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10.5. Analysis of variance and F test: 

,૚࢜)ࡲ ࢜૛): F distribution with degrees of ࢜૚ and ࢜૛.  
 
Example 1 

,૜)ࡲ)ࡼ   ૝) > ࢞) = ૙. ૙૞ ⟹ ࢞ = ૟. ૞ૢ 
,ૢ)ࡲ)ࡼ    ૚૚) > ࢞) = ૙. ૙૞ ⟹ ࢞ = ૛. ૢ૙ 

,૜)ࡲ)ࡼ         ૝) > ࢞) = ૙. ૙૚ ⟹ ࢞ = ૚૟. ૟ૢ      
,૜)ࡲ)ࡼ         ૝) > ࢞) = ૙. ૙૛૞ ⟹ ࢞ = ૢ. ૢૡ      

 
F test: 
As ࡴ૙  is true, the random variable with sample value ࢌ  is ࢑)ࡲ  − ૚, ࢀ࢔ − ࢑) .  
The hypothesis is:  

:૙ࡴ ૚ࣆ = ૛ࣆ = ⋯ = :ࢇࡴ ࢙࢜ ࢑ࣆ  .࢒ࢇ࢛ࢗࢋ ࢋ࢘ࢇ ࢙࢔ࢇࢋ࢓ ࢔࢕࢏࢚ࢇ࢒࢛࢖࢕࢖ ࢒࢒ࢇ ࢚࢕࢔
Then, 

ࢌ :૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘               >                     ࢻ,࢑ିࢀ࢔,࢑ି૚ࢌ
ࢌ :૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘ ࢚࢕࢔  ≤            ࢻ,࢑ିࢀ࢔,࢑ି૚ࢌ

where 

ࢌ =
࡮ࡿࡹ
ࢃࡿࡹ =

൭
∑ ࢐൫ഥ࢞࢐࢔ − ഥ࢞൯૛࢑

࢐ୀ૚
࢑ − ૚

൘ ൱

ቆ
∑ ൫࢐࢔ − ૚൯࢙࢐

૛࢑
࢐ୀ૚

ࢀ࢔ − ࢑൘ ቇ
 

and ࢑ିࢌ૚,ࢻ,࢑ିࢀ࢔ can be obtained by 
࢑)ࡲ൫ࡼ − ૚, ࢀ࢔ − ࢑) > ൯ࢻ,࢑ିࢀ࢔,࢑ି૚ࢌ =  .ࢻ

In addition, 
࢖ − ࢋ࢛࢒ࢇ࢜ = ࢑)ࡲ)ࡼ − ૚, ࢀ࢔ − ࢑) >         .(ࢌ

 
ANOVA table: 

  ܎ܗ ܕܝ܁ ܍܋ܚܝܗ܁
 ܛ܍ܚ܉ܝܙ܁

  ܎ܗ ܍܍ܚ܏܍۲
 ܕܗ܌܍܍ܚ۴

 ۴ ܍ܚ܉ܝܙ܁ ܖ܉܍ۻ

࢑ ࡮ࡿࡿ ܖ܍܍ܟܜ܍۰ − ૚ ࡮ࡿࡹ 
ࢌ =

 ࡮ࡿࡹ
ࢃࡿࡹ  

ࢀ࢔ ࢃࡿࡿ ܖܑܐܜܑ܅ −   ࢃࡿࡹ ࢑
ࢀ࢔ ࢀࡿࡿ ܔ܉ܜܗ܂ − ૚   
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12.4: Motivating Example (continue): 
Since ࢑ = ૜, ࢀ࢔ = ૚ૡ, ࢻ = ૙. ૙૞, 

ࢌ =
ഥࢄ࢙࢔

૛

ቆ
∑ ൫࢐࢔ − ૚൯࢙࢐

૛૜
࢐ୀ૚

ࢀ࢔ − ૜ ቇ
=

૛૞ૡ
૛ૡ. ૟ૠ = ૢ > ૜. ૟ૡ = ૛,૚૞,૙.૙૞ࢌ =  ࢻ,࢑ିࢀ࢔,࢑ି૚ࢌ

we reject ࡴ૙, where 
,૛)ࡲ൫ࡼ            ૚૞) > ૛,૚૞,૙.૙૞൯ࢌ = ૙. ૙૞ ⟹ ૛,૚૞,૙.૙૞ࢌ = ૜. ૟ૡ.             
In addition,  

࢖ − ࢋ࢛࢒ࢇ࢜ = ࢑)ࡲ)ࡼ − ૚, ࢀ࢔ − ࢑) > (ࢌ = ,૛)ࡲ)ࡼ ૚૞) > ૢ) = ૙. ૙૙૛ૠ < ૙. ૙૞ 
we also reject ࡴ૙. 
Example2: 
The following data are the number of products of ૜ different production lines.  

 ܛܜ܋ܝ܌ܗܚ۾ ܎ܗ ܚ܍܊ܕܝۼ
 ૚ ૛૚૙ ૛૚૞ ૛૙૞ ૚ૡ૙ ૚ૠ૞ ૚ૢ૙ ܍ܖܑۺ
 ૛ ૚ૡ૙ ૚૟૙ ૚ૢ૞ ૚ૢ૙ ૚ૠ૙ ૚૞૞ ܍ܖܑۺ
 ૜ ૚૝૞ ૚ૠ૙ ૚૟૞ ૚૟૙ ૚૞૞ ૚ૠ૞ ܍ܖܑۺ

Let ࣆ૚, ࣆ૛ and ࣆ૜ be the mean number of products of the ૜ production lines. 
Please test the hypothesis ࡴ૙: ૚ࣆ = ૛ࣆ = ࢻ ૜ atࣆ = ૙. ૙૞. 
[Solution:] 

࢑ = ૜, ࢻ = ૙. ૙૞, ૚࢔ = ૛࢔ = ૜࢔ = ૟, ࢀ࢔ = ૚࢔ + ૛࢔ + ૜࢔ = ૚ૡ 
and 

ഥ࢞૚ = ૚ૢ૞. ૡ૜, ഥ࢞૛ = ૚ૠ૞, ഥ࢞૜ = ૚૟૚. ૟, ഥ࢞ = ૚ૠૠ. ૞ 
Then, 

࡮ࡿࡹ =
∑ ࢐൫ഥ࢞࢐࢔ − ഥ࢞൯૛࢑

࢐ୀ૚

࢑ − ૚  

=
૟ ∙ (૚ૢ૞. ૡ૜ − ૚ૠૠ. ૞)૛ + ૟ ∙ (૚ૠ૞ − ૚ૠૠ. ૞)૛ + ૟ ∙ (૚૟૚. ૟ − ૚ૠૠ. ૞)૛

૜ − ૚  

   = ૚ૠૠૢ. ૝ 
and 

ࢃࡿࡹ =
∑ ∑ ൫࢞࢏,࢐ − ഥ࢞࢐൯૛࢐࢔

ୀ૚࢏
࢑
࢐ୀ૚

ࢀ࢔ − ࢑  

=
(૛૚૙ − ૚ૢ૞. ૡ૜)૛ + ⋯ + (૚ૡ૙ − ૚ૠ૞)૛ + ⋯ + (૚ૠ૞ − ૚૟૚. ૟)૛

૚ૡ − ૜  

      = ૛૚૟. ૢ૚  
Therefore, 

ࢌ =
࡮ࡿࡹ
ࢃࡿࡹ =

૚ૠૠૢ. ૝
૛૚૟. ૢ૚ = ૡ. ૛ > ૜. ૟ૡ = ૛,૚૞,૙.૙૞ࢌ =  ࢻ,࢑ିࢀ࢔,࢑ି૚ࢌ

we reject ࡴ૙. 
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Example 3: 
The following ANOVA table for ૝ normal populations with the same variance ࣌૛ 
and means ࣆ૚, ,૛ࣆ  .૝ࣆ ܌ܖ܉ ૜ࣆ

 ۴ ܍ܚ܉ܝܙ܁ ܖ܉܍ۻ ܕܗ܌܍܍ܚ۴ ܎ܗ ܍܍ܚ܏܍۲ ܛ܍ܚ܉ܝܙ܁ ܎ܗ ܕܝ܁ ܍܋ܚܝܗ܁
.૛૜ૠ (૜) (૚) ܖ܍܍ܟܜ܍۰ ૝ (૟) 

  (૞) (૝) (૛) ܖܑܐܜܑ܅
.૚ૢ૙ૢ ܔ܉ܜܗ܂ ૛ ૛૛   

(a) Please complete the above ANOVA table. 
(b) Test ࡴ૙: ૚ࣆ = ૛ࣆ = ૜ࣆ = ࢻ ૝ atࣆ = ૙. ૙૞. 
[Solution:] 
(a)  

࢑ = ૝, (૜) = ࢑ − ૚ = ૜, 
(૝) = ૛૛ − (૜) = ૛૛ − ૜ = ૚ૢ. 

૛૜ૠ. ૝ =
(૚)
(૜) =

(૚)
૜ ⟹ (૚) = ૛૜ૠ. ૝ ∙ ૜ = ૠ૚૛. ૛. 

(૛) = ૚ૢ૙ૢ. ૛ − (૚) = ૚ૢ૙ૢ. ૛ − ૠ૚૛. ૛ = ૚૚ૢૠ. 

(૞) =
(૛)
(૝) =

૚૚ૢૠ
૚ૢ = ૟ૠ. 

(૟) =
૛૜ૠ. ૝

(૞) =
૛૜ૠ. ૝

૟ૠ = ૜. ૠ૟ૠ. 

 
Therefore, ANOVA table is  

  ܎ܗ ܕܝ܁ ܍܋ܚܝܗ܁
 ܍ܚ܉ܝܙ܁

  ܎ܗ ܍܍ܚ܏܍۲
 ܕܗ܌܍܍ܚ۴

 ۴ ܍ܚ܉ܝܙ܁ ܖ܉܍ۻ

.ૠ૚૛ ܖ܍܍ܟܜ܍۰ ૛ ૜ ૛૜ૠ. ૝ ૜. ૠ૟ૠ 
  ૚૚ૢૠ ૚ૢ ૟૜ ܖܑܐܜܑ܅
.૚ૢ૙ૢ ܔ܉ܜܗ܂ ૛ ૛૛   

(b)  
࢑ = ૝, ࢀ࢔ = ૛૜, ࢻ = ૙. ૙૞ 

ࢌ = ૜. ૠ૟ૠ > ૜. ૚૜ = ૜,૚ૢ,૙.૙૞ࢌ =  ࢻ,࢑ିࢀ࢔,࢑ି૚ࢌ
we reject ࡴ૙. 
 
 
 


