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10.5. Analysis of variance and F test: 

푭(풗ퟏ, 풗ퟐ): F distribution with degrees of 풗ퟏ and 풗ퟐ.  
 
Example 1 

  푷(푭(ퟑ, ퟒ) > 풙) = ퟎ. ퟎퟓ ⟹ 풙 = ퟔ. ퟓퟗ 
   푷(푭(ퟗ, ퟏퟏ) > 풙) = ퟎ. ퟎퟓ ⟹ 풙 = ퟐ. ퟗퟎ 

        푷(푭(ퟑ, ퟒ) > 풙) = ퟎ. ퟎퟏ ⟹ 풙 = ퟏퟔ. ퟔퟗ      
        푷(푭(ퟑ, ퟒ) > 풙) = ퟎ. ퟎퟐퟓ ⟹ 풙 = ퟗ. ퟗퟖ      

 
F test: 
As 푯ퟎ  is true, the random variable with sample value 풇  is  푭(풌 − ퟏ, 풏푻 − 풌) .  
The hypothesis is:  

푯ퟎ: 흁ퟏ = 흁ퟐ = ⋯ = 흁풌 풗풔 푯풂: 풏풐풕 풂풍풍 풑풐풑풖풍풂풕풊풐풏 풎풆풂풏풔 풂풓풆 풆풒풖풂풍. 
Then, 

              풓풆풋풆풄풕 푯ퟎ: 풇 > 풇풌 ퟏ,풏푻 풌,휶                    
 풏풐풕 풓풆풋풆풄풕 푯ퟎ: 풇 ≤ 풇풌 ퟏ,풏푻 풌,휶           

where 

풇 =
푴푺푩
푴푺푾 =

∑ 풏풋 풙풋 − 풙
ퟐ풌

풋 ퟏ
풌 − ퟏ

∑ 풏풋 − ퟏ 풔풋
ퟐ풌

풋 ퟏ
풏푻 − 풌

 

and 풇풌 ퟏ,풏푻 풌,휶 can be obtained by 
푷 푭(풌 − ퟏ, 풏푻 − 풌) > 풇풌 ퟏ,풏푻 풌,휶 = 휶. 

In addition, 
풑 − 풗풂풍풖풆 = 푷(푭(풌 − ퟏ, 풏푻 − 풌) > 풇).        

 
ANOVA table: 

퐒퐨퐮퐫퐜퐞 퐒퐮퐦 퐨퐟  
퐒퐪퐮퐚퐫퐞퐬 

퐃퐞퐠퐫퐞퐞 퐨퐟  
퐅퐫퐞퐞퐝퐨퐦 

퐌퐞퐚퐧 퐒퐪퐮퐚퐫퐞 퐅 

퐁퐞퐭퐰퐞퐞퐧 푺푺푩 풌 − ퟏ 푴푺푩 
풇 =

푴푺푩 
푴푺푾  

퐖퐢퐭퐡퐢퐧 푺푺푾 풏푻 − 풌 푴푺푾  
퐓퐨퐭퐚퐥 푺푺푻 풏푻 − ퟏ   
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12.4: Motivating Example (continue): 
Since 풌 = ퟑ, 풏푻 = ퟏퟖ, 휶 = ퟎ. ퟎퟓ, 

풇 =
풏풔푿

ퟐ

∑ 풏풋 − ퟏ 풔풋
ퟐퟑ

풋 ퟏ
풏푻 − ퟑ

=
ퟐퟓퟖ

ퟐퟖ. ퟔퟕ = ퟗ > ퟑ. ퟔퟖ = 풇ퟐ,ퟏퟓ,ퟎ.ퟎퟓ = 풇풌 ퟏ,풏푻 풌,휶 

we reject 푯ퟎ, where 
           푷 푭(ퟐ, ퟏퟓ) > 풇ퟐ,ퟏퟓ,ퟎ.ퟎퟓ = ퟎ. ퟎퟓ ⟹ 풇ퟐ,ퟏퟓ,ퟎ.ퟎퟓ = ퟑ. ퟔퟖ.             
In addition,  

풑 − 풗풂풍풖풆 = 푷(푭(풌 − ퟏ, 풏푻 − 풌) > 풇) = 푷(푭(ퟐ, ퟏퟓ) > ퟗ) = ퟎ. ퟎퟎퟐퟕ < ퟎ. ퟎퟓ 
we also reject 푯ퟎ. 
Example2: 
The following data are the number of products of ퟑ different production lines.  

퐍퐮퐦퐛퐞퐫 퐨퐟 퐏퐫퐨퐝퐮퐜퐭퐬 
퐋퐢퐧퐞 ퟏ ퟐퟏퟎ ퟐퟏퟓ ퟐퟎퟓ ퟏퟖퟎ ퟏퟕퟓ ퟏퟗퟎ 
퐋퐢퐧퐞 ퟐ ퟏퟖퟎ ퟏퟔퟎ ퟏퟗퟓ ퟏퟗퟎ ퟏퟕퟎ ퟏퟓퟓ 
퐋퐢퐧퐞 ퟑ ퟏퟒퟓ ퟏퟕퟎ ퟏퟔퟓ ퟏퟔퟎ ퟏퟓퟓ ퟏퟕퟓ 

Let 흁ퟏ, 흁ퟐ and 흁ퟑ be the mean number of products of the ퟑ production lines. 
Please test the hypothesis 푯ퟎ: 흁ퟏ = 흁ퟐ = 흁ퟑ at 휶 = ퟎ. ퟎퟓ. 
[Solution:] 

풌 = ퟑ, 휶 = ퟎ. ퟎퟓ, 풏ퟏ = 풏ퟐ = 풏ퟑ = ퟔ, 풏푻 = 풏ퟏ + 풏ퟐ + 풏ퟑ = ퟏퟖ 
and 

풙ퟏ = ퟏퟗퟓ. ퟖퟑ, 풙ퟐ = ퟏퟕퟓ, 풙ퟑ = ퟏퟔퟏ. ퟔ, 풙 = ퟏퟕퟕ. ퟓ 
Then, 

푴푺푩 =
∑ 풏풋 풙풋 − 풙

ퟐ풌
풋 ퟏ

풌 − ퟏ  

=
ퟔ ∙ (ퟏퟗퟓ. ퟖퟑ − ퟏퟕퟕ. ퟓ)ퟐ + ퟔ ∙ (ퟏퟕퟓ − ퟏퟕퟕ. ퟓ)ퟐ + ퟔ ∙ (ퟏퟔퟏ. ퟔ − ퟏퟕퟕ. ퟓ)ퟐ

ퟑ − ퟏ  

   = ퟏퟕퟕퟗ. ퟒ 
and 

푴푺푾 =
∑ ∑ 풙풋,풊 − 풙풋

ퟐ풏풋
풊 ퟏ

풌
풋 ퟏ

풏푻 − 풌  

=
(ퟐퟏퟎ − ퟏퟗퟓ. ퟖퟑ)ퟐ + ⋯ + (ퟏퟖퟎ − ퟏퟕퟓ)ퟐ + ⋯ + (ퟏퟕퟓ − ퟏퟔퟏ. ퟔ)ퟐ

ퟏퟖ − ퟑ  

      = ퟐퟏퟔ. ퟗퟏ  
Therefore, 

풇 =
푴푺푩
푴푺푾 =

ퟏퟕퟕퟗ. ퟒ
ퟐퟏퟔ. ퟗퟏ = ퟖ. ퟐ > ퟑ. ퟔퟖ = 풇ퟐ,ퟏퟓ,ퟎ.ퟎퟓ = 풇풌 ퟏ,풏푻 풌,휶 

we reject 푯ퟎ. 
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Example 3: 
The following ANOVA table for ퟒ normal populations with the same variance 흈ퟐ 
and means 흁ퟏ, 흁ퟐ, 흁ퟑ 퐚퐧퐝 흁ퟒ. 

퐒퐨퐮퐫퐜퐞 퐒퐮퐦 퐨퐟 퐒퐪퐮퐚퐫퐞퐬 퐃퐞퐠퐫퐞퐞 퐨퐟 퐅퐫퐞퐞퐝퐨퐦 퐌퐞퐚퐧 퐒퐪퐮퐚퐫퐞 퐅 
퐁퐞퐭퐰퐞퐞퐧 (ퟏ) (ퟑ) ퟐퟑퟕ. ퟒ (ퟔ) 

퐖퐢퐭퐡퐢퐧 (ퟐ) (ퟒ) (ퟓ)  
퐓퐨퐭퐚퐥 ퟏퟗퟎퟗ. ퟐ ퟐퟐ   

(a) Please complete the above ANOVA table. 
(b) Test 푯ퟎ: 흁ퟏ = 흁ퟐ = 흁ퟑ = 흁ퟒ at 휶 = ퟎ. ퟎퟓ. 
[Solution:] 
(a)  

풌 = ퟒ, (ퟑ) = 풌 − ퟏ = ퟑ, 
(ퟒ) = ퟐퟐ − (ퟑ) = ퟐퟐ − ퟑ = ퟏퟗ. 

ퟐퟑퟕ. ퟒ =
(ퟏ)
(ퟑ) =

(ퟏ)
ퟑ ⟹ (ퟏ) = ퟐퟑퟕ. ퟒ ∙ ퟑ = ퟕퟏퟐ. ퟐ. 

(ퟐ) = ퟏퟗퟎퟗ. ퟐ − (ퟏ) = ퟏퟗퟎퟗ. ퟐ − ퟕퟏퟐ. ퟐ = ퟏퟏퟗퟕ. 

(ퟓ) =
(ퟐ)
(ퟒ) =

ퟏퟏퟗퟕ
ퟏퟗ = ퟔퟕ. 

(ퟔ) =
ퟐퟑퟕ. ퟒ

(ퟓ) =
ퟐퟑퟕ. ퟒ

ퟔퟕ = ퟑ. ퟕퟔퟕ. 

 
Therefore, ANOVA table is  

퐒퐨퐮퐫퐜퐞 퐒퐮퐦 퐨퐟  
퐒퐪퐮퐚퐫퐞 

퐃퐞퐠퐫퐞퐞 퐨퐟  
퐅퐫퐞퐞퐝퐨퐦 

퐌퐞퐚퐧 퐒퐪퐮퐚퐫퐞 퐅 

퐁퐞퐭퐰퐞퐞퐧 ퟕퟏퟐ. ퟐ ퟑ ퟐퟑퟕ. ퟒ ퟑ. ퟕퟔퟕ 
퐖퐢퐭퐡퐢퐧 ퟏퟏퟗퟕ ퟏퟗ ퟔퟑ  
퐓퐨퐭퐚퐥 ퟏퟗퟎퟗ. ퟐ ퟐퟐ   

(b)  
풌 = ퟒ, 풏푻 = ퟐퟑ, 휶 = ퟎ. ퟎퟓ 

풇 = ퟑ. ퟕퟔퟕ > ퟑ. ퟏퟑ = 풇ퟑ,ퟏퟗ,ퟎ.ퟎퟓ = 풇풌 ퟏ,풏푻 풌,휶 
we reject 푯ퟎ. 
 
 
 


