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9.5. Tests about a population mean: Small sample case: 

Motivating Example: 
Objective: Determine whether Heathrow airport provides superior service as  

풏 = ퟏퟐ, 풙 = ퟕ. ퟕퟓ, 풔 = ퟏ. ퟐퟏퟓ, 휶 = ퟎ. ퟎퟓ. 
That is, test the hypothesis  

푯ퟎ: 흁 ≤ 흁ퟎ = ퟕ 풗풔 푯풂: 흁 > 흁ퟎ = ퟕ. 
Intuitively, if 푯ퟎ: 흁 ≤ ퟕ  is true, for example, as 흁 = ퟕ , it is very likely that the 
sample mean 풙 should have value close to ퟕ. Thus, a sensible statistical procedure 
would be  

풓풆풋풆풄풕 푯ퟎ: 풙 − ퟕ > 풄 
풏풐풕 풓풆풋풆풄풕 푯ퟎ: 풙 − ퟕ ≤ 풄,     

where 풄 is some constant. Note that the above test is equivalent to  

풓풆풋풆풄풕 푯ퟎ:
풙 − 흁ퟎ

풔
√풏

=  
풙 − ퟕ
풔

√풏

> 풄∗ 

            풏풐풕 풓풆풋풆풄풕 푯ퟎ : 
풙 − 흁ퟎ

풔
√풏

=
풙 − ퟕ
풔

√풏

≤ 풄∗,                 

where 풄∗ = 풄
퐬

√풏

. Similar to previous section, we can use level of significance 

to obtain the constant 풄∗. As 푯ퟎ is true, for ease of explanation, suppose  

흁 = ퟕ,
푿 − 흁
푺

√풏

=
푿 − ퟕ
푺

√ퟏퟐ

~푻(풏 − ퟏ) = 푻(ퟏퟏ). 

Then,  
휶 = ퟎ. ퟎퟓ = 풕풉풆 풑풓풐풃풂풃풊풍풊풕풚 풐풇 풘풓풐풏품 풓풆풋풆풄풕풊풐풏 풐풇 푯ퟎ 

      = 푷(푯ퟎ 풊풔 풕풓풖풆 풃풖풕 풊풔 풓풆풋풆풄풕풆풅) = 푷 흁 = ퟕ,
푿 − ퟕ
푺

√풏

> 풄∗  

          = 푷(푻(ퟏퟏ) > 풄∗)         
Therefore,  

풄∗ = 풕풏 ퟏ,휶 = 풕ퟏퟏ,ퟎ.ퟎퟓ = ퟏ. ퟕퟗퟔ. 
Denote  

풕 =
풙 − 흁ퟎ

풔
√풏

. 
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Thus, a sensible statistical procedure would be  

 풓풆풋풆풄풕 푯ퟎ: 풕 =  
풙 − ퟕ
풔

√풏

> 풕풏 ퟏ,휶 = 풕ퟏퟏ,ퟎ.ퟎퟓ = ퟏ. ퟕퟗퟔ 

  풏풐풕 풓풆풋풆풄풕 푯ퟎ: 풕 =
풙 − ퟕ
풔

√풏

≤ 풕풏 ퟏ,휶 = 풕ퟏퟏ,ퟎ.ퟎퟓ = ퟏ. ퟕퟗퟔ,       

with  

휶 = 푷(흁 = ퟕ, 풓풆풋풆풄풕 푯ퟎ) = 푷 흁 = ퟕ,
푿 − ퟕ
푺

√풏

> 풕풏 ퟏ,휶 = ퟎ. ퟎퟓ. 

Thus,  

풕 =
풙 − 흁ퟎ

풔
√풏

=
ퟕ. ퟕퟓ − ퟕ

ퟏ. ퟐퟏퟓ
√ퟏퟐ

= ퟐ. ퟏퟒ > ퟏ. ퟕퟗퟔ = 풕ퟏퟏ,ퟎ.ퟎퟓ. 

Therefore, we reject 푯ퟎ. The other approach is to use p-value. p-value is the  
probability of making a type I error as reject 푯ퟎ at 풙, i.e.,  
풑 − 풗풂풍풖풆 

 = 풕풉풆 풑풓풐풃풂풃풊풍풕풊풕풚 풐풇 풎풂풌풊풏품 풕풚풑풆 푰 풆풓풓풐풓 풃풚 풓풆풋풆풄풕풊풏품 푯ퟎ     
        풂풕 풙 풂풔 흁 = 흁ퟎ = ퟕ 

= 푷 흁 = 흁ퟎ,
푿 − 흁ퟎ

푺
√풏

>
풙 − 흁ퟎ

풔
√풏

= 푷(푻(풏 − ퟏ) > 풕) = 푷(푻(ퟏퟏ) > ퟐ. ퟏퟒ) 

   = ퟎ. ퟎퟐퟖ < ퟎ. ퟎퟓ = 휶 
we reject 퐇ퟎ. 
 
General Case: 풏 < ퟑퟎ, normal population, and level of significance 휶 

풕 =
풙 − 흁ퟎ

풔푿
=

풙 − 흁ퟎ

풔
√풏

. 

1. 푯ퟎ: 흁 ≥ 흁ퟎ 풗풔 푯풂: 흁 < 흁ퟎ: 
  풓풆풋풆풄풕 푯ퟎ: 풕 < −풕풏 ퟏ,휶                   

풏풐풕 풓풆풋풆풄풕 푯ퟎ: 풕 ≥ −풕풏 ퟏ,휶                     
In addition, 

풑 − 풗풂풍풖풆 = 푷(푻(풏 − ퟏ) < 풕).            
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2. 푯ퟎ: 흁 ≤ 흁ퟎ 풗풔 푯풂: 흁 > 흁ퟎ: 
 풓풆풋풆풄풕 푯ퟎ: 풕 > 풕풏 ퟏ,휶                   

 풏풐풕 풓풆풋풆풄풕 푯ퟎ: 풕 ≤ 풕풏 ퟏ,휶                       
In addition, 

풑 − 풗풂풍풖풆 = 푷(푻(풏 − ퟏ) > 풕).            
 
3. 푯ퟎ: 흁 = 흁ퟎ 풗풔 푯풂: 흁 ≠ 흁ퟎ: 

   풓풆풋풆풄풕 푯ퟎ: |풕| > 풕풏 ퟏ,휶 ퟐ
                   

            풏풐풕 풓풆풋풆풄풕 푯ퟎ: |풕| ≤ 풕풏 ퟏ,휶 ퟐ
                                

In addition,  
 풑 − 풗풂풍풖풆 = 푷(|푻(풏 − ퟏ)| > |풕|).          

Confidence interval approach for two-sided test 푯ퟎ: 흁 = 흁ퟎ 풗풔 푯풂: 흁 ≠ 흁ퟎ:  

흁ퟎ ∉ 풙 − 풕풏 ퟏ,휶 ퟐ

풔
√풏

, 풙 + 풕풏 ퟏ,휶 ퟐ

풔
√풏

⟹ 풓풆풋풆풄풕 푯ퟎ.   

. 
Note:  
For two-sided test, all the above three methods are equivalent!! 
 
Example 7: 
Objective: determine if the mean filling weight is exactly ퟏퟔ ounces.  
That is to test 

푯ퟎ: 흁 = 흁ퟎ = ퟏퟔ 풗풔 푯풂: 흁 ≠ 흁ퟎ = ퟏퟔ 
with the following data 

ퟏퟔ. ퟎퟐ ퟏퟔ. ퟐퟐ ퟏퟓ. ퟖퟐ ퟏퟓ. ퟗퟐ ퟏퟔ. ퟐퟐ ퟏퟔ. ퟑퟐ ퟏퟔ. ퟏퟐ ퟏퟓ. ퟗퟐ 
Suppose the level of significance is ퟎ. ퟎퟓ.  
[Solution:] 

풏 = ퟖ, 풙 = ퟏퟔ. ퟎퟕ, 풔 = ퟎ. ퟏퟖ, 휶 = ퟎ. ퟎퟓ, 흁ퟎ = ퟏퟔ, 
Thus,  

|풕| =
풙 − 흁ퟎ

풔
√풏

=
ퟏퟔ. ퟎퟕ − ퟏퟔ

ퟎ. ퟏퟖ
√ퟖ

= ퟏ. ퟏ < ퟐ. ퟑퟔퟓ = 풕ퟕ,ퟎ.ퟎퟐퟓ = 풕풏 ퟏ,휶 ퟐ
, 

we do not reject 푯ퟎ. 
 
Example 8: 
A sample of ퟔ  observations, ퟏퟖ, ퟐퟎ, ퟏퟔ, ퟏퟗ, ퟏퟕ, ퟏퟖ,  is taken. Suppose the 
population is normally distributed. Then,  
(a) for the hypothesis, 푯ퟎ: 흁 ≥ ퟐퟎ 풗풔 푯풂: 흁 < ퟐퟎ, using 휶 = ퟎ. ퟎퟓ, test the   
   hypothesis based on the classical hypothesis test?  
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(b) for the hypothesis, 푯ퟎ: 흁 ≤ ퟏퟖ 풗풔 푯풂: 흁 > ퟏퟖ, using 휶 = ퟎ. ퟎퟓ, test the  
   hypothesis based on p-value? 
(c) for the hypothesis, 푯ퟎ: 흁 = ퟏퟕ 풗풔 푯풂: 흁 ≠ ퟏퟕ, using 휶 = ퟎ. ퟎퟓ, test the    
   hypothesis based on the confidence interval approach? 
[Solution:] 

풏 = ퟔ, 풙 = ퟏퟖ, 풔 = √ퟐ, 휶 = ퟎ. ퟎퟓ. 
(a)  

흁ퟎ = ퟐퟎ, 풕 =
풙 − 흁ퟎ

풔
√풏

=
ퟏퟖ − ퟐퟎ

√ퟐ
ퟔ

= −ퟑ. ퟒퟔퟒ < −ퟐ. ퟎퟏퟓ = −풕ퟓ,ퟎ.ퟎퟓ = −풕풏 ퟏ,휶, 

we reject 푯ퟎ. 
 

(b)  

흁ퟎ = ퟏퟖ, 풕 =
풙 − 흁ퟎ

풔
√풏

=
ퟏퟖ − ퟏퟖ

√ퟐ
ퟔ

= ퟎ 

⟹ 풑 − 풗풂풍풖풆 = 푷(푻(풏 − ퟏ) > 풕) = 푷(푻(ퟓ) > ퟎ) = ퟎ. ퟓ > ퟎ. ퟎퟓ = 휶, 
we do not reject 푯ퟎ. 

 
(c) A ퟗퟓ% confidence interval for 흁 is  

풙 ± 풕풏 ퟏ,휶 ퟐ

풔
√풏

= ퟏퟖ ± 풕ퟓ,ퟎ.ퟎퟐퟓ ∙
√ퟐ
√ퟔ

= ퟏퟖ ± (ퟐ. ퟓퟕퟏ ∙ ퟎ. ퟓퟕퟕ) = [ퟏퟔ. ퟓퟐ, ퟏퟗ. ퟒퟖ]. 

Since  
흁ퟎ = ퟏퟕ ∈ [ퟏퟔ. ퟓퟐ, ퟏퟗ. ퟒퟖ], 

we do not reject 푯ퟎ. 
 
Example 9: 
Consider the following hypothesis test,  푯ퟎ: 흁 ≤ ퟓퟎ 풗풔 푯풂: 흁 > ퟓퟎ.  Assume a 
sample of ퟏퟔ items provides the following test statistics. Use 휶 = ퟎ. ퟎퟓ, test the 
hypothesis based on p-value as  
(a) 풕 = ퟏ. ퟎퟓퟓ.  
(b) 풕 = ퟑ. ퟐퟔퟏ. 
[Solution:] 
풏 = ퟏퟔ. 
(a)  
풑 − 풗풂풍풖풆 
= 푷(푻(풏 − ퟏ) > 풕) = 푷(푻(ퟏퟓ) > ퟏ. ퟎퟓퟓ) > 푷(푻(ퟏퟓ) > ퟏ. ퟕퟓퟑ) = ퟎ. ퟎퟓ = 휶 
we do not reject 푯ퟎ. 
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(b) 
풑 − 풗풂풍풖풆 
= 푷(푻(풏 − ퟏ) > 풕) = 푷(푻(ퟏퟓ) > ퟑ. ퟐퟔퟏ) < 푷(푻(ퟏퟓ) > ퟏ. ퟕퟓퟑ) = ퟎ. ퟎퟓ = 휶 
we reject 푯ퟎ. 
 
 


