Final Review

Chapter 7:
® Compute the standard error and the probability of the sample mean X
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Let X be a discrete random variable with the following probability distribution:
2

fx(x) = %,x =1,2,¢,V70,
and fyx(x) = 0, otherwise, where c is some constant.
(a) Compute c.
(b) Compute P(X < 7.5).
(c) Compute E(X).
[Solution:]

(a)

()—1+4+CZ+70—1=> =45
Zf"x_loo 100 ' 100 ' 100 =%
X

(b)
PX<75)=PX=1o0or X=2 or X=c)
=PX=1)+PX=2)+PX =c) = fx(1) + fx(2) + fx(c)

1 N 4 N 25
100 100 100
=0.3

(c)
ECO = ) xfx(x) =1+ fx(1) + 2+ fx(2) + ¢ fx(c) + V70 - fx(V70)

X

1 4 2 70
=1 — 42— 70—
100 % 100" 100" 100
( 67 +35V70
) =72 if c=5
_58 + 3570
=4.7 if ¢=-5.
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Note:

The other solutions are (a) 5 =7.2

Let X~N(6,5%). Compute
(a) P(6 <X <12).

(b) P(]JX — 6] <5).

(c) P(X%2<9).

(d) P(X <0).

[Solution:]

Since X~N(6,52), then

67 + 35V70
(c) ( )/ 50

5 = Z~N(0,1)

(a)
6-6 X—-6 12-6
< <
5 - 5 ~ 5

P(6SX£12)=P<

(b)

)zP(OSZS 1.2) = 0.3849.

P(IX—6|<5)=P(|X;6|<§>=P(|Z|<1)=P(—1<Z<1)
—2P(0<Z<1)=2-0.3413
— 0.6826
(c)
3-6 X-6 3-6
P(X2<9)=P(—3<X<3)=P< e <5 < 5)

=P(-1.8<Z<-0.6)=P(0.6<Z<1.8)
=P(0<Z<1.8)—P0<Z<0.6)=0.4641 — 0.2257

— 0.2384
(d)
X-6 0-6
P(X<0)=P( —<— )=P(Z<—1.2)=P(Z>1.2)
—P(Z>0)—PO<Z<1.2)=0.5—0.3849
~0.1151

The time between arrivals of vehicles at a particular intersection follows an

exponential probability distribution with a mean of 12 seconds.

(a) What is the probability that the arrival time between vehicles is 24 seconds or
less?

(b) What is the probability of 36 or more seconds between vehicle arrivals?
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(c) What is the probability that the arrival time between vehicles is between 12
seconds and 18 seconds?
(d) What is the probability that there are 2 arrivals within 1 minutes?
[Solution:]
(a) Let X be the random variable representing the arrival time between vehicles
PX<24)=1-¢ M1z=1-¢2
(b)
P(X>36)=e Y12 =e3,
(c)
P(12<X<18)=P0<X<18)—-P(0<X<12)

= (1 — e_18/12) — (1 — e_lz/lz)

1 15

=e —e

(d) Let Y be the random variable representing the number of arrivals within 1
minutes. Then Y is a Poisson random variable with mean u = 60/12 = 5.

Then,

e °5%2 25e7° .
P(Y=2)= 21 = > =12.5e™".

A bank has kept records of the checking balances of its customers and determined

that the average daily balance of its customers is $300 with a standard deviation

of $48. A random sample of 144 checking accounts is selected.

(a) What is the probability that the sample mean will be more than or equal to
$306.60?

(b) What is the probability that the sample mean will be less than or equal to
$308?

(c) What is the probability that the sample mean will be between $302 and $308?

(d) What is the probability that the sample mean will be at least $296?

(e) How large of a sample needs to be taken to provide a 0.4015 probability that

the sample mean will be between $300 and $304?

[Solution:]
g 18 4 300
Oy =—=—= —= , = )
X=m viaa F

for (a) to (d).



(a)

P(X = 306.6) = P<

X—u X-—300_ 306.6—300
= = ~ P(Z = 1.65)

ox S 4
=0.5—-P(0<Z<1.65)=0.5—0.4505
= 0.0495.
(b)
P(X<308) =P (Xa;” _X _4300 L 308 ; 300) ~P(Z <2)
=0.5+P(0<Z<2)=0.5+0.4772
=0.9772.

(c)

P(302 <X <308) = P(

302—300<)_(—u=)_(—300<308—300>
4 T oy 4 ~ 4
~P(0.5<Z<2)=P(0<Z<2)-P0<Z<0.5)
= 0.4772 — 0.1915

= 0.2857
(d)
P(X >296) =P (Xa;" _X _4300 > 296 ; 300) ~P(Z>-1)
=0.5+P(-1<Z<0)=0.5+0.3413
= 0.8413.
(e)

300-300 X-p 304-— 300>
< <
Ox ox Ox

P(300S7(S304)=P< <

4
zp<oszs—)=0.4015

ox
4 4 1.29-48
o —=—_~1.29=Vn~——=15.48
ox (48/ ) 4
Vn
S n = 240.

A population has a standard deviation of 16. What is the probability that a sample
mean will be within +2 of the population mean for each of the following sample
size?

(a) n = 64.

(b) n =400.



[Solution:]

(a)

o 16
O’—:—:—:z
n 64
_ X — X — 2
P(IX—uISZ)zP(‘ i ”s—>zp(|Z|g1)=o.6826.
ox 2 2
(b)
o 16 0.8
Oy —=—= — = .
X~ Un V200
_ X—ul |X—u 2
P(lX — <2)=P = < ~ P(|Z]| <2.5) =0.9876.
( ul<2) (‘ ox ‘0.8 _0.8> (1Z] £ 2.5)

In a university, 10% of the students live in the dormitories. A random sample of

100 students is selected for a particular study.

(a) What is the probability that the sample proportion (the proportion living in the
dormitories) is between 0.172 and 0.178?

(b) What is the probability that the sample proportion (the proportion living in the
dormitories) is greater than or equal to 0.025?

[Solution:]

=0.03.

p(1—p) \/o. 1(1-0.1)

—0.1,n=100,05 =
p n op j n 100

(a)

P(O'”ZSFSO.”B)=P(0.172—0.1Sf’—pzﬁ—o.1so.178—0.1>
0.03 op 0.03 0.03
~P(2.4<Z<2.6)
= 0.0035

(b)

P(P > 0.025) = P<

I_’—p_l_’—0.1>0.025—0.1
o5 003 ~ 0.03
= 0.9938.

) ~P(Z > -2.5)



