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Review 4 
A. ANOVA for testing the equality of k population means.  

풇 =
푺푺푩

풌 − ퟏ
푺푺푾

풏푻 − 풌
=

∑ 풏풋 풙풋 − 풙
ퟐ풌

풋 ퟏ
풌 − ퟏ

∑ 풏풋 − ퟏ 풔풋
ퟐ풌

풋 ퟏ
풏푻 − 풌

=
푴푺푩
푴푺푾 

ANOVA Table:  
퐒퐨퐮퐫퐜퐞 퐒퐮퐦 퐨퐟  

퐒퐪퐮퐚퐫퐞퐬 
퐃퐞퐠퐫퐞퐞 퐨퐟  

퐅퐫퐞퐞퐝퐨퐦 
퐌퐞퐚퐧 퐒퐪퐮퐚퐫퐞 퐅 

퐁퐞퐭퐰퐞퐞퐧 푺푺푩 풌 − ퟏ 푴푺푩

= 푺푺푩
풌 − ퟏ 

푴푺푩
푴푺푾 

퐖퐢퐭퐡퐢퐧 푺푺푾 풏푻 − 풌 푴푺푾

= 푺푺푾
풏푻 − 풌 

 

퐓퐨퐭퐚퐥 푺푺푻 풏푻 − ퟏ   
B. 흌ퟐ test for:  
1. proportions of a multinomial population:  

흌ퟐ =
(풇풊 − 풆풊)ퟐ

풆풊

풌

풊 ퟏ

 

2. the independence of two variables (contingency table): 

흌ퟐ =
풇풊풋 − 풆풊풋

ퟐ

풆풊풋

풎

풋 ퟏ

풑

풊 ퟏ

 

Example 1: 
The following data are from ퟒ different populations.  

퐒퐚퐦퐩퐥퐞 ퟏ ퟖ. ퟐ ퟖ. ퟕ ퟗ. ퟒ ퟗ. ퟐ   
퐒퐚퐦퐩퐥퐞 ퟐ ퟕ. ퟕ ퟖ. ퟒ ퟖ. ퟔ ퟖ. ퟏ ퟖ. ퟎ  
퐒퐚퐦퐩퐥퐞 ퟑ ퟔ. ퟗ ퟓ. ퟖ ퟕ. ퟐ ퟔ. ퟖ ퟕ. ퟒ ퟔ. ퟏ 
퐒퐚퐦퐩퐥퐞 ퟒ ퟔ. ퟖ ퟕ. ퟑ ퟔ. ퟑ ퟔ. ퟗ ퟕ. ퟏ  

Let 흁ퟏ , 흁ퟐ , 흁ퟑ  and 흁ퟒ  be the mean number of products of the ퟒ  production 
lines.  
(a) Provide the ANOVA table. 
(b) Please test the hypothesis 푯ퟎ: 흁ퟏ = 흁ퟐ = 흁ퟑ = 흁ퟒ with 휶 = ퟎ. ퟎퟓ. 
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[Solution:] 
풌 = ퟒ, 휶 = ퟎ. ퟎퟓ, 풏ퟏ = ퟒ, 풏ퟐ = ퟓ, 풏ퟑ = ퟔ, 풏ퟒ = ퟓ, 풏푻 = 풏ퟏ + 풏ퟐ + 풏ퟑ + 풏ퟒ = ퟐퟎ 

and 
풙ퟏ = ퟖ. ퟖퟕퟓ, 풙ퟐ = ퟖ. ퟏퟔ, 풙ퟑ = ퟔ. ퟕ, 풙ퟒ = ퟔ. ퟖퟖ, 풙 = ퟕ. ퟓퟒퟓ 

(a)  

 푺푺푻 = 풙풋,풊 − 풙
ퟐ

풏풋

풊 ퟏ

풌

풋 ퟏ

= 풙풋,풊
ퟐ

풏풋

풊 ퟏ

풌

풋 ퟏ

− 풏푻풙ퟐ = ퟏퟗ. ퟑퟓ                 

    푺푺푩 = 풏풋 풙풋 − 풙
ퟐ

풌

풋 ퟏ

 

 = ퟒ ∙ (ퟖ. ퟖퟕퟓ − ퟕ. ퟓퟒퟓ)ퟐ + ퟓ ∙ (ퟖ. ퟖퟏퟔ − ퟕ. ퟓퟒퟓ)ퟐ             
          +ퟔ ∙ (ퟔ. ퟕ − ퟕ. ퟓퟒퟓ)ퟐ + ퟓ ∙ (ퟔ. ퟖퟖ − ퟕ. ퟓퟒퟓ)ퟐ 

= ퟏퟓ. ퟒퟔퟐ                                             
푺푺푾 = 푺푺푻 − 푺푺푩 = ퟏퟗ. ퟑퟓ − ퟏퟓ. ퟒퟔퟐ = ퟑ. ퟖퟖퟖ.                   

The ANOVA table is  
퐒퐨퐮퐫퐜퐞 퐒퐒 퐝퐟 퐌퐒 퐅 

퐁퐞퐭퐰퐞퐞퐧 ퟏퟓ. ퟒퟔퟐ 풌 − ퟏ = ퟑ ퟏퟓ. ퟒퟔퟐ
ퟑ = ퟓ. ퟏퟓퟒ 풇 = ퟓ. ퟏퟓퟒ

ퟎ. ퟐퟒퟑ 

= ퟐퟏ. ퟐퟏ      
퐖퐢퐭퐡퐢퐧 ퟑ. ퟖퟖퟖ 풏푻 − 풌

= ퟏퟔ 
ퟑ. ퟖퟖퟖ

ퟏퟔ = ퟎ. ퟐퟒퟑ 
 

퐓퐨퐭퐚퐥  ퟏퟗ. ퟑퟓ 풏푻 − ퟏ
= ퟏퟗ 

  

(b) We reject 푯ퟎ since  
풇 = ퟐퟏ. ퟐퟏ > ퟑ. ퟐퟒ = 풇ퟑ,ퟏퟔ,ퟎ.ퟎퟓ = 풇풌 ퟏ,풏푻 풌,휶. 

 
Example 2: 
The data were selected from each of three normal populations with equal variances. 
The data obtained follow.  

퐎퐛퐬퐞퐫퐯퐚퐭퐢퐨퐧 퐒퐚퐦퐩퐥퐞 ퟏ 퐒퐚퐦퐩퐥퐞 ퟐ 퐒퐚퐦퐩퐥퐞 ퟑ 
ퟏ ퟖ ퟔ ퟖ 
ퟐ ퟓ ퟔ ퟕ 
ퟑ ퟑ ퟕ ퟗ 
ퟒ ퟔ ퟓ ퟔ 
ퟓ ퟔ ퟑ ퟓ 

퐒퐚퐦퐩퐥퐞 퐦퐞퐚퐧 ퟓ. ퟔ ퟓ. ퟒ ퟕ 
퐒퐚퐦퐩퐥퐞 퐯퐚퐫퐢퐚퐧퐜퐞 ퟑ. ퟑ ퟐ. ퟑ ퟐ. ퟓ 
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Set up the ANOVA table for this problem and test the null hypothesis that the three  
population means are equal at the 휶 = ퟎ. ퟎퟓ level of significance.  
[Solution:] 

푺푺푩 = 풏풋 풙풋 − 풙
ퟐ

풌

풋 ퟏ

= ퟓ ∙ (ퟓ. ퟔ − ퟔ)ퟐ + ퟓ ∙ (ퟓ. ퟒ − ퟔ)ퟐ + ퟓ ∙ (ퟕ − ퟔ)ퟐ = ퟕ. ퟔ 

푺푺푾 = 풏풋 − ퟏ 풔풋
ퟐ

풌

풋 ퟏ

= ퟒ ∙ ퟑ. ퟑ + ퟒ ∙ ퟐ. ퟑ + ퟒ ∙ ퟐ. ퟓ = ퟑퟐ. ퟒ 

The ANOVA table is  
퐒퐨퐮퐫퐜퐞     퐒퐒    퐃퐅 퐌퐒 퐅 

퐁퐞퐭퐰퐞퐞퐧 ퟕ. ퟔ ퟐ ퟑ. ퟖ ퟏ. ퟒퟏ 
퐖퐢퐭퐡퐢퐧 ퟑퟐ. ퟒ ퟏퟐ ퟐ. ퟕ  
퐓퐨퐭퐚퐥 ퟒퟎ     ퟏퟒ   

Therefore,  
풇 = ퟏ. ퟒퟏ < 풇ퟐ,ퟏퟐ,ퟎ.ퟎퟓ. = ퟑ. ퟖퟗ ⇒ 풏풐풕 풓풆풋풆풄풕 푯ퟎ 

 
Example 3: 
Negative appeals have been recognized as an effective method of persuasion in 
advertising. The number of ads with guilt appeals that appeared in selected types 
follow. 

퐌퐚퐠퐚퐳퐢퐧퐞 퐓퐲퐩퐞 퐍퐮퐦퐛퐞퐫 퐨퐟 퐀퐝퐬 퐰퐢퐭퐡 퐆퐮퐢퐥퐭 퐀퐩퐩퐞퐚퐥퐬 
퐍퐞퐰퐬 퐚퐧퐝 퐨퐩퐢퐧퐢퐨퐧 ퟐퟎ 
퐆퐞퐧퐞퐫퐚퐥 퐞퐝퐢퐭퐨퐫퐢퐚퐥 ퟏퟓ 
퐅퐚퐦퐢퐥퐲 − 퐨퐫퐢퐞퐧퐭퐞퐝 ퟑퟎ 
퐁퐮퐬퐢퐧퐞퐬퐬/퐟퐢퐧퐚퐧퐜퐢퐚퐥 ퟐퟎ 
퐅퐞퐦퐚퐥퐞 − 퐨퐫퐢퐞퐧퐭퐞퐝 ퟐퟎ 

퐀퐟퐫퐢퐜퐚퐧 − 퐀퐦퐞퐫퐢퐜퐚퐧 ퟏퟎ 
Use 휶 = ퟎ. ퟎퟓ test to determine any differences in the proportion of ads with guilt 
appeals among the six types of magazines. 
[Solution:] 

푯ퟎ: 풑ퟏ = 풑ퟐ = 풑ퟑ = 풑ퟒ = 풑ퟓ = 풑ퟔ = ퟏ
ퟔ , 풆풊 = ퟏퟏퟓ ∙

ퟏ
ퟔ = ퟏퟗ. ퟏퟕ 

for 풊 = ퟏ, ퟐ, ⋯ , ퟔ. Then,  
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         흌ퟐ =
(풇풊 − 풆풊)ퟐ

풆풊

ퟔ

풊 ퟏ

 

=
(ퟐퟎ − ퟏퟗ. ퟏퟕ)ퟐ

ퟏퟗ. ퟏퟕ +
(ퟏퟓ − ퟏퟗ. ퟏퟕ)ퟐ

ퟏퟗ. ퟏퟕ +
(ퟑퟎ − ퟏퟗ. ퟏퟕ)ퟐ

ퟏퟗ. ퟏퟕ  

   +
(ퟐퟎ − ퟏퟗ. ퟏퟕ)ퟐ

ퟏퟗ. ퟏퟕ +
(ퟐퟎ − ퟏퟗ. ퟏퟕ)ퟐ

ퟏퟗ. ퟏퟕ +
(ퟏퟎ − ퟏퟗ. ퟏퟕ)ퟐ

ퟏퟗ. ퟏퟕ  

 = ퟏퟏ. ퟓퟐ > ퟏퟏ. ퟎퟕ = 흌ퟓ,ퟎ.ퟎퟓ
ퟐ = 흌풌 ퟏ,휶

ퟐ .               
Therefore, we reject 푯ퟎ . 
 
Example 4: 
The following are the number of wrong answers for the number of the students.  

퐍퐮퐦퐛퐞퐫 퐨퐟 퐰퐫퐨퐧퐠 퐚퐧퐬퐰퐞퐫퐬 ퟎ ퟏ ퟐ ퟑ 
퐍퐮퐦퐛퐞퐫 퐨퐟 퐭퐡퐞 퐬퐭퐮퐝퐞퐧퐭퐬 ퟐퟏ ퟑퟏ ퟏퟐ ퟎ 

Suppose 푿  is the random variable representing the number of wrong answers. 
Please test 푿 is distributed as 푩풊풏풐풎풊풂풍(ퟑ, ퟎ. ퟐퟓ) with 휶 = ퟎ. ퟎퟓ.. 
(Note: the distribution function for 푩풊풏풐풎풊풂풍(ퟑ, ퟎ. ퟐퟓ) is  

풇푿(풙) = ퟑ
풙

(ퟎ. ퟐퟓ)풙(ퟎ. ퟕퟓ)ퟑ 풙, 풙 = ퟎ, ퟏ, ퟐ, ퟑ. 

[Solution:] 
As 푯ퟎ is true, the distribution for the number of wrong answers is  

풑ퟏ = 푷(푿 = ퟎ) = ퟑ
ퟎ ퟎ. ퟐퟓퟎퟎ. ퟕퟓퟑ =

ퟐퟕ
ퟔퟒ 

풑ퟐ = 푷(푿 = ퟏ) = ퟑ
ퟏ ퟎ. ퟐퟓퟏퟎ. ퟕퟓퟐ =

ퟐퟕ
ퟔퟒ 

풑ퟑ = 푷(푿 = ퟐ) = ퟑ
ퟐ ퟎ. ퟐퟓퟐퟎ. ퟕퟓퟏ =

ퟗ
ퟔퟒ 

 풑ퟑ = 푷(푿 = ퟑ) = ퟑ
ퟑ ퟎ. ퟐퟓퟑퟎ. ퟕퟓퟎ =

ퟏ
ퟔퟒ.  

Since the sample size 풏 = ퟐퟏ + ퟑퟏ + ퟏퟐ + ퟎ = ퟔퟒ, the expected numbers under 
푯ퟎ are  

풆ퟏ = 풏풑ퟏ = ퟔퟒ ∙
ퟐퟕ
ퟔퟒ = ퟐퟕ, 풆ퟐ = 풏풑ퟐ = ퟔퟒ ∙

ퟐퟕ
ퟔퟒ = ퟐퟕ, 

풆ퟑ = 풏풑ퟑ = ퟔퟒ ∙
ퟗ

ퟔퟒ = ퟗ, 풆ퟒ = 풏풑ퟒ = ퟔퟒ ∙
ퟏ

ퟔퟒ = ퟏ. 

Therefore,  
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         흌ퟐ =
(풇풊 − 풆풊)ퟐ

풆풊

풌

풊 ퟏ

 

=
(ퟐퟏ − ퟐퟕ)ퟐ

ퟐퟕ +
(ퟑퟏ − ퟐퟕ)ퟐ

ퟐퟕ +
(ퟏퟐ − ퟗ)ퟐ

ퟗ +
(ퟎ − ퟏ)ퟐ

ퟏ  

= ퟑ. ퟗퟐ                                       
Since 흌ퟐ = ퟑ. ퟗퟐ < ퟕ. ퟖퟏ = 흌ퟐ

ퟑ,ퟎ.ퟎퟓ, we do not reject 푯ퟎ. 
 
Example 5: 
Starting positions for business and engineering graduates are classified by industry 
as shown in the following table. 

 퐎퐢퐥 퐂퐡퐞퐦퐢퐜퐚퐥 퐄퐥퐞퐜퐭퐫퐢퐜퐚퐥 퐂퐨퐦퐩퐮퐭퐞퐫 
퐁퐮퐬퐢퐧퐞퐬퐬 ퟑퟎ ퟏퟓ ퟏퟓ ퟒퟎ 

퐄퐧퐠퐢퐧퐞퐞퐫퐢퐧퐠 ퟑퟎ ퟑퟎ ퟐퟎ ퟐퟎ 
Use 휶 = ퟎ. ퟎퟏ and test for independence of degree major and industry type. 
[Solution:] 
The table for the expected numbers 풆풊풋 is  

 퐎퐢퐥 퐂퐡퐞퐦퐢퐜퐚퐥 퐄퐥퐞퐜퐭퐫퐢퐜퐚퐥 퐂퐨퐦퐩퐮퐭퐞퐫 퐑퐨퐰  
퐓퐨퐭퐚퐥 

퐁퐮퐬퐢퐧퐞퐬퐬 ퟔퟎ ∙ ퟏퟎퟎ
ퟐퟎퟎ

= ퟑퟎ 
 

ퟒퟓ ∙ ퟏퟎퟎ
ퟐퟎퟎ

= ퟐퟐ. ퟓ 
 

ퟑퟓ ∙ ퟏퟎퟎ
ퟐퟎퟎ

= ퟏퟕ. ퟓ 
 

ퟔퟎ ∙ ퟏퟎퟎ
ퟐퟎퟎ

= ퟑퟎ 
 

ퟏퟎퟎ 

퐄퐧퐠퐢퐧퐞퐞퐫퐢퐧퐠 ퟔퟎ ∙ ퟏퟎퟎ
ퟐퟎퟎ

= ퟑퟎ 
 

ퟒퟓ ∙ ퟏퟎퟎ
ퟐퟎퟎ

= ퟐퟐ. ퟓ 
 

ퟑퟓ ∙ ퟏퟎퟎ
ퟐퟎퟎ

= ퟏퟕ. ퟓ 
 

ퟔퟎ ∙ ퟏퟎퟎ
ퟐퟎퟎ

= ퟑퟎ 
 

ퟏퟎퟎ 

퐂퐨퐥퐮퐦퐧  
퐓퐨퐭퐚퐥 

ퟔퟎ ퟒퟓ ퟑퟓ ퟔퟎ ퟐퟎퟎ 

Thus,  

        흌ퟐ =
풇풊풋 − 풆풊풋

ퟐ

풆풊풋

풎

풋 ퟏ

풑

풊 ퟏ

=
풇풊풋 − 풆풊풋

ퟐ

풆풊풋

ퟒ

풋 ퟏ

ퟐ

풊 ퟏ

 

    =
(ퟑퟎ − ퟑퟎ)ퟐ

ퟑퟎ +
(ퟏퟓ − ퟐퟐ, ퟓ)ퟐ

ퟐퟐ. ퟓ +
(ퟏퟓ − ퟏퟕ. ퟓ)ퟐ

ퟏퟕ. ퟓ +
(ퟒퟎ − ퟑퟎ)ퟐ

ퟑퟎ  

       +
(ퟑퟎ − ퟑퟎ)ퟐ

ퟑퟎ +
(ퟑퟎ − ퟐퟐ, ퟓ)ퟐ

ퟐퟐ. ퟓ +
(ퟐퟎ − ퟏퟕ. ퟓ)ퟐ

ퟏퟕ. ퟓ +
(ퟑퟎ − ퟑퟎ)ퟐ

ퟑퟎ  

           = ퟏퟐ. ퟑퟗ. 
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Since 풑 = ퟐ, 풎 = ퟒ, 휶 = ퟎ. ퟎퟏ, 
흌ퟐ = ퟏퟐ. ퟑퟗ > ퟏퟏ. ퟑퟒퟒퟗ = 흌ퟑ,ퟎ.ퟎퟏ

ퟐ = 흌(ퟐ ퟏ)∙(ퟒ ퟏ),ퟎ.ퟎퟏ
ퟐ = 흌(풑 ퟏ)∙(풎 ퟏ),휶

ퟐ , 
we reject 푯ퟎ.  


