4.5. Discriminant analysis

1. Separation:
Suppose there are k populations,
X11,X12, ", X1n, * population 1

X21,X22, """, X2p,: population 2

X1, XKz, " » Xkn, - POpulation k
where ny + -+ n, = n.

Let X; be the sample mean for the population j, j=1,---,k, and
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Important result:

Let e;,e;, -+, e; be the eigenvectors of W™1B corresponding to the eigenvalues
/All > /All > 2> /Als > 0. Then, ﬁj,j =1,---,s, are the scaled eigenvectors
satisfying @}S,ooca@; = 1. That is,
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\Example (Splus):\

spe=c(rep("s",50),rep("c",50),rep("v",50))
irdata=list(spe=spe,ir=ir)
irdataSspe



irdataSir
xmeanl=apply(irdataSir[irdata$spe=="s",],2,mean) # X,
xmean2=apply(irdataSir[irdata$spe=="c",],2,mean) # X,

xmean3=apply(irdataSir[irdata$spe=="v",],2,mean) # x3

xmean=apply(irdataSir,2,mean) #Xx
b1=50*(xmean1l-xmean)%*%t(xmeanl-xmean) #n(x;—x)(x; —x)t
b2=50*(xmean2-xmean)%*%t(xmean2-xmean) # n,(x, —x)(x, — %)t
b3=50*(xmean3-xmean)%*%t(xmean3-xmean) # ny(x; —x)(x; —x)°

_ N\ A\t
b=b1+b2+h3 # B=3Y,n;(x —%)(x; - %)
sum1=49*var(irdataSir[irdataSspe=="s",]) # Y20 (xq; — X)) (x1; — X1)¢
sum2=49*var(irdataSir[irdataSspe=="c",]) # Y20 (x5 — Xp) (%0 — X3)¢
sum3=49*var(irdataSir[irdata$spe=="v",]) # Y20 (x5 — x3) (x5 — X3)¢
w=suml+sum2+sum3 W
invw=solve(w) g w1
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SpOOl-W/(50+50+50 3) # Spooled /(nl +n, +nz — 3)
evectors=eigen(invw%*%b)Svectors # eq ey e3,e,

## By important result

€1 €3

# al = —raZ = —
/elspooledel /ezspooledez

alhat=evectors[,1]/sqrt(t(evectors[,1])%*%spool%*%evectors[,1])
a2hat=evectors[,2]/sqrt(t(evectors[,2])%*%spool%*%evectors[,2])

alx=ir%*%alhat # ajx;;
a2x=ir%*%a2hat # asx;;
plot(alx,a2x) # separation based on the first two sample discriminant

2. Classification:

Fisher’s classification method for several populations is as follows:

For an observation x,, Fisher’s classification procedure based on the first r < s
sample discriminants is to allocate x, to the population [ if
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where 3, = alxo and ¥, = @/%X;,j=1,r;i=1=1,-k



Intuition of Fisher’s method:

RP:  population 1: x4 population 2: X, Xo population k: Xy,
ﬁ;x,
j=1,-71r
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\Example (Splus):\
x0=c(5,3,1,1)
yhatl=alhat%*%x0
yhat2=a2hat%*%x0
ylbarl=alhat%*%xmeanl
ylbar2=a2hat%*%xmeanl
y2barl=alhat%*%xmean2
y2bar2=a2hat%*%xmean2
y3barl=alhat%*%xmean3
y3bar2=a2hat%*%xmean3
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disl=(yhatl-ylbar1)2+(yhat2-ylbar2)r2  # Y7 ,(3; —¥})
2
dis2=(yhat1-y2bar1)A2+(yhat2-y2bar2)r2  # Y7 ,(5; - ¥,)

;.2
dis3=(yhatl-y3bar1)*2+(yhat2-y3bar2)A2 # Z}zl(?]- — 7’3)
c(dis1,dis2,dis3)

Note:
To calculate the error rate as using the linear discriminant method for the iris data,

the code is given below:

\Example (Splus):\

### Discriminant Analysis
ylbarl=alhat%*%xmeanl
ylbar2=a2hat%*%xmeanl
y2barl=alhat%*%xmean2
y2bar2=a2hat%*%xmean2
y3barl=alhat%*%xmean3




y3bar2=a2hat%*%xmean3

cls=rep(0,150)

for(i in 1:nrow(ir))

{
x0=ir[i,]
yhatl=alhat%*%x0
yhat2=a2hat%*%x0
disl=(yhatl-ylbarl)*2+(yhat2-ylbar2)"2
dis2=(yhatl-y2bar1)*2+(yhat2-y2bar2)"2
dis3=(yhatl-y3bar1)*2+(yhat2-y3bar2)/2
cls[i]=order(c(dis1,dis2,dis3))[1]

}

correctl=c(rep(1,50),rep(2,50),rep(3,50))

errorratel=sum(cls!=correct1)/length(cls)

errorratel

#it# Cluster Method

correct2=c(rep(2,50),rep(3,50),rep(1,50))
errorrate2=sum(kmeans(ir,3)Scluster!=correct2)/length(correct2)
errorrate2



