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Supplement 1: Exponential family 

Canonical Exponential Family: 
The exponential family has the density in the canonical form, 

풇 풙ퟏ, 풙ퟐ, ⋯ , 풙풑|휼ퟏ, 휼ퟐ, ⋯ , 휼풔 = 풇(풙|휼) = 풆풙풑 휼풋푻풋(풙)
풔

풋 ퟏ

− 푨(휼) 풉(풙). 

Note:  
Gamma, beta, binomial, Poisson, negative binomial, geometric, and normal  
distributions are all in the exponential family.  
 
Example 1 (normal distribution): 
푿~푵(흁, 흈ퟐ). Then 

풇(풙|흁, 흈ퟐ) =
ퟏ

√ퟐ흅흈ퟐ
풆풙풑

−(풙 − 흁)ퟐ

ퟐ흈ퟐ                                 

= 풆풙풑
흁풙
흈ퟐ −

풙ퟐ

ퟐ흈ퟐ −
ퟏ
ퟐ

흁ퟐ

흈ퟐ + 풍풐품(ퟐ흅흈ퟐ) .     

Therefore 

휼ퟏ =
흁

흈ퟐ , 푻ퟏ(풙) = 풙, 휼ퟐ =
−ퟏ
ퟐ흈ퟐ , 푻ퟐ(풙) = 풙ퟐ, 푨(휼) =

ퟏ
ퟐ

흁ퟐ

흈ퟐ + 풍풐품(ퟐ흅흈ퟐ) . 

 
 
Important result 1: 

푬 푻풋(푿) =
흏푨(휼)

흏휼풋
 

and 

푪풐풗 푻풋(푿), 푻풌(푿) =
흏ퟐ푨(휼)
흏휼풋흏휼풌

 

for 풋, 풌 = ퟏ, ⋯ , 풔. 
 
Example 2 (binomial distribution): 
푿~푩(풏, 풑). Then,  

     풇(풙|풑) = 풏
풙 풑풙(ퟏ − 풑)풏 풙 

 = 풆풙풑 풙 ∙ 풍풐품
풑

ퟏ − 풑 + (풏 − 풙) ∙ 풍풐품(ퟏ − 풑) ∙ 풏
풙 .   

Therefore 
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휼ퟏ = 풍풐품
풑

ퟏ − 풑 , 푻ퟏ(풙) = 풙, 푨(휼ퟏ) = −풏 ∙ 풍풐품(ퟏ − 풑) = 풏 ∙ 풍풐품[ퟏ + 풆풙풑(휼ퟏ)]. 

Hence 

푬[푻ퟏ(푿)] = 푬(푿) =
흏푨(휼ퟏ)

흏휼ퟏ
=

풏 ∙ 풆풙풑(휼ퟏ)
ퟏ + 풆풙풑(휼ퟏ) = 풏 ∙

풑
ퟏ − 풑

ퟏ
ퟏ − 풑

= 풏풑 

and 

푽풂풓[푻ퟏ(푿)] = 푪풐풗[푻ퟏ(푿), 푻ퟏ(푿)] =
흏ퟐ푨(휼ퟏ)

흏휼ퟏ
ퟐ  

         =
풏 ∙ 풆풙풑(휼ퟏ)

ퟏ + 풆풙풑(휼ퟏ) −
풏 ∙ 풆풙풑(휼ퟏ) ∙ 풆풙풑(휼ퟏ)

[ퟏ + 풆풙풑(휼ퟏ)]ퟐ = 풏풑 − 풏풑ퟐ = 풏풑(ퟏ − 풑). 

 
Important result 2: 
The moment generating function for  

푻(푿) = [푻ퟏ(푿) ⋯ 푻풔(푿)] 
Is 

푴푻(풕) = 푴(풕ퟏ, ⋯ , 풕풔) = 푬{풆풙풑[풕ퟏ푻ퟏ(푿) + ⋯ + 풕풔푻풔(푿)]} 
 = 풆풙풑[푨(휼 + 풕) − 푨(휼)]                  

and the cumulant generating function is  
휿푻(풕) = 풍풐품[푴푻(풕)] = 푨(휼 + 풕) − 푨(휼). 

Example 3 (Poisson distribution): 
풀~푷(흀). Then,  

풇(풙|흀) =
풆풙풑(−흀)흀풙

풙! = 풆풙풑[풙 ∙ 풍풐품(흀) − 흀] ∙
ퟏ
풙!. 

Therefore,  
휼ퟏ = 풍풐품(흀), 푻ퟏ(풙) = 풙, 푨(휼ퟏ) = 흀 = 풆풙풑(휼ퟏ). 

The moment generating function of 푻ퟏ(풙) = 풙 is  
푴푻(풕) = 풆풙풑[푨(휼 + 풕) − 푨(휼)] = 풆풙풑[풆풙풑(휼ퟏ + 풕) − 풆풙풑(휼ퟏ)] 

  = 풆풙풑{풆풙풑(휼ퟏ)[풆풙풑(풕) − ퟏ]} = 풆풙풑{흀[풆풙풑(풕) − ퟏ]} 
and the cumulant generating function is 

휿푻(풕) =  흀[풆풙풑(풕) − ퟏ]. 
Note that  

휿푻(ퟎ) = [흀 ∙ 풆풙풑(풕)]풕 ퟎ = 흀 = 푬(푿) 
And 

휿푻 (ퟎ) = [흀 ∙ 풆풙풑(풕)]풕 ퟎ = 흀 = 푽풂풓(푿). 
 
Important result 3: 
푻(푿) = [푻ퟏ(푿) ⋯ 푻풔(푿)] is distributed according to an exponential family 
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with density  

풇(풕ퟏ, 풕ퟐ, ⋯ , 풕풔|휼ퟏ, 휼ퟐ, ⋯ , 휼풔) = 풇(풕|휼) = 풆풙풑 휼풋풕풋

풔

풋 ퟏ

− 푨(휼) 풉∗(풕). 

 
Important Result 4: 
Let 푿 has the density in the canonical form of the exponential family, 

풇 풙ퟏ, 풙ퟐ, ⋯ , 풙풑|휼ퟏ, 휼ퟐ, ⋯ , 휼풔 = 풇(풙|휼) = 풆풙풑 휼풋푻풋(풙)
풔

풋 ퟏ

− 푨(휼) 풉(풙), 휼 ∈ 훀. 

푻(푿) = [푻ퟏ(푿) ⋯ 푻풔(푿)] is a complete sufficient statistic for 휼 provided that 
the exponential family is full rank, i.e.,  
(a) neither the 푻풋(푿) nor the 휼풋 satisfy a linear constraint;  
(b) 훀 contains a 풔-dimensional rectangle. 
 
Example 1 (normal distribution, continue): 
Let the independent random variables 푿ퟏ, 푿ퟐ, ⋯ , 푿풏~푵(흁, 흈ퟐ).Then,  

∑ 푿풊
풏
풊 ퟏ , ∑ 푿풊

ퟐ풏
풊 ퟏ  is the complete sufficient statistic for (흁, 흈ퟐ). 

 
Example 2 (binomial distribution, continue): 
Let the independent random variables 푿ퟏ, 푿ퟐ, ⋯ , 푿풎~푩(풏, 풑).  Then, ∑ 푿풊

풏
풊 ퟏ   is 

the complete sufficient statistic for 퐩. 
Example 3 (Poisson distribution, continue): 
Let the independent random variables 푿ퟏ, 푿ퟐ, ⋯ , 푿풏~푷(흀). Then, ∑ 푿풊

풏
풊 ퟏ  is the 

complete sufficient statistic for 흀. 
 


