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              Review 5 
1. Least squares estimate and fitted equation 
2. Testing hypothesis (F statistic and t statistic) and confidence interval 
3. prediction 
4. 풓ퟐ, 풓푿풀, and 풓풀풀. 

 
 Least square estimate (point estimate): 

풃ퟏ =
∑ (풙풊 − 풙)(풚풊 − 풚)풏

풊 ퟏ
∑ (풙풊 − 풙)ퟐ풏

풊 ퟏ
=

풔푿풀

풔푿푿
 

and  
풃ퟎ = 풚 − 풃ퟏ풙. 

 
 Interval estimate: 

풃ퟎ ± 풕풏 ퟐ,휶 ퟐ
∙ 풔푩ퟎ = 풃ퟎ ± 풕풏 ퟐ,휶 ퟐ

∙
풔ퟐ ∑ 풙풊

ퟐ풏
풊 ퟏ

풏풔푿푿

ퟏ
ퟐ

 

풃ퟏ ± 풕풏 ퟐ,휶 ퟐ
∙ 풔푩ퟏ = 풃ퟏ ± 풕풏 ퟐ,휶 ퟐ

∙
풔ퟐ

풔푿푿

ퟏ
ퟐ

 

 
 풕-test: 
푯ퟎ: 휷ퟎ = 풄: 

풕 =
풃ퟎ − 풄

풔푩ퟎ
=

풃ퟎ − 풄

풔ퟐ ∑ 풙풊
ퟐ풏

풊 ퟏ
풏풔푿푿

ퟏ
ퟐ

⟹ 풓풆풋풆풄풕 푯ퟎ: |풕| > 풕풏 ퟐ,휶 ퟐ
 

 
푯ퟎ: 휷ퟏ = 풄:  

풕 =
풃ퟏ − 풄

풔푩ퟏ
=

풃ퟏ − 풄

풔ퟐ

풔푿푿

ퟏ
ퟐ

⟹ 풓풆풋풆풄풕 푯ퟎ: |풕| > 풕풏 ퟐ,휶 ퟐ
 

 
Note: 

 풔. 풆. (푩ퟎ) ≡ 풔푩ퟎ , 풔. 풆. (푩ퟏ) ≡ 풔푩ퟏ  
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 F-test: 
푯ퟎ: 휷ퟏ = ퟎ: 
ANOVA Table: 

퐒퐨퐮퐫퐜퐞 퐃퐅 퐒퐒 퐌퐒 퐅 
퐑퐞퐠퐫퐞퐬퐬퐢퐨퐧 

 
ퟏ 푺푺푹

= (풚풊 − 풚)ퟐ
풏

풊 ퟏ

 
푴푺푹 = (풚풊 − 풚)ퟐ

풏

풊 ퟏ

 
 
  풇

= 푴푺푹
푴푺푬 

퐑퐞퐬퐢퐝퐮퐚퐥 
(퐄퐫퐫퐨퐫) 

풏 − ퟐ 푺푺푬

= (풚풊 − 풚풊)ퟐ
풏

풊 ퟏ

 

푴푺푬 =
∑ (풚풊 − 풚풊)ퟐ풏

풊 ퟏ
풏 − ퟐ 

 

퐓퐨퐭퐚퐥 풏 − ퟏ   푺푺푻

= (풚풊 − 풚)ퟐ
풏

풊 ퟏ

 

  

Then 
풓풆풋풆풄풕 푯ퟎ: 풇 > 풇ퟏ,풏 ퟐ,휶. 

Note:  
For ease of computation, the following equations can be used: 

푴푺푹 = 푺푺푹 = 풃ퟏ풔푿풀 = 풃ퟏ
ퟐ풔푿푿. 

 
푯ퟎ: 휷ퟎ = 휷ퟏ = ퟎ: 
ANOVA Table: 

퐒퐨퐮퐫퐜퐞 퐃퐅 퐒퐒 퐌퐒 퐅 
퐑퐞퐠퐫퐞퐬퐬퐢퐨퐧 

 
ퟐ 

풚풊
ퟐ

풏

풊 ퟏ

 
∑ 풚풊

ퟐ풏
풊 ퟏ

ퟐ  
  
  풇

=

∑ 풚풊
ퟐ풏

풊 ퟏ
ퟐ

풔ퟐ  

퐑퐞퐬퐢퐝퐮퐚퐥  
(퐄퐫퐫퐨퐫) 

풏 − ퟐ 
 (풚풊 − 풚풊)ퟐ

풏

풊 ퟏ

 
 

풔ퟐ =
∑ (풚풊 − 풚풊)ퟐ풏

풊 ퟏ

풏 − ퟐ  

 

퐓퐨퐭퐚퐥 풏 
  풚풊

ퟐ
풏

풊 ퟏ

 
  

Then, 
풓풆풋풆풄풕 푯ퟎ: 풇 > 풇ퟐ,풏 ퟐ,휶. 
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Note: 

풚풊
ퟐ

풏

풊 ퟏ

= 풚풊
ퟐ

풏

풊 ퟏ

− 푺푺푬 = 풏풚ퟐ + 풃ퟏ풔푿풀. 

 
 Prediction of 푬 풚풑 = 휷ퟎ + 휷ퟏ풙풑 
Point estimate: 

풚풑 = 풃ퟎ + 풃ퟏ풙풑 = 풚 + 풃ퟏ 풙풑 − 풙  
Interval estimate: 

풚풑 ± 풕풏 ퟐ,휶 ퟐ
풔풀풑 = 풚풑 − 풕풏 ퟐ,휶 ퟐ

풔풀풑 , 풚풑 + 풕풏 ퟐ,휶 ퟐ
풔풀풑 , 

풔풀풑 = 풔ퟐ ퟏ
풏 +

풙풑 − 풙
ퟐ

∑ (풙풊 − 풙)ퟐ풏
풊 ퟏ

 

 풓ퟐ, 풓푿풀, and 풓풀풀 

풓ퟐ =
∑ (풚풊 − 풚)ퟐ풏

풊 ퟏ
∑ (풚풊 − 풚)ퟐ풏

풊 ퟏ
=

풃ퟏ풔푿풀
∑ (풚풊 − 풚)ퟐ풏

풊 ퟏ
=

푺푺푹
푺푺푻 

풓푿풀 = (풔풊품풏 풐풇 풃ퟏ) 풓ퟐ 

풓풀풀 = 풓ퟐ 

Example 1: 
Suppose the model is 풚풊 = 휷ퟎ + 휷ퟏ풙풊 + 흐풊, 풊 = ퟏ, ⋯ , ퟏퟎ, 휺풊~푵(ퟎ, 흈ퟐ), 

풙풊

ퟏퟎ

풊 ퟏ

= ퟑퟐퟎ, 풚풊

ퟏퟎ

풊 ퟏ

= ퟒퟔퟐ, 풙풊
ퟐ

ퟏퟎ

풊 ퟏ

= ퟏퟏퟓퟓퟎ, 

풚풊
ퟐ

ퟏퟎ

풊 ퟏ

= ퟐퟏퟕퟏퟎ, 풙풊풚풊

ퟏퟎ

풊 ퟏ

= ퟏퟓퟑퟗퟎ. 

(a) Find the least square estimate and the fitted regression equation 
(b) Provide an ANOVA table and use the F statistic to test 푯ퟎ: 휷ퟏ = ퟎ at 휶 = ퟎ. ퟎퟓ. 
(c) Find the ퟗퟓ%  confidence interval for 휷ퟏ  and use the confidence interval to 

test 푯ퟎ: 휷ퟏ = ퟎ. 
(d) Find the ANOVA table for the hypothesis 푯ퟎ: 휷ퟎ = 휷ퟏ = ퟎ  and use the F 

statistic to test 푯ퟎ: 휷ퟎ = 휷ퟏ = ퟎ at 휶 = ퟎ. ퟎퟏ.  
(e) Determine 풓ퟐ, 풓푿풀, and 풓풀풀. 
(f) Find the ퟗퟓ% confidence interval for 휷ퟎ + ퟑퟓ휷ퟏ. 
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[Solution:] 
(a) 

풔푿푿 = 풙풊
ퟐ

ퟏퟎ

풊 ퟏ

− ퟏퟎ풙ퟐ = ퟏퟏퟓퟓퟎ − ퟏퟎ ∙
ퟑퟐퟎ
ퟏퟎ

ퟐ

= ퟏퟑퟏퟎ 

and 

풔푿풀 = 풙풊풚풊

ퟏퟎ

풊 ퟏ

− ퟏퟎ풙풚 = ퟏퟓퟑퟗퟎ − ퟏퟎ ∙
ퟑퟐퟎ
ퟏퟎ ∙

ퟒퟔퟐ
ퟏퟎ = ퟔퟎퟔ. 

Then, the least squares estimate is  

풃ퟏ =
풔푿풀

풔푿푿
=

ퟔퟎퟔ
ퟏퟑퟏퟎ = ퟎ. ퟒퟔퟐퟔ, 

풃ퟎ = 풚 − 풃ퟏ풙 =
ퟒퟔퟐ
ퟏퟎ − ퟎ. ퟒퟔퟐퟔ ∙

ퟑퟐퟎ
ퟏퟎ = ퟑퟏ. ퟑퟗퟔퟖ. 

The fitted regression equation is  
풚 = ퟑퟏ. ퟑퟗퟔퟖ + ퟎ. ퟒퟔퟐퟔ풙. 

(b) 
푺푺푹 = 풃ퟏ풔푿풀 = ퟎ. ퟒퟔퟐퟔ ∙ ퟔퟎퟔ = ퟐퟖퟎ. ퟑퟑퟓퟔ. 

푺푺푻 = 풚풊
ퟐ

ퟏퟎ

풊 ퟏ

− ퟏퟎ풚ퟐ = ퟐퟏퟕퟏퟎ − ퟏퟎ ∙
ퟒퟔퟐ
ퟏퟎ

ퟐ

= ퟑퟔퟓ. ퟔ 

and 
푺푺푬 = 푺푺푻 − 푺푺푹 = ퟑퟔퟓ. ퟔ − ퟐퟖퟎ. ퟑퟑퟓퟔ = ퟖퟓ. ퟐퟔퟒퟒ. 

The ANOVA table is  
퐒퐨퐮퐫퐜퐞 퐃퐅 퐒퐒 퐌퐒 퐅 

퐑퐞퐠퐫퐞퐬퐬퐢퐨퐧 ퟏ 푺푺푹=ퟐퟖퟎ. ퟑퟑퟓퟔ 
푴푺푹 =

푺푺푹
ퟏ

= ퟐퟖퟎ. ퟑퟑퟓퟔ 

풇 =
푴푺푹
푴푺푬 

=
ퟐퟖퟎ. ퟑퟑퟓퟔ
ퟏퟎ. ퟔퟓퟖퟏ

= ퟐퟔ. ퟑퟎퟐퟔ 
퐑퐞퐬퐢퐝퐮퐚퐥 
(퐄퐫퐫퐨퐫) 

풏 − ퟐ
= ퟖ 

푺푺푬=ퟖퟓ. ퟐퟔퟒퟒ 
푴푺푬 =

푺푺푬
ퟖ

= ퟏퟎ. ퟔퟓퟖퟏ 

 

푻풐풕풂풍 ퟗ ퟑퟔퟓ. ퟔ   
Since  

풇 = ퟐퟔ. ퟑퟎퟐퟔ > ퟓ. ퟑퟐ = 풇ퟏ,ퟖ,ퟎ.ퟎퟓ = 풇ퟏ,풏 ퟐ,휶, 
we reject 푯ퟎ. 
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(c) The ퟗퟓ% confidence interval for 휷ퟏ is  

풃ퟏ ± 풕풏 ퟐ,휶 ퟐ
∙

풔ퟐ

풔푿푿

ퟏ
ퟐ

= ퟎ. ퟒퟔퟐퟔ ± 풕ퟖ,ퟎ.ퟎퟐퟓ ∙
ퟏퟎ. ퟔퟓퟖퟏ

ퟏퟑퟏퟎ

ퟏ
ퟐ

= [ퟎ. ퟐퟓ, ퟎ. ퟔퟕ]. 

Since 
ퟎ ∉ [ퟎ. ퟐퟓ, ퟎ. ퟔퟕ], 

we reject 푯ퟎ. 
 
(d) Since 

풚풊
ퟐ

ퟏퟎ

풊 ퟏ

= 풚풊
ퟐ

ퟏퟎ

풊 ퟏ

− 푺푺푬 = ퟐퟏퟕퟏퟎ − ퟖퟓ. ퟐퟔퟒퟒ = ퟐퟏퟔퟐퟒ. ퟕퟒ, 

the ANOVA table for 푯ퟎ: 휷ퟎ = 휷ퟏ = ퟎ is  
퐒퐨퐮퐫퐜퐞 퐃퐅 퐒퐒 퐌퐒 퐅 

퐑퐞퐠퐫퐞퐬퐬퐢퐨퐧 ퟐ 
  풚풊

ퟐ
ퟏퟎ

풊 ퟏ

= ퟐퟏퟔퟐퟒ. ퟕퟒ 

ퟐퟏퟔퟐퟒ. ퟕퟒ
ퟐ

= ퟏퟎퟖퟏퟐ. ퟑퟕ 

풇 

   =
ퟏퟎퟖퟏퟐ. ퟑퟕ
ퟏퟎ. ퟔퟓퟖퟏ  

   = ퟏퟎퟏퟒ. ퟒퟕퟒ 
퐑퐞퐬퐢퐝퐮퐚퐥  

(퐄퐫퐫퐨퐫) 
풏 − ퟐ
= ퟖ 

푺푺푬=ퟖퟓ. ퟐퟔퟒퟒ 
푴푺푬 =

푺푺푬
ퟖ

= ퟏퟎ. ퟔퟓퟖퟏ 

 

푻풐풕풂풍  ퟏퟎ ퟐퟏퟕퟏퟎ   
Since  

풇 = ퟏퟎퟏퟒ. ퟒퟕퟒ > ퟖ. ퟔퟓ = 풇ퟐ,ퟖ,ퟎ.ퟎퟓ = 풇ퟐ,풏 ퟐ,휶, 
we reject 푯ퟎ. 
 
(e) 

풓ퟐ =
푺푺푹
푺푺푻 =

ퟐퟖퟎ. ퟑퟑퟓퟔ
ퟑퟔퟓ. ퟔ = ퟎ. ퟕퟕ. 

풓푿풀 = (풔풊품풏 풐풇 풃ퟏ) 풓ퟐ = ퟎ. ퟖퟖ 

and 

풓풀풀 = 풓ퟐ = ퟎ. ퟖퟖ. 
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(f)  
Since 풙풑 = ퟑퟓ, the ퟗퟓ% confidence interval for 휷ퟎ + ퟑퟓ휷ퟏ is  

풚풑 ±

⎝

⎛풕풏 ퟐ,휶 ퟐ
풔ퟐ ퟏ

풏 +
풙풑 − 풙

ퟐ

∑ (풙풊 − 풙)ퟐ풏
풊 ퟏ

⎠

⎞ 

= (ퟑퟏ. ퟑퟗퟔퟖ + ퟎ. ퟒퟔퟐퟔ ∙ ퟑퟓ) ± 풕ퟖ,ퟎ.ퟎퟐퟓ ∙ ퟏퟎ. ퟔퟓퟖퟏ ∙
ퟏ

ퟏퟎ +
(ퟑퟓ − ퟑퟐ)ퟐ

ퟏퟑퟏퟎ  

  = [ퟒퟓ. ퟏퟐퟔퟕ, ퟓퟎ. ퟎퟒퟖퟗ].     
 
Example 2: 
Suppose we have the following data for the model,  

풚풊 = 휷ퟎ + 휷ퟏ풙풊 + 흐풊, 풊 = ퟏ, ⋯ , ퟕ, 휺풊~푵(ퟎ, 흈ퟐ), 
풚풊 ퟓ ퟏퟎ ퟏퟎ ퟐퟓ ퟏퟎ ퟑퟎ ퟐퟐ 
풙풊 −ퟏ ퟏ ퟏ ퟎ −ퟏ −ퟏ ퟏ 

(a) Find the fitted regression equation and the residual of the second observation. 
(b) Provide an ANOVA table for 푯ퟎ: 휷ퟏ = ퟎ and use F statistic to test the hypothesis  
   at 휶 = ퟎ. ퟎퟓ. 
(c) Provide an ANOVA table for 푯ퟎ: 휷ퟎ = 휷ퟏ = ퟎ and use F statistic to test the   
   hypothesis at 휶 = ퟎ. ퟎퟓ. 
(d) Use the confidence interval method to test 푯ퟎ: 휷ퟏ = ퟏ at 휶 = ퟎ. ퟎퟓ.  
(e) Use the t-statistic to test 푯ퟎ: 휷ퟎ ≥ ퟏퟓ at 휶 = ퟎ. ퟏ. 
(f) Determine 풓ퟐ, 풓푿풀, and 풓풀풀.  
(g) Find the ퟗퟎ% confidence interval for 푬 풚풑  at 풙풑 = ퟏ. ퟓ.  
[solution:] 
(a) 

풙풊

ퟕ

풊 ퟏ

= ퟎ, 풚풊

ퟕ

풊 ퟏ

= ퟏퟏퟐ, 풙풊
ퟐ

ퟕ

풊 ퟏ

= ퟔ, 풚풊
ퟐ

ퟕ

풊 ퟏ

= ퟐퟑퟑퟒ, 풙풊풚풊

ퟕ

풊 ퟏ

= −ퟑ. 

풔푿푿 = 풙풊
ퟐ

ퟕ

풊 ퟏ

− ퟕ풙ퟐ = ퟔ − ퟎ = ퟔ 

and 

풔푿풀 = 풙풊풚풊

ퟕ

풊 ퟏ

− ퟕ풙풚 = −ퟑ − ퟎ = −ퟑ. 
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Then, the least squares estimate is  

풃ퟏ =
풔푿풀

풔푿푿
=

−ퟑ
ퟔ = −ퟎ. ퟓ, 

풃ퟎ = 풚 − 풃ퟏ풙 = ퟏퟔ − (−ퟎ. ퟓ) ∙ ퟎ = ퟏퟔ. 
The fitted regression equation is  

풚 = ퟏퟔ − ퟎ. ퟓ풙 
and 

풆ퟐ = ퟏퟎ − ퟏퟔ + ퟎ. ퟓ ∙ ퟏ = −ퟓ. ퟓ. 
 
(b) 

푺푺푹 = 풃ퟏ풔푿풀 = (−ퟎ. ퟓ) ∙ (−ퟑ) = ퟏ. ퟓ. 

푺푺푻 = 풚풊
ퟐ

ퟕ

풊 ퟏ

− ퟕ풚ퟐ = ퟐퟑퟑퟒ − ퟕ ∙ ퟏퟔퟐ = ퟓퟒퟐ 

and 
푺푺푬 = 푺푺푻 − 푺푺푹 = ퟓퟒퟐ − ퟏ. ퟓ = ퟓퟒퟎ. ퟓ. 

The ANOVA table is  
퐒퐨퐮퐫퐜퐞 퐃퐅 퐒퐒 퐌퐒 퐅 

퐑퐞퐠퐫퐞퐬퐬퐢퐨퐧 ퟏ 푺푺푹=ퟏ. ퟓ 
푴푺푹 =

푺푺푹
ퟏ = ퟏ. ퟓ 풇 =

푴푺푹
푴푺푬 

=
ퟏ. ퟓ

ퟏퟎퟖ. ퟏ = ퟎ. ퟎퟏퟒ 

퐑퐞퐬퐢퐝퐮퐚퐥 
(퐄퐫퐫퐨퐫) 

풏 − ퟐ
= ퟓ 

푺푺푬=ퟓퟒퟎ. ퟓ 
푴푺푬 =

푺푺푬
ퟓ

= ퟏퟎퟖ. ퟏ 

 

푻풐풕풂풍 ퟔ ퟓퟒퟐ   
Since  

풇 = ퟎ. ퟎퟏퟒ < ퟔ. ퟔퟏ = 풇ퟏ,ퟓ,ퟎ.ퟎퟓ = 풇ퟏ,풏 ퟐ,휶, 
we do not reject 푯ퟎ. 
 
(c)  
Since 

풚풊
ퟐ

ퟏퟎ

풊 ퟏ

= 풏풚ퟐ + 풃ퟏ풔푿풀 = ퟕ ∙ ퟏퟔퟐ + (−ퟎ. ퟓ) ∙ (−ퟑ) = ퟏퟕퟗퟑ. ퟓ, 

the ANOVA table for 푯ퟎ: 휷ퟎ = 휷ퟏ = ퟎ is  
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퐒퐨퐮퐫퐜퐞 퐃퐅 퐒퐒 퐌퐒 퐅 
퐑퐞퐠퐫퐞퐬퐬퐢퐨퐧 ퟐ 

  풚풊
ퟐ

ퟕ

풊 ퟏ

= ퟏퟕퟗퟑ. ퟓ 

ퟏퟕퟗퟑ. ퟓ
ퟐ

= ퟖퟗퟔ. ퟕퟓ 

풇 

   =
ퟖퟗퟔ. ퟕퟓ
ퟏퟎퟖ. ퟏ  

= ퟖ. ퟑ  
퐑퐞퐬퐢퐝퐮퐚퐥  

(퐄퐫퐫퐨퐫) 
풏 − ퟐ
= ퟓ 

푺푺푬=ퟓퟒퟎ. ퟓ 
푴푺푬 =

푺푺푬
ퟓ

= ퟏퟎퟖ. ퟏ 

 

푻풐풕풂풍  ퟕ ퟐퟑퟑퟒ   
Since  

풇 = ퟖ. ퟑ > ퟓ. ퟕퟗ = 풇ퟐ,ퟓ,ퟎ.ퟎퟓ = 풇ퟐ,풏 ퟐ,휶, 
we reject 푯ퟎ. 
(d) The ퟗퟓ% confidence interval for 휷ퟏ is  

풃ퟏ ± 풕풏 ퟐ,휶 ퟐ
∙

풔ퟐ

풔푿푿

ퟏ
ퟐ

= −ퟎ. ퟓ ± 풕ퟓ,ퟎ.ퟎퟐퟓ ∙
ퟏퟎퟖ. ퟏ

ퟔ

ퟏ
ퟐ

= [−ퟏퟏ. ퟒퟏ, ퟏퟎ. ퟒퟏ]. 

Since 
ퟏ ∈ [−ퟏퟏ. ퟒퟏ, ퟏퟎ. ퟒퟏ], 

we do not reject 푯ퟎ. 
(e) The 풕 statistic is  

풕 =
풃ퟎ − 풄

풔ퟐ ∑ 풙풊
ퟐ풏

풊 ퟏ
풏풔푿푿

ퟏ
ퟐ

=
ퟏퟔ − ퟏퟓ

ퟏퟎퟖ. ퟏ ∙ ퟔ
ퟕ ∙ ퟔ

ퟏ
ퟐ

= ퟎ. ퟐퟓ. 

Since 
풕 = ퟎ. ퟐퟓ > −ퟏ. ퟒퟕퟔ = −풕ퟓ,ퟎ.ퟏ = −풕풏 ퟐ,휶 

we do not reject 푯ퟎ. 
(f)  

풓ퟐ =
푺푺푹
푺푺푻 =

ퟏ. ퟓ
ퟓퟒퟐ = ퟎ. ퟎퟎퟐퟖ. 

풓푿풀 = (풔풊품풏 풐풇 풃ퟏ) 풓ퟐ = −ퟎ. ퟎퟓퟑ 

and 

풓풀풀 = 풓ퟐ = ퟎ. ퟎퟓퟑ. 

(g) Since 풙풑 = ퟏ. ퟓ, the ퟗퟎ% confidence interval for 푬 풚풑  is  
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풚풑 ±

⎝

⎛풕풏 ퟐ,휶 ퟐ
풔ퟐ ퟏ

풏 +
풙풑 − 풙

ퟐ

∑ (풙풊 − 풙)ퟐ풏
풊 ퟏ

⎠

⎞ 

= 풃ퟎ + 풃ퟏ풙풑 ± 풕ퟓ,ퟎ.ퟎퟓ ∙ ퟏퟎퟖ. ퟏ ∙
ퟏ
ퟕ +

(ퟏ. ퟓ − ퟎ)ퟐ

ퟔ  

        = (ퟏퟔ − ퟎ. ퟓ ∙ ퟏ. ퟓ) ± (ퟐ. ퟎퟏퟓ ∙ ퟕ. ퟒퟖ) 
        = [ퟎ. ퟏퟕ, ퟑퟎ. ퟑퟑ].    

 
 


