽푳

 

 
We can use 풁 or 풁  to test 푯ퟎ: ∆= ퟎ. The test using  
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풁ퟐ =
푼푳

ퟐ

푽푳
. 

is referred to as Log-rank test or Mantel-Haenzel procedure. Note that  
풁ퟐ~흌ퟏ

ퟐ 
under 푯ퟎ: ∆= ퟎ. 
 
The other test is based on  

푼푾 = 풏풋 풅ퟏ풋 − 풆ퟏ풋

풎

풋 ퟏ

= 풏풋 풅ퟏ풋 −
풏ퟏ풋풅풋

풏풋

풎

풋 ퟏ

 

which is referred to as the Wilcoxon test. The difference between 푼푳 and 푼푾 is 
that the Wilcoxon test, each difference 풅ퟏ풋 − 풆ퟏ풋 is weighted by 풏풋. The effect of 
this is to give less weight to difference between 풅ퟏ풋 and 풆ퟏ풋  at those times when 
the total number of individuals who are still alive is small, that is, at the longest 
survival time. The variance of 푼푾 is 

푽푾 = 푽풂풓(푼푾) = 풏풋
ퟐ 풏ퟏ풋풏ퟐ풋풅풋 풏풋−풅풋

풏풋
ퟐ 풏풋 − ퟏ

풎

풋 ퟏ

. 

Thus, the Wilcoxon statistic to test 푯ퟎ: ∆= ퟎ is  
푼푾

ퟐ

푽푾
 

and 
푼푾

ퟐ

푽푾
~흌ퟏ

ퟐ 

under 푯ퟎ: ∆= ퟎ. 
 
Example (continue): 
In the motivating example, we have data 

Group T C T C T T C C 
Survival 

time 
ퟔ ퟔ∗ ퟕ ퟕ ퟕ∗ ퟗ. ퟓ∗ ퟏퟎ∗ ퟏퟏ 

Then, we have the following tables: 
 
풕(ퟏ) = ퟔ: 

Group # of death #  alive beyond # alive 
T 풅ퟏퟏ = ퟏ ퟑ 풏ퟏퟏ = ퟒ 
C 풅ퟐퟏ = ퟎ ퟒ 풏ퟐퟏ = ퟒ 
 풅ퟏ = ퟏ ퟕ 풏ퟏ = ퟖ 
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풕(ퟐ) = ퟕ: 
Group # of death #  alive beyond # alive 

T 풅ퟏퟐ = ퟏ ퟐ 풏ퟏퟐ = ퟑ 
C 풅ퟐퟐ = ퟏ ퟐ 풏ퟐퟐ = ퟑ 
 풅ퟐ = ퟐ ퟒ 풏ퟐ = ퟔ 

 
풕(ퟑ) = ퟏퟏ: 

Group # of death #  alive beyond # alive 
T 풅ퟏퟑ = ퟎ ퟎ 풏ퟏퟑ = ퟎ 
C 풅ퟐퟑ = ퟏ ퟎ 풏ퟐퟑ = ퟏ 
 풅ퟑ = ퟏ ퟎ 풏ퟑ = ퟏ 

Thus, 
푼푳 = (풅ퟏퟏ − 풆ퟏퟏ) + (풅ퟏퟐ − 풆ퟏퟐ) + (풅ퟏퟑ − 풆ퟏퟑ) 

 = ퟏ −
ퟒ ∙ ퟏ

ퟖ + ퟏ −
ퟑ ∙ ퟐ

ퟔ + ퟎ −
ퟎ ∙ ퟏ

ퟏ  

= ퟎ. ퟓ                              
and  

푼푾 = 풏ퟏ(풅ퟏퟏ − 풆ퟏퟏ) + 풏ퟐ(풅ퟏퟐ − 풆ퟏퟐ) + 풏ퟑ(풅ퟏퟑ − 풆ퟏퟑ) 

  = ퟖ ퟏ −
ퟒ ∙ ퟏ

ퟖ + ퟔ ퟏ −
ퟑ ∙ ퟐ

ퟔ + ퟏ ퟎ −
ퟎ ∙ ퟏ

ퟏ     

 = ퟒ.                                       
Similarly, 푽푳 and 푽푾 can be obtained.  
 
 


