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Review 3 
(ퟏ − 휶) ∙ ퟏퟎퟎ% confidence interval: 

(퐩퐨퐢퐧퐭 퐞퐬퐭퐢퐦퐚퐭퐞) 

 풛휶
ퟐ

, 풕풏 ퟏ,휶 ퟐ
, 풕풏ퟏ 풏ퟐ ퟐ,휶 ퟐ

∙ (퐬퐭퐚퐧퐝퐚퐫퐝 퐞퐫퐫퐨퐫 퐨퐟 퐩퐨퐢퐧퐭 퐞퐬퐭퐢퐦퐚퐭퐞)  

 
Hypothesis testing: 
      퐭퐞퐬퐭 퐬퐭퐚퐭퐢퐬퐭퐢퐜 

=
풑풐풊풏풕 풆풔풕풊풎풂풕풆 − 풎풆풂풏 풐풇 풑풐풊풏풕 풆풔풕풊풎풂풕풆 풖풏풅풆풓 푯ퟎ 

풔풕풂풏풅풂풓풅 풅풆풗풊풂풕풊풐풏 (풆풓풓풐풓) 풐풇 풑풐풊풏풕 풆풔풕풊풎풂풕풆 풖풏풅풆풓 푯ퟎ  

 
Standard deviation (error) of point estimate 푿ퟏ − 푿ퟐ: 
(a) Large sample 풏ퟏ ≥ ퟑퟎ, 풏ퟐ ≥ ퟑퟎ: 

흈푿ퟏ 푿ퟐ =
흈ퟏ

ퟐ

풏ퟏ
+

흈ퟐ
ퟐ

풏ퟐ
, 풔푿ퟏ 푿ퟐ =

풔ퟏ
ퟐ

풏ퟏ
+

풔ퟐ
ퟐ

풏ퟐ
 

 
(b) Small sample 풏ퟏ < ퟑퟎ, 풏ퟐ < ퟑퟎ, normal populations: 

풔푿ퟏ 푿ퟐ
∗ = 풔풑

ퟐ ퟏ
풏ퟏ

+
ퟏ

풏ퟐ
, 

where  

풔풑
ퟐ =

(풏ퟏ − ퟏ)풔ퟏ
ퟐ + (풏ퟐ − ퟏ)풔ퟐ

ퟐ

풏ퟏ + 풏ퟐ − ퟐ =
∑ 풙ퟏ,풊 − 풙ퟏ

ퟐ풏ퟏ
풊 ퟏ + ∑ 풙ퟐ,풊 − 풙ퟐ

ퟐ풏ퟐ
풊 ퟏ

풏ퟏ + 풏ퟐ − ퟐ  

 
Standard deviation (error) of point estimate 푷ퟏ − 푷ퟐ: 

풔푷ퟏ 푷ퟐ =
풑ퟏ(ퟏ − 풑ퟏ)

풏ퟏ
+

풑ퟐ(ퟏ − 풑ퟐ)
풏ퟐ

 

풔푷ퟏ 푷ퟐ
∗ = 풑(ퟏ − 풑)

ퟏ
풏ퟏ

+
ퟏ

풏ퟐ
, 풑 =

풏ퟏ풑ퟏ + 풏ퟐ풑ퟐ

풏ퟏ + 풏ퟐ
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 퐎퐧퐞 퐬퐚퐦퐩퐥퐞 퐓퐰퐨 퐬퐚퐦퐩퐥퐞퐬 
퐏퐨퐢퐧퐭  

퐞퐬퐭퐢퐦퐚퐭퐞 
풙, 풑 풙ퟏ − 풙ퟐ, 풅, 풑ퟏ − 풑ퟐ 

퐓퐞퐬퐭  
퐒퐭퐚퐭퐢퐬퐭퐢퐜 

풛 =
풙 − 흁ퟎ

흈푿
 풐풓 

풙 − 흁ퟎ

풔푿
 

풕 =
풙 − 흁ퟎ

풔푿
 

풛 =
풑 − 풑ퟎ

흈푷
 

풛 =
풙ퟏ − 풙ퟐ − 흁ퟎ

흈푿ퟏ 푿ퟐ

 풐풓 

풛 =
풙ퟏ − 풙ퟐ − 흁ퟎ

풔푿ퟏ 푿ퟐ

 

풕 =
풙ퟏ − 풙ퟐ − 흁ퟎ

풔푿ퟏ 푿ퟐ
∗  

풛 풐풓 풕 =
풅 − 흁ퟎ

풔푫
 

풛 =
풑ퟏ − 풑ퟐ

풔푷ퟏ 푷ퟐ
∗  

 

퐂퐥퐚퐬퐬퐢퐜퐚퐥  
퐚퐩퐩퐫퐨퐚퐜퐡 
(퐜퐫퐢퐭퐢퐜퐚퐥  
퐯퐚퐥퐮퐞퐬) 

−풛휶, 풛휶, 풛휶
ퟐ

 
−풕풏 ퟏ,휶, 풕풏 ퟏ,휶, 풕풏 ퟏ,휶 ퟐ

 
−풛휶, 풛휶, 풛휶

ퟐ
 

−풕풏ퟏ 풏ퟐ ퟐ,휶, 풕풏ퟏ 풏ퟐ ퟐ,휶, 풕풏ퟏ 풏ퟐ ퟐ,휶 ퟐ
 

−풕풏 ퟏ,휶, 풕풏 ퟏ,휶, 풕풏 ퟏ,휶 ퟐ
 

퐍퐮퐥퐥  
퐝퐢퐬퐭퐫퐢퐛퐮퐭퐢퐨퐧 
(풑 − 퐯퐚퐥퐮퐞) 

풁, 푻(풏 − ퟏ) 풁, 푻(풏ퟏ + 풏ퟐ − ퟐ), 푻(풏 − ퟏ) 

퐂. 퐈. 풙 ± 풛휶
ퟐ

흈푿 or 
풙 ± 풛휶

ퟐ
풔푿 

풙 ± 풕풏 ퟏ,휶 ퟐ
풔푿 

풑 ± 풛휶
ퟐ

풔푷 

 

(풙ퟏ − 풙ퟐ) ± 풛휶
ퟐ

흈푿ퟏ 푿ퟐ  
(풙ퟏ − 풙ퟐ) ± 풛휶

ퟐ
풔푿ퟏ 푿ퟐ 

(풙ퟏ − 풙ퟐ) ± 풕풏ퟏ 풏ퟐ ퟐ,휶 ퟐ
푠푿ퟏ 푿ퟐ

∗  

풅 ± 풛휶
ퟐ

풔푫 

풅 ± 풕풏 ퟏ,휶 ퟐ
풔푫 

(풑ퟏ − 풑ퟐ) ± 풛휶
ퟐ

풔푷ퟏ 푷ퟐ 

 
Example 1: 
Consider the following hypothesis test.  

푯ퟎ: 흁ퟏ − 흁ퟐ = ퟎ 풗풔 푯풂: 흁ퟏ − 흁ퟐ ≠ ퟎ. 
The following data are for two independent samples taken from the two normal 
populations with equal variances.  

Sample 1 Sample 2 
ퟔ, ퟏퟎ, ퟗ, ퟖ, ퟕ ퟗ, ퟏퟐ, ퟏퟎ, ퟏퟏ, ퟗ 
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(a) With 휶 = ퟎ. ퟎퟓ, test the hypothesis based on the classical hypothesis test   
   procedure.   
(b) With 휶 = ퟎ. ퟎퟏ, test the hypothesis based on the p-value. 
(c) With 휶 = ퟎ. ퟎퟓ, using the confidence interval method to test the hypothesis.  
[Solution:]  

풏ퟏ = ퟓ, 풙ퟏ = ퟖ, 풔ퟏ
ퟐ = ퟐ. ퟓ, 풏ퟐ = ퟓ, 풙ퟐ = ퟏퟎ. ퟐ, 풔ퟐ

ퟐ = ퟏ. ퟕ, 흁ퟎ = ퟎ. 

풔풑
ퟐ =

(풏ퟏ − ퟏ)풔ퟏ
ퟐ + (풏ퟐ − ퟏ)풔ퟐ

ퟐ

풏ퟏ + 풏ퟐ − ퟐ =
ퟒ ∙ ퟐ. ퟓ + ퟒ ∙ ퟏ. ퟕ

ퟓ + ퟓ − ퟐ = ퟐ. ퟏ. 

(a) 

|풕| =
풙ퟏ − 풙ퟐ − 흁ퟎ

풔풑
ퟐ ퟏ

풏ퟏ
+ ퟏ

풏ퟐ

=
ퟖ − ퟏퟎ. ퟐ − ퟎ

ퟐ. ퟏ ퟏ
ퟓ + ퟏ

ퟓ

= ퟐ. ퟒ > ퟐ. ퟑퟎퟔ = 풕ퟖ,ퟎ.ퟎퟐퟓ , 

we reject 푯ퟎ. 
(b) 
  풑 − 풗풂풍풖풆 = 푷(|푻(풏ퟏ + 풏ퟐ − ퟐ)| > |풕|) 

= 푷(|푻(ퟖ)| > ퟐ. ퟒ) > 푷(|푻(ퟖ)| > ퟑ. ퟑퟓퟓ) = ퟎ. ퟎퟏ = 휶 
we do not reject 푯ퟎ. 
(c) A ퟗퟓ% confidence interval for 흁ퟏ − 흁ퟐ is  

(풙ퟏ − 풙ퟐ) ± 풕풏ퟏ 풏ퟐ ퟐ,휶 ퟐ
풔풑

ퟐ ퟏ
풏ퟏ

+
ퟏ

풏ퟐ
 

= (ퟖ − ퟏퟎ. ퟐ) ± 풕ퟖ,ퟎ.ퟎퟐퟓ ퟐ. ퟏ
ퟏ
ퟓ +

ퟏ
ퟓ = −ퟐ. ퟐ ± (ퟐ. ퟑퟎퟔ ∙ ퟎ. ퟗퟏퟔퟓ) 

= [−ퟒ. ퟑퟏퟑ, −ퟎ. ퟎퟖퟔ].                                       
Since  

흁ퟎ = ퟎ ∉ [−ퟒ. ퟑퟏퟑ, −ퟎ. ퟎퟖퟔ], 
we reject 푯ퟎ.  
 
Example 2: 
To determine the effectiveness of a new weight control diet, ퟖ randomly selected 
students observed the diet for ퟒ weeks with the results shown below. 

퐃퐢퐞퐭퐞퐫 퐖퐞퐢퐠퐡퐭 (퐛퐞퐟퐨퐫퐞) 퐖퐞퐢퐠퐡퐭 (퐚퐟퐭퐞퐫) 
퐀 ퟏퟑퟖ ퟏퟑퟓ 
퐁 ퟏퟓퟏ ퟏퟒퟕ 
퐂 ퟏퟐퟗ ퟏퟑퟐ 
퐃 ퟏퟐퟓ ퟏퟐퟕ 
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퐄 ퟏퟔퟖ ퟏퟓퟓ 
퐅 ퟏퟑퟗ ퟏퟑퟏ 
퐆 ퟏퟓퟐ ퟏퟒퟒ 
퐇 ퟏퟒퟎ ퟏퟒퟐ 

We like to test the hypothesis 푯ퟎ: 흁ퟏ = 흁ퟐ + ퟐ, where 흁ퟏ and 흁ퟐ are the mean 
weights of the students before and after taking the weight control diet, respectively. 
The above data can be considered as the matched-sample data. 
(a) For 휶 = ퟎ. ퟏ, test the above hypothesis using the classical hypothesis test.  
(b) For 휶 = ퟎ. ퟎퟓ, please use the confidence interval method to test the above  
   hypothesis. 
[Solution:] 
(a)  

풅ퟏ 풅ퟐ 풅ퟑ 풅ퟒ 풅ퟓ 풅ퟔ 풅ퟕ 풅ퟖ 
ퟑ ퟒ −ퟑ −ퟐ ퟏퟑ ퟖ ퟖ −ퟐ 

 
Therefore, 

풅 = ퟑ. ퟔퟐퟓ, 풔풅 = ퟓ. ퟕퟖퟎퟐ. 
Thus, we do not reject 푯ퟎ since 

|풕| =
풅 − 흁ퟎ

풔풅
√풏

=
ퟑ. ퟔퟐퟓ − ퟐ

ퟓ. ퟕퟖퟎퟐ
√ퟖ

= ퟎ. ퟕퟗퟓ < ퟏ. ퟖퟗퟓ = 풕ퟕ,ퟎ.ퟎퟓ = 풕풏 ퟏ,휶 ퟐ
. 

(b) A ퟗퟓ% confidence interval for  흁ퟏ − 흁ퟐ is  

풅 ± 풕풏 ퟏ,휶 ퟐ

풔풅

√풏
= ퟑ. ퟔퟐퟓ ± 풕ퟕ,ퟎ.ퟎퟐퟓ

ퟓ. ퟕퟖퟎퟐ
√ퟖ

= [−ퟏ. ퟐퟏ, ퟖ. ퟒퟔ]. 

Since 
흁ퟎ = ퟐ ∈ [−ퟏ. ퟐퟏ, ퟖ. ퟒퟔ], 

we do not reject 푯ퟎ.  
 
Example 3: 
The results of a recent poll on the preference of shoppers regarding two products 
are shown below. 
       Shoppers Favoring 
 Product  Shoppers Surveyed  This Product   
 A             ퟖퟎퟎ               ퟓퟔퟎ 
 B             ퟗퟎퟎ               ퟔퟏퟐ 
Let 풑ퟏ be the proportion favoring product A and 풑ퟐ be the proportion favoring 
product B. 
(a) Develop a ퟗퟎ% confidence interval estimate for the difference 풑ퟏ − 풑ퟐ  
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  between the proportions favoring each product. 
(b) Test 푯ퟎ: 풑ퟏ = 풑ퟐ at 휶 = ퟎ. ퟎퟓ based on the classical approach. 
(c) Test 푯ퟎ: 풑ퟏ = 풑ퟐ at 휶 = ퟎ. ퟎퟓ based on the p-value method. 
[Solution:] 

풏ퟏ = ퟖퟎퟎ, 풏ퟐ = ퟗퟎퟎ, 풑ퟏ =
ퟓퟔퟎ
ퟖퟎퟎ = ퟎ. ퟕ, 풑ퟐ =

ퟔퟏퟐ
ퟗퟎퟎ = ퟎ. ퟔퟖ. 

(a)  

풔푷ퟏ 푷ퟐ =
풑ퟏ(ퟏ − 풑ퟏ)

풏ퟏ
+

풑ퟐ(ퟏ − 풑ퟐ)
풏ퟐ

=
ퟎ. ퟕ(ퟏ − ퟎ. ퟕ)

ퟖퟎퟎ +
ퟎ. ퟔퟖ(ퟏ − ퟎ. ퟔퟖ)

ퟗퟎퟎ  

         = ퟎ. ퟎퟐퟐퟓ 
Thus, a ퟗퟎ% confidence interval is  

(풑ퟏ − 풑ퟐ) ± 풛휶
ퟐ

풔푷ퟏ 푷ퟐ = (ퟎ. ퟕ − ퟎ. ퟔퟖ) ± 풛ퟎ.ퟎퟓ ∙ ퟎ. ퟎퟐퟐퟓ = [−ퟎ. ퟎퟏퟕ, ퟎ. ퟎퟓퟕ] 

(b)  

풑 =
풏ퟏ풑ퟏ + 풏ퟐ풑ퟐ

풏ퟏ + 풏ퟐ
=

ퟓퟔퟎ + ퟔퟏퟐ
ퟖퟎퟎ + ퟗퟎퟎ =

ퟏퟏퟕퟐ
ퟏퟕퟎퟎ = ퟎ. ퟔퟖퟗ. 

풔푷ퟏ 푷ퟐ
∗ = 풑(ퟏ − 풑)

ퟏ
풏ퟏ

+
ퟏ

풏ퟐ
= ퟎ. ퟔퟖퟗ ∙ ퟎ. ퟑퟏퟏ ∙

ퟏ
ퟖퟎퟎ +

ퟏ
ퟗퟎퟎ = ퟎ. ퟎퟐퟐퟓ. 

Thus, 

|풛| =
풑ퟏ − 풑ퟐ

풔푷ퟏ 푷ퟐ
∗ =

ퟎ. ퟕ − ퟎ. ퟔퟖ
ퟎ. ퟎퟐퟐퟓ = ퟎ. ퟖퟗ < ퟏ. ퟗퟔ = 풛ퟎ.ퟎퟐퟓ = 풛휶

ퟐ
, 

we do not reject 푯ퟎ.  
(c) 

풑 − 풗풂풍풖풆 = 푷(|풁| > |풛|) = 푷(|풁| > ퟎ. ퟖퟗ) = ퟎ. ퟑퟕퟑퟒ > ퟎ. ퟎퟓ = 휶, 
we do not reject 푯ퟎ.  


