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Review 4 
A. ANOVA for testing the equality of k population means.  

ࢌ =
࡮ࡿࡿ

࢑ − ૚ൗ
ࢃࡿࡿ

ࢀ࢔ − ࢑ൗ
=

∑ ࢐൫ഥ࢞࢐࢔ − ഥ࢞൯૛࢑
࢐ୀ૚

࢑ − ૚
൘

∑ ൫࢐࢔ − ૚൯࢙࢐
૛࢑

࢐ୀ૚
ࢀ࢔ − ࢑൘

=
࡮ࡿࡹ
 ࢃࡿࡹ

ANOVA Table:  
  ܎ܗ ܕܝ܁ ܍܋ܚܝܗ܁

 ܛ܍ܚ܉ܝܙ܁
  ܎ܗ ܍܍ܚ܏܍۲

 ܕܗ܌܍܍ܚ۴
 ۴ ܍ܚ܉ܝܙ܁ ܖ܉܍ۻ

࢑ ࡮ࡿࡿ ܖ܍܍ܟܜ܍۰ − ૚ ࡮ࡿࡹ

= ࡮ࡿࡿ
࢑ − ૚ൗ  

࡮ࡿࡹ
 ࢃࡿࡹ

ࢀ࢔ ࢃࡿࡿ ܖܑܐܜܑ܅ − ࢃࡿࡹ ࢑

= ࢃࡿࡿ
ࢀ࢔ − ࢑ൗ  

 

ࢀ࢔ ࢀࡿࡿ ܔ܉ܜܗ܂ − ૚   
B. ࣑૛ test for:  
1. proportions of a multinomial population:  

࣑૛ = ෍
࢏ࢌ) − ૛(࢏ࢋ

࢏ࢋ

࢑

ୀ૚࢏

 

2. the independence of two variables (contingency table): 

࣑૛ = ෍ ෍
൫࢐࢏ࢌ − ࢐൯૛࢏ࢋ

࢐࢏ࢋ

࢓

࢐ୀ૚

࢖

ୀ૚࢏

 

Example 1: 
The following data are from ૝ different populations.  

.૚ ૡ ܍ܔܘܕ܉܁ ૛ ૡ. ૠ ૢ. ૝ ૢ. ૛   
.૛ ૠ ܍ܔܘܕ܉܁ ૠ ૡ. ૝ ૡ. ૟ ૡ. ૚ ૡ. ૙  
.૜ ૟ ܍ܔܘܕ܉܁ ૢ ૞. ૡ ૠ. ૛ ૟. ૡ ૠ. ૝ ૟. ૚ 
.૝ ૟ ܍ܔܘܕ܉܁ ૡ ૠ. ૜ ૟. ૜ ૟. ૢ ૠ. ૚  

Let ࣆ૚ , ࣆ૛ , ࣆ૜  and ࣆ૝  be the mean number of products of the ૝  production 
lines.  
(a) Provide the ANOVA table. 
(b) Please test the hypothesis ࡴ૙: ૚ࣆ = ૛ࣆ = ૜ࣆ = ࢻ ૝ withࣆ = ૙. ૙૞. 
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[Solution:] 
࢑ = ૝, ࢻ = ૙. ૙૞, ૚࢔ = ૝, ૛࢔ = ૞, ૜࢔ = ૟, ૝࢔ = ૞, ࢀ࢔ = ૚࢔ + ૛࢔ + ૜࢔ + ૝࢔ = ૛૙ 

and 
ഥ࢞૚ = ૡ. ૡૠ૞, ഥ࢞૛ = ૡ. ૚૟, ഥ࢞૜ = ૟. ૠ, ഥ࢞૝ = ૟. ૡૡ, ഥ࢞ = ૠ. ૞૝૞ 

(a)  

ࢀࡿࡿ  = ෍ ෍൫࢞࢏,࢐ − ഥ࢞൯૛
࢐࢔

ୀ૚࢏

࢑

࢐ୀ૚

= ෍ ෍ ࢏,࢐࢞
૛

࢐࢔

ୀ૚࢏

࢑

࢐ୀ૚

− ഥ࢞૛ࢀ࢔ = ૚ૢ. ૜૞                 

࡮ࡿࡿ     = ෍ ࢐൫ഥ࢞࢐࢔ − ഥ࢞൯૛
࢑

࢐ୀ૚

 

 = ૝ ∙ (ૡ. ૡૠ૞ − ૠ. ૞૝૞)૛ + ૞ ∙ (ૡ. ૡ૚૟ − ૠ. ૞૝૞)૛             
          +૟ ∙ (૟. ૠ − ૠ. ૞૝૞)૛ + ૞ ∙ (૟. ૡૡ − ૠ. ૞૝૞)૛ 

= ૚૞. ૝૟૛                                             
ࢃࡿࡿ = ࢀࡿࡿ − ࡮ࡿࡿ = ૚ૢ. ૜૞ − ૚૞. ૝૟૛ = ૜. ૡૡૡ.                   

The ANOVA table is  
 ۴ ܁ۻ ܎܌ ܁܁ ܍܋ܚܝܗ܁

.૚૞ ܖ܍܍ܟܜ܍۰ ૝૟૛ ࢑ − ૚ = ૜ ૚૞. ૝૟૛
૜ൗ = ૞. ૚૞૝ ࢌ = ૞. ૚૞૝

૙. ૛૝૜ൗ  

= ૛૚. ૛૚      
.૜ ܖܑܐܜܑ܅ ૡૡૡ ࢀ࢔ − ࢑

= ૚૟ 
૜. ૡૡૡ

૚૟ൗ = ૙. ૛૝૜ 
 

.૚ૢ  ܔ܉ܜܗ܂ ૜૞ ࢀ࢔ − ૚
= ૚ૢ 

  

(b) We reject ࡴ૙ since  
ࢌ = ૛૚. ૛૚ > ૜. ૛૝ = ૜,૚૟,૙.૙૞ࢌ =  .ࢻ,࢑ିࢀ࢔,࢑ି૚ࢌ

 
Example 2: 
The data were selected from each of three normal populations with equal variances. 
The data obtained follow.  

 ૜ ܍ܔܘܕ܉܁ ૛ ܍ܔܘܕ܉܁ ૚ ܍ܔܘܕ܉܁ ܖܗܑܜ܉ܞܚ܍ܛ܊۽
૚ ૡ ૟ ૡ 
૛ ૞ ૟ ૠ 
૜ ૜ ૠ ૢ 
૝ ૟ ૞ ૟ 
૞ ૟ ૜ ૞ 

.૞ ܖ܉܍ܕ ܍ܔܘܕ܉܁ ૟ ૞. ૝ ૠ 
.૜ ܍܋ܖ܉ܑܚ܉ܞ ܍ܔܘܕ܉܁ ૜ ૛. ૜ ૛. ૞ 
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Set up the ANOVA table for this problem and test the null hypothesis that the three  
population means are equal at the ࢻ = ૙. ૙૞ level of significance.  
[Solution:] 

࡮ࡿࡿ = ෍ ࢐൫ഥ࢞࢐࢔ − ഥ࢞൯૛
࢑

࢐ୀ૚

= ૞ ∙ (૞. ૟ − ૟)૛ + ૞ ∙ (૞. ૝ − ૟)૛ + ૞ ∙ (ૠ − ૟)૛ = ૠ. ૟ 

ࢃࡿࡿ = ෍൫࢐࢔ − ૚൯࢙࢐
૛

࢑

࢐ୀ૚

= ૝ ∙ ૜. ૜ + ૝ ∙ ૛. ૜ + ૝ ∙ ૛. ૞ = ૜૛. ૝ 

The ANOVA table is  
 ۴ ܁ۻ ۲۴    ܁܁     ܍܋ܚܝܗ܁

.ૠ ܖ܍܍ܟܜ܍۰ ૟ ૛ ૜. ૡ ૚. ૝૚ 
.૜૛ ܖܑܐܜܑ܅ ૝ ૚૛ ૛. ૠ  
   ૝૙     ૚૝ ܔ܉ܜܗ܂

Therefore,  
ࢌ = ૚. ૝૚ < .૛,૚૛,૙.૙૞ࢌ = ૜. ૡૢ ⇒  ૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘ ࢚࢕࢔

 
Example 3: 
Negative appeals have been recognized as an effective method of persuasion in 
advertising. The number of ads with guilt appeals that appeared in selected types 
follow. 

 ܛܔ܉܍ܘܘۯ ܜܔܑܝ۵ ܐܜܑܟ ܛ܌ۯ ܎ܗ ܚ܍܊ܕܝۼ ܍ܘܡ܂ ܍ܖܑܢ܉܏܉ۻ
 ૛૙ ܖܗܑܖܑܘܗ ܌ܖ܉ ܛܟ܍ۼ
 ૚૞ ܔ܉ܑܚܗܜܑ܌܍ ܔ܉ܚ܍ܖ܍۵
ܡܔܑܕ܉۴ −  ૜૙ ܌܍ܜܖ܍ܑܚܗ
 ૛૙ ܔ܉ܑ܋ܖ܉ܖܑ܎/ܛܛ܍ܖܑܛܝ۰
܍ܔ܉ܕ܍۴ −  ૛૙ ܌܍ܜܖ܍ܑܚܗ

ܖ܉܋ܑܚ܎ۯ −  ૚૙ ܖ܉܋ܑܚ܍ܕۯ
Use ࢻ = ૙. ૙૞ test to determine any differences in the proportion of ads with guilt 
appeals among the six types of magazines. 
[Solution:] 

:૙ࡴ ૚࢖ = ૛࢖ = ૜࢖ = ૝࢖ = ૞࢖ = ૟࢖ = ૚
૟ൗ , ࢏ࢋ = ૚૚૞ ∙

૚
૟ = ૚ૢ. ૚ૠ 

for ࢏ = ૚, ૛, ⋯ , ૟. Then,  
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         ࣑૛ = ෍
࢏ࢌ) − ૛(࢏ࢋ

࢏ࢋ

૟

ୀ૚࢏

 

=
(૛૙ − ૚ૢ. ૚ૠ)૛

૚ૢ. ૚ૠ +
(૚૞ − ૚ૢ. ૚ૠ)૛

૚ૢ. ૚ૠ +
(૜૙ − ૚ૢ. ૚ૠ)૛

૚ૢ. ૚ૠ  

   +
(૛૙ − ૚ૢ. ૚ૠ)૛

૚ૢ. ૚ૠ +
(૛૙ − ૚ૢ. ૚ૠ)૛

૚ૢ. ૚ૠ +
(૚૙ − ૚ૢ. ૚ૠ)૛

૚ૢ. ૚ૠ  

 = ૚૚. ૞૛ > ૚૚. ૙ૠ = ࣑૞,૙.૙૞
૛ = ࣑࢑ି૚,ࢻ

૛ .               
Therefore, we reject ࡴ૙ . 
 
Example 4: 
The following are the number of wrong answers for the number of the students.  

 ૙ ૚ ૛ ૜ ܛܚ܍ܟܛܖ܉ ܏ܖܗܚܟ ܎ܗ ܚ܍܊ܕܝۼ
 ૛૚ ૜૚ ૚૛ ૙ ܛܜܖ܍܌ܝܜܛ ܍ܐܜ ܎ܗ ܚ܍܊ܕܝۼ

Suppose ࢄ  is the random variable representing the number of wrong answers. 
Please test ࢄ is distributed as ࢒ࢇ࢏࢓࢕࢔࢏࡮(૜, ૙. ૛૞) with ࢻ = ૙. ૙૞.. 
(Note: the distribution function for ࢒ࢇ࢏࢓࢕࢔࢏࡮(૜, ૙. ૛૞) is  

(࢞)ࢄࢌ = ቀ૜
࢞ቁ (૙. ૛૞)࢞(૙. ૠ૞)૜ି࢞, ࢞ = ૙, ૚, ૛, ૜. 

[Solution:] 
As ࡴ૙ is true, the distribution for the number of wrong answers is  

૚࢖ = ࢄ)ࡼ = ૙) = ቀ૜
૙ቁ ૙. ૛૞૙૙. ૠ૞૜ =

૛ૠ
૟૝ 

૛࢖ = ࢄ)ࡼ = ૚) = ቀ૜
૚ቁ ૙. ૛૞૚૙. ૠ૞૛ =

૛ૠ
૟૝ 

૜࢖ = ࢄ)ࡼ = ૛) = ቀ૜
૛ቁ ૙. ૛૞૛૙. ૠ૞૚ =

ૢ
૟૝ 

૜࢖  = ࢄ)ࡼ = ૜) = ቀ૜
૜ቁ ૙. ૛૞૜૙. ૠ૞૙ =

૚
૟૝.  

Since the sample size ࢔ = ૛૚ + ૜૚ + ૚૛ + ૙ = ૟૝, the expected numbers under 
  ૙ areࡴ

૚ࢋ = ૚࢖࢔ = ૟૝ ∙
૛ૠ
૟૝ = ૛ૠ, ૛ࢋ = ૛࢖࢔ = ૟૝ ∙

૛ૠ
૟૝ = ૛ૠ, 

૜ࢋ = ૜࢖࢔ = ૟૝ ∙
ૢ

૟૝ = ૢ, ૝ࢋ = ૝࢖࢔ = ૟૝ ∙
૚

૟૝ = ૚. 

Therefore,  
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         ࣑૛ = ෍
࢏ࢌ) − ૛(࢏ࢋ

࢏ࢋ

࢑

ୀ૚࢏

 

=
(૛૚ − ૛ૠ)૛

૛ૠ +
(૜૚ − ૛ૠ)૛

૛ૠ +
(૚૛ − ૢ)૛

ૢ +
(૙ − ૚)૛

૚  

= ૜. ૢ૛                                       
Since ࣑૛ = ૜. ૢ૛ < ૠ. ૡ૚ = ࣑૛

૜,૙.૙૞, we do not reject ࡴ૙. 
 
Example 5: 
Starting positions for business and engineering graduates are classified by industry 
as shown in the following table. 

 ܚ܍ܜܝܘܕܗ۱ ܔ܉܋ܑܚܜ܋܍ܔ۳ ܔ܉܋ܑܕ܍ܐ۱ ܔܑ۽ 
 ૜૙ ૚૞ ૚૞ ૝૙ ܛܛ܍ܖܑܛܝ۰

 ૜૙ ૜૙ ૛૙ ૛૙ ܏ܖܑܚ܍܍ܖܑ܏ܖ۳
Use ࢻ = ૙. ૙૚ and test for independence of degree major and industry type. 
[Solution:] 
The table for the expected numbers ࢐࢏ࢋ is  

  ܟܗ܀ ܚ܍ܜܝܘܕܗ۱ ܔ܉܋ܑܚܜ܋܍ܔ۳ ܔ܉܋ܑܕ܍ܐ۱ ܔܑ۽ 
 ܔ܉ܜܗ܂

૟૙ ܛܛ܍ܖܑܛܝ۰ ∙ ૚૙૙
૛૙૙

= ૜૙ 
 

૝૞ ∙ ૚૙૙
૛૙૙

= ૛૛. ૞ 
 

૜૞ ∙ ૚૙૙
૛૙૙

= ૚ૠ. ૞ 
 

૟૙ ∙ ૚૙૙
૛૙૙

= ૜૙ 
 

૚૙૙ 

૟૙ ܏ܖܑܚ܍܍ܖܑ܏ܖ۳ ∙ ૚૙૙
૛૙૙

= ૜૙ 
 

૝૞ ∙ ૚૙૙
૛૙૙

= ૛૛. ૞ 
 

૜૞ ∙ ૚૙૙
૛૙૙

= ૚ૠ. ૞ 
 

૟૙ ∙ ૚૙૙
૛૙૙

= ૜૙ 
 

૚૙૙ 

  ܖܕܝܔܗ۱
 ܔ܉ܜܗ܂

૟૙ ૝૞ ૜૞ ૟૙ ૛૙૙ 

Thus,  

        ࣑૛ = ෍ ෍
൫࢐࢏ࢌ − ࢐൯૛࢏ࢋ

࢐࢏ࢋ

࢓

࢐ୀ૚

࢖

ୀ૚࢏

= ෍ ෍
൫࢐࢏ࢌ − ࢐൯૛࢏ࢋ

࢐࢏ࢋ

૝

࢐ୀ૚

૛

ୀ૚࢏

 

    =
(૜૙ − ૜૙)૛

૜૙ +
(૚૞ − ૛૛, ૞)૛

૛૛. ૞ +
(૚૞ − ૚ૠ. ૞)૛

૚ૠ. ૞ +
(૝૙ − ૜૙)૛

૜૙  

       +
(૜૙ − ૜૙)૛

૜૙ +
(૜૙ − ૛૛, ૞)૛

૛૛. ૞ +
(૛૙ − ૚ૠ. ૞)૛

૚ૠ. ૞ +
(૜૙ − ૜૙)૛

૜૙  

           = ૚૛. ૜ૢ. 
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Since ࢖ = ૛, ࢓ = ૝, ࢻ = ૙. ૙૚, 
࣑૛ = ૚૛. ૜ૢ > ૚૚. ૜૝૝ૢ = ࣑૜,૙.૙૚

૛ = ࣑(૛ି૚)∙(૝ି૚),૙.૙૚
૛ = ࢻ,(૚ି࢓)∙(૚ି࢖)࣑

૛ , 
we reject ࡴ૙.  


