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              Review 5 
1. Least squares estimate and fitted equation 
2. Testing hypothesis (F statistic and t statistic) and confidence interval 
3. prediction 
4. ࢘૛,  .෡ࢅࢅ࢘ and ,ࢅࢄ࢘

 
 Least square estimate (point estimate): 

૚࢈ =
∑ ࢏࢞) − ഥ࢞)(࢟࢏ − ഥ࢟)࢔

ୀ૚࢏
∑ ࢏࢞) − ഥ࢞)૛࢔

ୀ૚࢏
=

ࢅࢄ࢙

ࢄࢄ࢙
 

and  
૙࢈ = ഥ࢟ −  .૚ഥ࢞࢈

 
 Interval estimate: 

૙࢈ ± ቀ࢚ି࢔૛,ࢻ ૛ൗ ∙ ૙ቁ࡮࢙ = ૙࢈ ± ቎࢚ି࢔૛,ࢻ ૛ൗ ∙ ቆ
࢙૛ ∑ ࢏࢞

૛࢔
ୀ૚࢏

ࢄࢄ࢙࢔
ቇ

૚
૛ൗ

቏ 

૚࢈ ± ቀ࢚ି࢔૛,ࢻ ૛ൗ ∙ ૚ቁ࡮࢙ = ૚࢈ ± ቎࢚ି࢔૛,ࢻ ૛ൗ ∙ ቆ
࢙૛

ࢄࢄ࢙
ቇ

૚
૛ൗ

቏ 

 
 ࢚-test: 
:૙ࡴ ૙ࢼ =  :ࢉ

࢚ =
૙࢈ − ࢉ

૙࡮࢙
=

૙࢈ − ࢉ

ቆ࢙૛ ∑ ࢏࢞
૛࢔

ୀ૚࢏
ࢄࢄ࢙࢔

ቇ
૚

૛ൗ
⟹ :૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘ |࢚| > ࢻ,૛ି࢔࢚ ૛ൗ  

 
:૙ࡴ ૚ࢼ =   :ࢉ

࢚ =
૚࢈ − ࢉ

૚࡮࢙
=

૚࢈ − ࢉ

൬ ࢙૛

ࢄࢄ࢙
൰

૚
૛ൗ

⟹ :૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘ |࢚| > ࢻ,૛ି࢔࢚ ૛ൗ  

 
Note: 

 ࢙. .ࢋ (૙࡮) ≡ ૙࡮࢙ , ࢙. .ࢋ (૚࡮) ≡ ૚࡮࢙  
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 F-test: 
:૙ࡴ ૚ࢼ = ૙: 
ANOVA Table: 

 ۴ ܁ۻ ܁܁ ۲۴ ܍܋ܚܝܗ܁
 ܖܗܑܛܛ܍ܚ܏܍܀

 
૚ ࡾࡿࡿ

= ෍(ෝ࢟࢏ − ഥ࢟)૛
࢔

ୀ૚࢏

 
ࡾࡿࡹ = ෍(ෝ࢟࢏ − ഥ࢟)૛

࢔

ୀ૚࢏

 
 
ࢌ  

= ࡾࡿࡹ
ൗࡱࡿࡹ  

 ܔ܉ܝ܌ܑܛ܍܀
 (ܚܗܚܚ۳)

࢔ − ૛ ࡱࡿࡿ

= ෍(࢟࢏ − ෝ࢟࢏)૛
࢔

ୀ૚࢏

 

ࡱࡿࡹ =
∑ ࢏࢟) − ෝ࢟࢏)૛࢔

ୀ૚࢏
࢔ − ૛

൘  
 

࢔ ܔ܉ܜܗ܂ − ૚   ࢀࡿࡿ

= ෍(࢟࢏ − ഥ࢟)૛
࢔

ୀ૚࢏

 

  

Then 
ࢌ :૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘ >  .ࢻ,૛ି࢔,૚ࢌ

Note:  
For ease of computation, the following equations can be used: 

ࡾࡿࡹ = ࡾࡿࡿ = ࢅࢄ૚࢙࢈ = ૚࢈
૛࢙ࢄࢄ. 

 
:૙ࡴ ૙ࢼ = ૚ࢼ = ૙: 
ANOVA Table: 

 ۴ ܁ۻ ܁܁ ۲۴ ܍܋ܚܝܗ܁
 ܖܗܑܛܛ܍ܚ܏܍܀

 
૛ 

෍ ෝ࢟࢏
૛

࢔

ୀ૚࢏

 
∑ ෝ࢟࢏

૛࢔
ୀ૚࢏

૛  
  
ࢌ  

=
൬∑ ෝ࢟࢏

૛࢔
ୀ૚࢏

૛ൗ ൰

࢙૛  

  ܔ܉ܝ܌ܑܛ܍܀
 (ܚܗܚܚ۳)

࢔ − ૛ 
 ෍(࢟࢏ − ෝ࢟࢏)૛

࢔

ୀ૚࢏

 
 

࢙૛ =
∑ ࢏࢟) − ෝ࢟࢏)૛࢔

ୀ૚࢏

࢔ − ૛  

 

 ࢔ ܔ܉ܜܗ܂
  ෍ ࢏࢟

૛
࢔

ୀ૚࢏

 
  

Then, 
ࢌ :૙ࡴ ࢚ࢉࢋ࢐ࢋ࢘ >  .ࢻ,૛ି࢔,૛ࢌ
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Note: 

෍ ෝ࢟࢏
૛

࢔

ୀ૚࢏

= ෍ ࢏࢟
૛

࢔

ୀ૚࢏

− ࡱࡿࡿ = ഥ࢟૛࢔ +  .ࢅࢄ૚࢙࢈

 
 Prediction of ࡱ൫࢟࢖൯ = ૙ࢼ +  ࢖૚࢞ࢼ
Point estimate: 

ෝ࢟࢖ = ૙࢈ + ࢖૚࢞࢈ = ഥ࢟ + ࢖૚൫࢞࢈ − ഥ࢞൯ 
Interval estimate: 

ෝ࢟࢖ ± ቀ࢚ି࢔૛,ࢻ ૛ൗ ቁ࢖෡ࢅ࢙ = ቂෝ࢟࢖ − ࢻ,૛ି࢔࢚ ૛ൗ ࢖෡ࢅ࢙ , ෝ࢟࢖ + ࢻ,૛ି࢔࢚ ૛ൗ ࢖෡ࢅ࢙
ቃ, 

࢖෡ࢅ࢙ = ඩ࢙૛ ൭
૚
࢔ +

൫࢞࢖ − ഥ࢞൯૛

∑ ࢏࢞) − ഥ࢞)૛࢔
ୀ૚࢏

൱ 

 ࢘૛,  ෡ࢅࢅ࢘ and ,ࢅࢄ࢘

࢘૛ =
∑ (ෝ࢟࢏ − ഥ࢟)૛࢔

ୀ૚࢏
∑ ࢏࢟) − ഥ࢟)૛࢔

ୀ૚࢏
=

ࢅࢄ૚࢙࢈
∑ ࢏࢟) − ഥ࢟)૛࢔

ୀ૚࢏
=

ࡾࡿࡿ
 ࢀࡿࡿ

ࢅࢄ࢘ =  ඥ࢘૛(૚࢈ ࢌ࢕ ࢔ࢍ࢏࢙)

෡ࢅࢅ࢘ = ඥ࢘૛ 

Example 1: 
Suppose the model is ࢟࢏ = ૙ࢼ + ࢏૚࢞ࢼ + ,࢏ࣕ ࢏ = ૚, ⋯ , ૚૙, ,૙)ࡺ~࢏ࢿ ࣌૛), 

෍ ࢏࢞

૚૙

ୀ૚࢏

= ૜૛૙, ෍ ࢏࢟

૚૙

ୀ૚࢏

= ૝૟૛, ෍ ࢏࢞
૛

૚૙

ୀ૚࢏

= ૚૚૞૞૙, 

෍ ࢏࢟
૛

૚૙

ୀ૚࢏

= ૛૚ૠ૚૙, ෍ ࢏࢟࢏࢞

૚૙

ୀ૚࢏

= ૚૞૜ૢ૙. 

(a) Find the least square estimate and the fitted regression equation 
(b) Provide an ANOVA table and use the F statistic to test ࡴ૙: ૚ࢼ = ૙ at ࢻ = ૙. ૙૞. 
(c) Find the ૢ૞%  confidence interval for ࢼ૚  and use the confidence interval to 

test ࡴ૙: ૚ࢼ = ૙. 
(d) Find the ANOVA table for the hypothesis ࡴ૙: ૙ࢼ = ૚ࢼ = ૙  and use the F 

statistic to test ࡴ૙: ૙ࢼ = ૚ࢼ = ૙ at ࢻ = ૙. ૙૚.  
(e) Determine ࢘૛,  .෡ࢅࢅ࢘ and ,ࢅࢄ࢘
(f) Find the ૢ૞% confidence interval for ࢼ૙ + ૜૞ࢼ૚. 
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[Solution:] 
(a) 

ࢄࢄ࢙ = ෍ ࢏࢞
૛

૚૙

ୀ૚࢏

− ૚૙ഥ࢞૛ = ૚૚૞૞૙ − ૚૙ ∙ ൬
૜૛૙
૚૙ ൰

૛

= ૚૜૚૙ 

and 

ࢅࢄ࢙ = ෍ ࢏࢟࢏࢞

૚૙

ୀ૚࢏

− ૚૙ഥ࢞ഥ࢟ = ૚૞૜ૢ૙ − ૚૙ ∙ ൬
૜૛૙
૚૙ ൰ ∙ ൬

૝૟૛
૚૙ ൰ = ૟૙૟. 

Then, the least squares estimate is  

૚࢈ =
ࢅࢄ࢙

ࢄࢄ࢙
=

૟૙૟
૚૜૚૙ = ૙. ૝૟૛૟, 

૙࢈ = ഥ࢟ − ૚ഥ࢞࢈ = ൬
૝૟૛
૚૙ ൰ − ૙. ૝૟૛૟ ∙ ൬

૜૛૙
૚૙ ൰ = ૜૚. ૜ૢ૟ૡ. 

The fitted regression equation is  
ෝ࢟ = ૜૚. ૜ૢ૟ૡ + ૙. ૝૟૛૟࢞. 

(b) 
ࡾࡿࡿ = ࢅࢄ૚࢙࢈ = ૙. ૝૟૛૟ ∙ ૟૙૟ = ૛ૡ૙. ૜૜૞૟. 

ࢀࡿࡿ = ෍ ࢏࢟
૛

૚૙

ୀ૚࢏

− ૚૙ഥ࢟૛ = ૛૚ૠ૚૙ − ૚૙ ∙ ൬
૝૟૛
૚૙ ൰

૛

= ૜૟૞. ૟ 

and 
ࡱࡿࡿ = ࢀࡿࡿ − ࡾࡿࡿ = ૜૟૞. ૟ − ૛ૡ૙. ૜૜૞૟ = ૡ૞. ૛૟૝૝. 

The ANOVA table is  
 ۴ ܁ۻ ܁܁ ۲۴ ܍܋ܚܝܗ܁

.૛ૡ૙=ࡾࡿࡿ ૚ ܖܗܑܛܛ܍ܚ܏܍܀ ૜૜૞૟ 
ࡾࡿࡹ =

ࡾࡿࡿ
૚

= ૛ૡ૙. ૜૜૞૟ 

ࢌ =
ࡾࡿࡹ
 ࡱࡿࡹ

=
૛ૡ૙. ૜૜૞૟
૚૙. ૟૞ૡ૚

= ૛૟. ૜૙૛૟ 
 ܔ܉ܝ܌ܑܛ܍܀
 (ܚܗܚܚ۳)

࢔ − ૛
= ૡ 

.ૡ૞=ࡱࡿࡿ ૛૟૝૝ 
ࡱࡿࡹ =

ࡱࡿࡿ
ૡ

= ૚૙. ૟૞ૡ૚ 

 

.૜૟૞ ૢ ࢒ࢇ࢚࢕ࢀ ૟   
Since  

ࢌ = ૛૟. ૜૙૛૟ > ૞. ૜૛ = ૚,ૡ,૙.૙૞ࢌ =  ,ࢻ,૛ି࢔,૚ࢌ
we reject ࡴ૙. 
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(c) The ૢ૞% confidence interval for ࢼ૚ is  

૚࢈ ± ቎࢚ି࢔૛,ࢻ ૛ൗ ∙ ቆ
࢙૛

ࢄࢄ࢙
ቇ

૚
૛ൗ

቏ = ૙. ૝૟૛૟ ± ൥࢚ૡ,૙.૙૛૞ ∙ ൬
૚૙. ૟૞ૡ૚

૚૜૚૙ ൰
૚

૛ൗ

൩ = [૙. ૛૞, ૙. ૟ૠ]. 

Since 
૙ ∉ [૙. ૛૞, ૙. ૟ૠ], 

we reject ࡴ૙. 
 
(d) Since 

෍ ෝ࢟࢏
૛

૚૙

ୀ૚࢏

= ෍ ࢏࢟
૛

૚૙

ୀ૚࢏

− ࡱࡿࡿ = ૛૚ૠ૚૙ − ૡ૞. ૛૟૝૝ = ૛૚૟૛૝. ૠ૝, 

the ANOVA table for ࡴ૙: ૙ࢼ = ૚ࢼ = ૙ is  
 ۴ ܁ۻ ܁܁ ۲۴ ܍܋ܚܝܗ܁

 ૛ ܖܗܑܛܛ܍ܚ܏܍܀
  ෍ ෝ࢟࢏

૛
૚૙

ୀ૚࢏

= ૛૚૟૛૝. ૠ૝ 

૛૚૟૛૝. ૠ૝
૛

= ૚૙ૡ૚૛. ૜ૠ 

 ࢌ

   =
૚૙ૡ૚૛. ૜ૠ
૚૙. ૟૞ૡ૚  

   = ૚૙૚૝. ૝ૠ૝ 
  ܔ܉ܝ܌ܑܛ܍܀

 (ܚܗܚܚ۳)
࢔ − ૛
= ૡ 

.ૡ૞=ࡱࡿࡿ ૛૟૝૝ 
ࡱࡿࡹ =

ࡱࡿࡿ
ૡ

= ૚૙. ૟૞ૡ૚ 

 

   ૚૙ ૛૚ૠ૚૙  ࢒ࢇ࢚࢕ࢀ
Since  

ࢌ = ૚૙૚૝. ૝ૠ૝ > ૡ. ૟૞ = ૛,ૡ,૙.૙૞ࢌ =  ,ࢻ,૛ି࢔,૛ࢌ
we reject ࡴ૙. 
 
(e) 

࢘૛ =
ࡾࡿࡿ
ࢀࡿࡿ =

૛ૡ૙. ૜૜૞૟
૜૟૞. ૟ = ૙. ૠૠ. 

ࢅࢄ࢘ = ඥ࢘૛(૚࢈ ࢌ࢕ ࢔ࢍ࢏࢙) = ૙. ૡૡ 

and 

෡ࢅࢅ࢘ = ඥ࢘૛ = ૙. ૡૡ. 
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(f)  
Since ࢞࢖ = ૜૞, the ૢ૞% confidence interval for ࢼ૙ + ૜૞ࢼ૚ is  

ෝ࢟࢖ ±

⎝

ࢻ,૛ି࢔࢚⎛ ૛ൗ ඩ࢙૛ ൭
૚
࢔ +

൫࢞࢖ − ഥ࢞൯૛

∑ ࢏࢞) − ഥ࢞)૛࢔
ୀ૚࢏

൱

⎠

⎞ 

= (૜૚. ૜ૢ૟ૡ + ૙. ૝૟૛૟ ∙ ૜૞) ± ቌ࢚ૡ,૙.૙૛૞ ∙ ඨ૚૙. ૟૞ૡ૚ ∙ ቆ
૚

૚૙ +
(૜૞ − ૜૛)૛

૚૜૚૙ ቇቍ 

  = [૝૞. ૚૛૟ૠ, ૞૙. ૙૝ૡૢ].     
 
Example 2: 
Suppose we have the following data for the model,  

࢏࢟ = ૙ࢼ + ࢏૚࢞ࢼ + ,࢏ࣕ ࢏ = ૚, ⋯ , ૠ, ,૙)ࡺ~࢏ࢿ ࣌૛), 
 ૞ ૚૙ ૚૙ ૛૞ ૚૙ ૜૙ ૛૛ ࢏࢟
 ૚ ૚ ૚ ૙ −૚ −૚ ૚− ࢏࢞

(a) Find the fitted regression equation and the residual of the second observation. 
(b) Provide an ANOVA table for ࡴ૙: ૚ࢼ = ૙ and use F statistic to test the hypothesis  
   at ࢻ = ૙. ૙૞. 
(c) Provide an ANOVA table for ࡴ૙: ૙ࢼ = ૚ࢼ = ૙ and use F statistic to test the   
   hypothesis at ࢻ = ૙. ૙૞. 
(d) Use the confidence interval method to test ࡴ૙: ૚ࢼ = ૚ at ࢻ = ૙. ૙૞.  
(e) Use the t-statistic to test ࡴ૙: ૙ࢼ ≥ ૚૞ at ࢻ = ૙. ૚. 
(f) Determine ࢘૛,   .෡ࢅࢅ࢘ and ,ࢅࢄ࢘
(g) Find the ૢ૙% confidence interval for ࡱ൫࢟࢖൯ at ࢞࢖ = ૚. ૞.  
[solution:] 
(a) 

෍ ࢏࢞

ૠ

ୀ૚࢏

= ૙, ෍ ࢏࢟

ૠ

ୀ૚࢏

= ૚૚૛, ෍ ࢏࢞
૛

ૠ

ୀ૚࢏

= ૟, ෍ ࢏࢟
૛

ૠ

ୀ૚࢏

= ૛૜૜૝, ෍ ࢏࢟࢏࢞

ૠ

ୀ૚࢏

= −૜. 

ࢄࢄ࢙ = ෍ ࢏࢞
૛

ૠ

ୀ૚࢏

− ૠഥ࢞૛ = ૟ − ૙ = ૟ 

and 

ࢅࢄ࢙ = ෍ ࢏࢟࢏࢞

ૠ

ୀ૚࢏

− ૠഥ࢞ഥ࢟ = −૜ − ૙ = −૜. 
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Then, the least squares estimate is  

૚࢈ =
ࢅࢄ࢙

ࢄࢄ࢙
=

−૜
૟ = −૙. ૞, 

૙࢈ = ഥ࢟ − ૚ഥ࢞࢈ = ૚૟ − (−૙. ૞) ∙ ૙ = ૚૟. 
The fitted regression equation is  

ෝ࢟ = ૚૟ − ૙. ૞࢞ 
and 

૛ࢋ = ૚૙ − ૚૟ + ૙. ૞ ∙ ૚ = −૞. ૞. 
 
(b) 

ࡾࡿࡿ = ࢅࢄ૚࢙࢈ = (−૙. ૞) ∙ (−૜) = ૚. ૞. 

ࢀࡿࡿ = ෍ ࢏࢟
૛

ૠ

ୀ૚࢏

− ૠഥ࢟૛ = ૛૜૜૝ − ૠ ∙ ૚૟૛ = ૞૝૛ 

and 
ࡱࡿࡿ = ࢀࡿࡿ − ࡾࡿࡿ = ૞૝૛ − ૚. ૞ = ૞૝૙. ૞. 

The ANOVA table is  
 ۴ ܁ۻ ܁܁ ۲۴ ܍܋ܚܝܗ܁

.૚=ࡾࡿࡿ ૚ ܖܗܑܛܛ܍ܚ܏܍܀ ૞ 
ࡾࡿࡹ =

ࡾࡿࡿ
૚ = ૚. ૞ ࢌ =

ࡾࡿࡹ
 ࡱࡿࡹ

=
૚. ૞

૚૙ૡ. ૚ = ૙. ૙૚૝ 

 ܔ܉ܝ܌ܑܛ܍܀
 (ܚܗܚܚ۳)

࢔ − ૛
= ૞ 

.૞૝૙=ࡱࡿࡿ ૞ 
ࡱࡿࡹ =

ࡱࡿࡿ
૞

= ૚૙ૡ. ૚ 

 

   ૟ ૞૝૛ ࢒ࢇ࢚࢕ࢀ
Since  

ࢌ = ૙. ૙૚૝ < ૟. ૟૚ = ૚,૞,૙.૙૞ࢌ =  ,ࢻ,૛ି࢔,૚ࢌ
we do not reject ࡴ૙. 
 
(c)  
Since 

෍ ෝ࢟࢏
૛

૚૙

ୀ૚࢏

= ഥ࢟૛࢔ + ࢅࢄ૚࢙࢈ = ૠ ∙ ૚૟૛ + (−૙. ૞) ∙ (−૜) = ૚ૠૢ૜. ૞, 

the ANOVA table for ࡴ૙: ૙ࢼ = ૚ࢼ = ૙ is  
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 ۴ ܁ۻ ܁܁ ۲۴ ܍܋ܚܝܗ܁
 ૛ ܖܗܑܛܛ܍ܚ܏܍܀

  ෍ ෝ࢟࢏
૛

ૠ

ୀ૚࢏

= ૚ૠૢ૜. ૞ 

૚ૠૢ૜. ૞
૛

= ૡૢ૟. ૠ૞ 

 ࢌ

   =
ૡૢ૟. ૠ૞
૚૙ૡ. ૚  

= ૡ. ૜  
  ܔ܉ܝ܌ܑܛ܍܀

 (ܚܗܚܚ۳)
࢔ − ૛
= ૞ 

.૞૝૙=ࡱࡿࡿ ૞ 
ࡱࡿࡹ =

ࡱࡿࡿ
૞

= ૚૙ૡ. ૚ 

 

   ૠ ૛૜૜૝  ࢒ࢇ࢚࢕ࢀ
Since  

ࢌ = ૡ. ૜ > ૞. ૠૢ = ૛,૞,૙.૙૞ࢌ =  ,ࢻ,૛ି࢔,૛ࢌ
we reject ࡴ૙. 
(d) The ૢ૞% confidence interval for ࢼ૚ is  

૚࢈ ± ቎࢚ି࢔૛,ࢻ ૛ൗ ∙ ቆ
࢙૛

ࢄࢄ࢙
ቇ

૚
૛ൗ

቏ = −૙. ૞ ± ൥࢚૞,૙.૙૛૞ ∙ ൬
૚૙ૡ. ૚

૟ ൰
૚

૛ൗ

൩ = [−૚૚. ૝૚, ૚૙. ૝૚]. 

Since 
૚ ∈ [−૚૚. ૝૚, ૚૙. ૝૚], 

we do not reject ࡴ૙. 
(e) The ࢚ statistic is  

࢚ =
૙࢈ − ࢉ

ቆ࢙૛ ∑ ࢏࢞
૛࢔

ୀ૚࢏
ࢄࢄ࢙࢔

ቇ
૚

૛ൗ
=

૚૟ − ૚૞

ቀ૚૙ૡ. ૚ ∙ ૟
ૠ ∙ ૟ ቁ

૚
૛ൗ

= ૙. ૛૞. 

Since 
࢚ = ૙. ૛૞ > −૚. ૝ૠ૟ = −࢚૞,૙.૚ =  ࢻ,૛ି࢔࢚−

we do not reject ࡴ૙. 
(f)  

࢘૛ =
ࡾࡿࡿ
ࢀࡿࡿ =

૚. ૞
૞૝૛ = ૙. ૙૙૛ૡ. 

ࢅࢄ࢘ = ඥ࢘૛(૚࢈ ࢌ࢕ ࢔ࢍ࢏࢙) = −૙. ૙૞૜ 

and 

෡ࢅࢅ࢘ = ඥ࢘૛ = ૙. ૙૞૜. 

(g) Since ࢞࢖ = ૚. ૞, the ૢ૙% confidence interval for ࡱ൫࢟࢖൯ is  
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ෝ࢟࢖ ±

⎝

ࢻ,૛ି࢔࢚⎛ ૛ൗ ඩ࢙૛ ൭
૚
࢔ +

൫࢞࢖ − ഥ࢞൯૛

∑ ࢏࢞) − ഥ࢞)૛࢔
ୀ૚࢏

൱

⎠

⎞ 

= ൫࢈૙ + ൯࢖૚࢞࢈ ± ቌ࢚૞,૙.૙૞ ∙ ඨ૚૙ૡ. ૚ ∙ ቆ
૚
ૠ +

(૚. ૞ − ૙)૛

૟ ቇቍ 

        = (૚૟ − ૙. ૞ ∙ ૚. ૞) ± (૛. ૙૚૞ ∙ ૠ. ૝ૡ) 
        = [૙. ૚ૠ, ૜૙. ૜૜].    

 
 


