Supplement 1: Exponential family

Canonical Exponential Family:
The exponential family has the density in the canonical form,

f(xe, %0, %101, m2, -, 15) = f(x|n) = exp IZ n;T;(x) — A(m) [ h(x).
j=1

Note:
Gamma, beta, binomial, Poisson, negative binomial, geometric, and normal
distributions are all in the exponential family.

\Example 1 (normal distribution):\
X~N(u,0?). Then

flxl,0?) = [ G ]
= exp {? — Zx_az - [ / + log(ZnaZ)]}.
Therefore
u

2 Ta() = 22,40 = 5[/ 2 + log 2mo)]|

N = ﬁ,Tl(x) = X102 =55,

Important result 1:

dA(n)

E[T;(X)] =

and

a%A(n)

Cov[T;(X), T, (X)] = an.0m,
J

for jk=1,---,s

\Example 2 (binomial distribution):\
X~B(n,p). Then,

faip) = () - p)*

_exp[x log( Pp)+(n x)-log(1— P)] ( )

Therefore



n. = log (%),Tl(x) =x,A(n,) = —n-log(1—p) =n-log[l+ exp(,)].

Hence
p
_ _0A(my)  m-exp(my) (1 — p) 3
EIT, (0] = EQ) = —5 1o = s =n E—
-P
and
9*A(n,)

Var[T,(X)] = Cov[T{(X), T,(X)] =

on3
_ n- exp(’h) _ n- exp(ﬂl) . exp(nl) =np — npz _ np(l _ p)
1+ exp(ny) [1+ exp(n1)]? '

Important result 2:
The moment generating function for
T(X) = [T1(X) - TyX)]
Is
My (t) = M(tq,-,t;) = E{exp[t;T{(X) + - + t,T(X)]}
= exp[A(n +t) — A(m)]
and the cumulant generating function is
kr(t) = log[My(0)] = A(n + t) — A(n).
\Example 3 (Poisson distribution):\
Y~P(A). Then,

exp(—A)A*
Faxl) = 20 = explx - log() — 4]+~
x! x!
Therefore,
N1 =log(d),T;(x) = x,A(111) = 1 = exp(19).
The moment generating function of T,(x) = x is
M (¢t) = exp[A(m + t) — A(p)] = explexp(ny + t) — exp(n,)]
= exp{exp(n,)[exp(t) — 1]} = exp{A[exp(t) — 1]}
and the cumulant generating function is
Kkr(t) = Alexp(t) —1].
Note that
kr(0) = [1- exp(D)]i=o = 1 = E(X)
And
k7 (0) = [1-exp(B)];-o = 4 = Var(X).

Important result 3:
T(X) =[T1(X) - T¢(X)] isdistributed according to an exponential family
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with density

[yt tsmy, M2, M) = f(En) = exp IZ nt; — A(m) | h* (8).
j=1

Important Result 4:
Let X has the density in the canonical form of the exponential family,

S
f(x1, %2, X |00, 02,++,05) = f(x|1) = exp Z n;T;(x) — A() | h(x),n € Q.
j=1

T(X) =[T{(X) - T¢(X)] isacomplete sufficient statistic for 1 provided that

the exponential family is full rank, i.e.,
(a) neither the T]-(X) nor the 7); satisfy a linear constraint;

(b) Q contains a s-dimensional rectangle.

\Example 1 (normal distribution, continue):\
Let the independent random variables X;,X;, -, X,~N(u, %).Then,
(3™, X;, X", X?) is the complete sufficient statistic for (u, o).

\Example 2 (binomial distribution, continue):\
Let the independent random variables X{,X,,::-,X,,~B(n,p). Then, X X; is

the complete sufficient statistic for p.

\Example 3 (Poisson distribution, continue):\
Let the independent random variables X, X5, -, X,~P(4). Then, Y, X; is the

complete sufficient statistic for A.



