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9.5. Tests about a population mean: Small sample case: 

Motivating Example: 
Objective: Determine whether Heathrow airport provides superior service as  

࢔ = ૚૛, ഥ࢞ = ૠ. ૠ૞, ࢙ = ૚. ૛૚૞, ࢻ = ૙. ૙૞. 
That is, test the hypothesis  

:૙ࡴ ࣆ ≤ ૙ࣆ = ૠ ࢙࢜ ࢇࡴ: ࣆ > ૙ࣆ = ૠ. 
Intuitively, if ࡴ૙: ࣆ ≤ ૠ  is true, for example, as ࣆ = ૠ , it is very likely that the 
sample mean ഥ࢞ should have value close to ૠ. Thus, a sensible statistical procedure 
would be  

૙: ഥ࢞ࡴ ࢚ࢉࢋ࢐ࢋ࢘ − ૠ >  ࢉ
૙: ഥ࢞ࡴ ࢚ࢉࢋ࢐ࢋ࢘ ࢚࢕࢔ − ૠ ≤      ,ࢉ

where ࢉ is some constant. Note that the above test is equivalent to  

:૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘
ഥ࢞ − ૙ࣆ

൬࢙
ൗ࢔√ ൰

=  
ഥ࢞ − ૠ

൬࢙
ൗ࢔√ ൰

>  ∗ࢉ

૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘ ࢚࢕࢔             : 
ഥ࢞ − ૙ࣆ

൬࢙
ൗ࢔√ ൰

=
ഥ࢞ − ૠ

൬࢙
ൗ࢔√ ൰

≤                  ,∗ࢉ

where ࢉ∗ = ࢉ
൬ܛ

ൗ࢔√ ൰൘ . Similar to previous section, we can use level of significance 

to obtain the constant ࢉ∗. As ࡴ૙ is true, for ease of explanation, suppose  

ࣆ = ૠ,
ഥࢄ − ࣆ

൬ࡿ
ൗ࢔√ ൰

=
ഥࢄ − ૠ

൬ࡿ
√૚૛ൗ ൰

࢔)ࢀ~ − ૚) =  .(૚૚)ࢀ

Then,  
ࢻ = ૙. ૙૞ =  ૙ࡴ ࢌ࢕ ࢔࢕࢏࢚ࢉࢋ࢐ࢋ࢘ ࢍ࢔࢕࢘࢝ ࢌ࢕ ࢚࢟࢏࢒࢏࢈ࢇ࢈࢕࢘࢖ ࢋࢎ࢚

      = (ࢊࢋ࢚ࢉࢋ࢐ࢋ࢘ ࢙࢏ ࢚࢛࢈ ࢋ࢛࢚࢘ ࢙࢏ ૙ࡴ)ࡼ = ࡼ ൮ࣆ = ૠ,
ഥࢄ − ૠ

൬ࡿ
ൗ࢔√ ൰

>  ൲∗ࢉ

          = (૚૚)ࢀ)ࡼ >          (∗ࢉ
Therefore,  

∗ࢉ = ࢻ,૚ି࢔࢚ = ࢚૚૚,૙.૙૞ = ૚. ૠૢ૟. 
Denote  

࢚ =
ഥ࢞ − ૙ࣆ

൬࢙
ൗ࢔√ ൰

. 
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Thus, a sensible statistical procedure would be  

࢚ :૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘  =  
ഥ࢞ − ૠ

൬࢙
ൗ࢔√ ൰

> ࢻ,૚ି࢔࢚ = ࢚૚૚,૙.૙૞ = ૚. ૠૢ૟ 

:૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘ ࢚࢕࢔   ࢚ =
ഥ࢞ − ૠ

൬࢙
ൗ࢔√ ൰

≤ ࢻ,૚ି࢔࢚ = ࢚૚૚,૙.૙૞ = ૚. ૠૢ૟,       

with  

ࢻ = ࣆ)ࡼ = ૠ, (૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘ = ࡼ ൮ࣆ = ૠ,
ഥࢄ − ૠ

൬ࡿ
ൗ࢔√ ൰

> ൲ࢻ,૚ି࢔࢚ = ૙. ૙૞. 

Thus,  

࢚ =
ഥ࢞ − ૙ࣆ

൬࢙
ൗ࢔√ ൰

=
ૠ. ૠ૞ − ૠ

൬૚. ૛૚૞
√૚૛ൗ ൰

= ૛. ૚૝ > ૚. ૠૢ૟ = ࢚૚૚,૙.૙૞. 

Therefore, we reject ࡴ૙. The other approach is to use p-value. p-value is the  
probability of making a type I error as reject ࡴ૙ at ഥ࢞, i.e.,  
࢖ −  ࢋ࢛࢒ࢇ࢜

 =      ૙ࡴ ࢍ࢔࢏࢚ࢉࢋ࢐ࢋ࢘ ࢟࢈ ࢘࢕࢘࢘ࢋ ࡵ ࢋ࢖࢚࢟ ࢍ࢔࢏࢑ࢇ࢓ ࢌ࢕ ࢚࢟࢏࢚࢒࢏࢈ࢇ࢈࢕࢘࢖ ࢋࢎ࢚
ࣆ ࢙ࢇ ഥ࢞ ࢚ࢇ         = ૙ࣆ = ૠ 

= ࡼ ൮ࣆ = ,૙ࣆ
ഥࢄ − ૙ࣆ

൬ࡿ
ൗ࢔√ ൰

>
ഥ࢞ − ૙ࣆ

൬࢙
ൗ࢔√ ൰

൲ = ࢔)ࢀ)ࡼ − ૚) > ࢚) = (૚૚)ࢀ)ࡼ > ૛. ૚૝) 

   = ૙. ૙૛ૡ < ૙. ૙૞ =  ࢻ
we reject ۶૙. 
 
General Case: ࢔ < ૜૙, normal population, and level of significance ࢻ 

࢚ =
ഥ࢞ − ૙ࣆ

ഥࢄ࢙
=

ഥ࢞ − ૙ࣆ

൬࢙
ൗ࢔√ ൰

. 

:૙ࡴ .1 ࣆ ≥ :ࢇࡴ ࢙࢜ ૙ࣆ ࣆ <  :૙ࣆ
࢚ :૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘   <                    ࢻ,૚ି࢔࢚−

࢚ :૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘ ࢚࢕࢔ ≥                      ࢻ,૚ି࢔࢚−
In addition, 

࢖ − ࢋ࢛࢒ࢇ࢜ = ࢔)ࢀ)ࡼ − ૚) < ࢚).            
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:૙ࡴ .2 ࣆ ≤ :ࢇࡴ ࢙࢜ ૙ࣆ ࣆ >  :૙ࣆ
࢚ :૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘  >                    ࢻ,૚ି࢔࢚

࢚ :૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘ ࢚࢕࢔  ≤                        ࢻ,૚ି࢔࢚
In addition, 

࢖ − ࢋ࢛࢒ࢇ࢜ = ࢔)ࢀ)ࡼ − ૚) > ࢚).            
 
:૙ࡴ .3 ࣆ = :ࢇࡴ ࢙࢜ ૙ࣆ ࣆ ≠  :૙ࣆ

:૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘    |࢚| > ࢻ,૚ି࢔࢚ ૛ൗ                    
:૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘ ࢚࢕࢔             |࢚| ≤ ࢻ,૚ି࢔࢚ ૛ൗ                                 
In addition,  

࢖  − ࢋ࢛࢒ࢇ࢜ = ࢔)ࢀ|)ࡼ − ૚)| > |࢚|).          
Confidence interval approach for two-sided test ࡴ૙: ࣆ = :ࢇࡴ ࢙࢜ ૙ࣆ ࣆ ≠   :૙ࣆ

૙ࣆ ∉ ൤ഥ࢞ − ࢻ,૚ି࢔࢚ ૛ൗ
࢙

࢔√
, ഥ࢞ + ࢻ,૚ି࢔࢚ ૛ൗ

࢙
࢔√

൨ ⟹    .૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘

. 
Note:  
For two-sided test, all the above three methods are equivalent!! 
 
Example 7: 
Objective: determine if the mean filling weight is exactly ૚૟ ounces.  
That is to test 

:૙ࡴ ࣆ = ૙ࣆ = ૚૟ ࢙࢜ ࢇࡴ: ࣆ ≠ ૙ࣆ = ૚૟ 
with the following data 

૚૟. ૙૛ ૚૟. ૛૛ ૚૞. ૡ૛ ૚૞. ૢ૛ ૚૟. ૛૛ ૚૟. ૜૛ ૚૟. ૚૛ ૚૞. ૢ૛ 
Suppose the level of significance is ૙. ૙૞.  
[Solution:] 

࢔ = ૡ, ഥ࢞ = ૚૟. ૙ૠ, ࢙ = ૙. ૚ૡ, ࢻ = ૙. ૙૞, ૙ࣆ = ૚૟, 
Thus,  

|࢚| = ተ
ഥ࢞ − ૙ࣆ

൬࢙
ൗ࢔√ ൰

ተ = ተ
૚૟. ૙ૠ − ૚૟

൬૙. ૚ૡ
√ૡൗ ൰

ተ = ૚. ૚ < ૛. ૜૟૞ = ࢚ૠ,૙.૙૛૞ = ࢻ,૚ି࢔࢚ ૛ൗ , 

we do not reject ࡴ૙. 
 
Example 8: 
A sample of ૟  observations, ૚ૡ, ૛૙, ૚૟, ૚ૢ, ૚ૠ, ૚ૡ,  is taken. Suppose the 
population is normally distributed. Then,  
(a) for the hypothesis, ࡴ૙: ࣆ ≥ ૛૙ ࢙࢜ ࢇࡴ: ࣆ < ૛૙, using ࢻ = ૙. ૙૞, test the   
   hypothesis based on the classical hypothesis test?  
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(b) for the hypothesis, ࡴ૙: ࣆ ≤ ૚ૡ ࢙࢜ ࢇࡴ: ࣆ > ૚ૡ, using ࢻ = ૙. ૙૞, test the  
   hypothesis based on p-value? 
(c) for the hypothesis, ࡴ૙: ࣆ = ૚ૠ ࢙࢜ ࢇࡴ: ࣆ ≠ ૚ૠ, using ࢻ = ૙. ૙૞, test the    
   hypothesis based on the confidence interval approach? 
[Solution:] 

࢔ = ૟, ഥ࢞ = ૚ૡ, ࢙ = √૛, ࢻ = ૙. ૙૞. 
(a)  

૙ࣆ = ૛૙, ࢚ =
ഥ࢞ − ૙ࣆ

൬࢙
ൗ࢔√ ൰

=
૚ૡ − ૛૙

൬√૛
૟ൗ ൰

= −૜. ૝૟૝ < −૛. ૙૚૞ = −࢚૞,૙.૙૞ =  ,ࢻ,૚ି࢔࢚−

we reject ࡴ૙. 
 

(b)  

૙ࣆ = ૚ૡ, ࢚ =
ഥ࢞ − ૙ࣆ

൬࢙
ൗ࢔√ ൰

=
૚ૡ − ૚ૡ

൬√૛
૟ൗ ൰

= ૙ 

⟹ ࢖ − ࢋ࢛࢒ࢇ࢜ = ࢔)ࢀ)ࡼ − ૚) > ࢚) = (૞)ࢀ)ࡼ > ૙) = ૙. ૞ > ૙. ૙૞ =  ,ࢻ
we do not reject ࡴ૙. 

 
(c) A ૢ૞% confidence interval for ࣆ is  

ഥ࢞ ± ࢻ,૚ି࢔࢚ ૛ൗ
࢙

࢔√
= ૚ૡ ± ࢚૞,૙.૙૛૞ ∙

√૛
√૟

= ૚ૡ ± (૛. ૞ૠ૚ ∙ ૙. ૞ૠૠ) = [૚૟. ૞૛, ૚ૢ. ૝ૡ]. 

Since  
૙ࣆ = ૚ૠ ∈ [૚૟. ૞૛, ૚ૢ. ૝ૡ], 

we do not reject ࡴ૙. 
 
Example 9: 
Consider the following hypothesis test, :૙ࡴ  ࣆ ≤ ૞૙ ࢙࢜ ࢇࡴ: ࣆ > ૞૙.  Assume a 
sample of ૚૟ items provides the following test statistics. Use ࢻ = ૙. ૙૞, test the 
hypothesis based on p-value as  
(a) ࢚ = ૚. ૙૞૞.  
(b) ࢚ = ૜. ૛૟૚. 
[Solution:] 
࢔ = ૚૟. 
(a)  
࢖ −  ࢋ࢛࢒ࢇ࢜
= ࢔)ࢀ)ࡼ − ૚) > ࢚) = (૚૞)ࢀ)ࡼ > ૚. ૙૞૞) > (૚૞)ࢀ)ࡼ > ૚. ૠ૞૜) = ૙. ૙૞ =  ࢻ
we do not reject ࡴ૙. 



5 
 

(b) 
࢖ −  ࢋ࢛࢒ࢇ࢜
= ࢔)ࢀ)ࡼ − ૚) > ࢚) = (૚૞)ࢀ)ࡼ > ૜. ૛૟૚) < (૚૞)ࢀ)ࡼ > ૚. ૠ૞૜) = ૙. ૙૞ =  ࢻ
we reject ࡴ૙. 
 
 


