Review 5

Least squares estimate and fitted equation
Testing hypothesis (F statistic and t statistic) and confidence interval

prediction

B

T2, Txy, and 1yyp.

® Least square estimate (point estimate):

b = 21 (i =) (y; — y) _ Sxy

1= a =
milx —x)?2 Sxx

and

® [nterval estimate:

1
b + _ s? ?=1xi2 /2

§2 1,
by + (t"‘z'a/z ' SBI) = by & |tn-z0, (Q)

o t-test:
HO:BO =C.
bo —C bO —C .
t = S = y = reject Hy:|t| > th2a/,
B 2\ /2
0 $2 N1 X;
NSxx
HO:Bl =C.
bl —C bl —-C .
t = = i~ = reject Ho:|t| >ty »a,
SBy s2\ /2 :
<SXX)

Note:

s.e.(By) = sg,,s.e.(By) = sg,



® F-test:

Hy:B1=0:
ANOVA Table:
Source DF SS MS
Regression 1 SSR n
» MSR = 3~ 7)*
=) G-y
i=1
Residual n—2 |SSE . MSE = )
(Error) n 2t i =90 /n _,
= Z(}’i —-y)?
i=1
Total n-—1 SST
n
= Z(}’i —y)?
i=1
Then
reject Hy: f> 1,24
Note:

For ease of computation, the following equations can be used:
MSR = SSR = bysyy = bisyy.

Hop:Bo=p1=0:

ANOVA Table:
Source DF SS MS
Regression 2 n 1 Vi
> 5 2
i=1 n 52
.=1y.
i ( i=1 i /2)
Residual n—2 n
(Error) Z(J’i —¥y:)? s i1y —¥)?
i=1 ST T2
Total n n
Z yi
i=1
Then,

reject Hy: f> fo,-24-



Note:

n

n
y: = Zylz — SSE = ny? + b, Syy.
=1 i

i=1

L

® Prediction of E(y,) = Bo + B1x,
Point estimate:

Yp = bo + b1x, =¥ + by(x, — %)
Interval estimate:

Ypt (t"‘zra/zs?p) - [yl’ ~ tu-2),57, Yp + t"‘z'a/zs?p]’

1 (x,-%)
_ = p
= s (" * Yimq(x; — f)2>

. rzr rXY, and TY?
2 _ Z?=1(yi - 7)2 _ blsxy _ SSR
=1y —y)? i1(yi—y)?* SST

Txy = (sign of bl)\/ﬁ

Tyy =\/ﬁ

Suppose the modelis y; = By + B1x; + €,i =1,---,10,&,~N(0,62),

10 10 10
Z xX; = 320,Zy,- = 462,2 x; = 11550,
i=1 i=1 i=1

10 10

Z y? = 21710,2 X,y = 15390.

i-1 i-1

(a) Find the least square estimate and the fitted regression equation

(b) Provide an ANOVA table and use the F statistictotest Hy: 8, = 0 at a = 0.05.

(c) Find the 95% confidence interval for #; and use the confidence interval to
test Hy: 81 = 0.

(d) Find the ANOVA table for the hypothesis Hy: B, = #; = 0 and use the F
statisticto test Hy: 8o = 1 =0 at a = 0.01.

(e) Determine 12,1y, and Tyyp.

(f) Findthe 95% confidence interval for 8, + 350;.



[Solution:]
(a)

10 2

) —, 320
Sxx = le- —10x“ = 11550 —-10" (1—0) = 1310
i=1

and

S — 320\ (462
Sxy = le-yi —10xy = 15390 - 10" (—) . (

10 ) = 606.
i=1

10
Then, the least squares estimate is

p, =S _ 008 _ 626
17 syx 1310 ’

by =y—b;x = <462) 0.4626 <320) = 31.3968
o=y 1X = 10 . 10) =31 .
The fitted regression equation is

y =31.3968 + 0.4626x.
(b)

SSR = bysyy = 0.4626- 606 = 280.3356.
) —, 462
SST = y;i —10y“ =21710—- 10 - BT} = 365.6
i=1
and

SSE = SST — SSR = 365.6 — 280.3356 = 85.2644.
The ANOVA table is

Source DF SS MS F
Regression 1 SSR=280.3356 SSR MSR
MSR = I f= MSE
= 280.3356 280.3356
~ 10.6581
= 26.3026
Residual | n—2 | SSE=85.2644 SSE
(Error) =8 MSE = '8
=10.6581
Total 9 365.6
Since

f=26.3026>5.32 = f18005 = fin-2a
we reject H,.



(c) The 95% confidence interval for f; is

10.6581

SZ 1/2
bl i tn_z'a/z - <_> = 04‘626 i 1310

tg0.025 (

1/2
) ]: [0.25,0.67].

0 ¢ [0.25,0.67],
we reject H,.

(d) Since
10 10
Zy% = Zylz — SSE = 21710 — 85.2644 = 21624.74,

i=1 i=1
the ANOVA table for Hy: o = 1 =0 is
Source DF SS MS F
Regression | 2 10 21624.74 f
Z y: 2 10812.37
i=1 =10812.37 ~ 10.6581
=21624.74 =1014.474
Residual n—2 | SSE=85.2644 SSE
(Error) =8 MSE = '8
= 10.6581
Total 10 21710

Since

f =1014.474 > 8.65 = f2,8,0.05 = fZ,n—Z,OU
we reject H,.

(e)
_ SSR_ 280.3356 _

2
~ SST  365.6 0.77.

r

ryy = (sign of bl)\/r— = 0.88

and

ryy =72 = 0.88.



(f)
Since x, = 35, the 95% confidence interval for B, + 358, is

1 (x,-%) )\

v+ 21 —
yv—\tn—zr“/z ’ (n+z?=1(xi—m2 /

= (31.3968 + 0.4626-35) + | t 106581 (L B5—32)°
a ' ' T\ Lg0.025 . T 1310

= [45.1267,50.0489].

Suppose we have the following data for the model,
Yi =Bo+B1xi +€,i=1,-,7,&~N(0,0%),
y; 5 10 10 25 10 30 22
X; -1 1 1 0 -1 -1 1
(a) Find the fitted regression equation and the residual of the second observation.
(b) Provide an ANOVA table for H,: #; = 0 and use F statistic to test the hypothesis
at a = 0.05.
(c) Provide an ANOVA table for Hy: o = 1 = 0 and use F statistic to test the
hypothesis at @ = 0.05.
(d) Use the confidence interval method to test Hy: 8; =1 at a = 0.05.
(e) Use the t-statistic to test Hy: o = 15 at a = 0.1.
(f) Determine 1%, 1yy, and Tyyp.
(g) Find the 90% confidence interval for E(yp) at x, = 1.5.

[solution:]

(a)
7 7 7 7 7
Zx, = o,zy, = 112,Zx,.2 = 6,Zy$ =2334, ) x;y;=-3
i=1 i=1 i=1 i=1 i=1
7
sXX=Zx3—7x2 =6-0=6
i=1
and



Then, the least squares estimate is

_SXY___3__
bl—SXX— 6 = 0.5,
by=y—-b;x=16—-(-0.5)-0 = 16.

The fitted regression equation is

y =16 — 0.5x
and
e, =10—-16+0.5-1 = —5.5.
(b)
SSR = bysyy = (—0.5) - (—3) = 1.5.
7
SST =Zy§ — 7y% =2334—7-16% = 542
i=1
and

SSE = SST — SSR =542 — 1.5 = 540.5.
The ANOVA table is

Source DF SS MS F
Regression 1 SSR=1.5 SSR MSR
MSR=——=15 f=IsE
L 0.014
108.1
Residual | n—2 | SSE=540.5 SSE
(Error) =5 MSE = 5
=108.1
Total 6 542
Since

f=0.014<6.61= f15005 = f1n-2a
we do not reject H,,.

(c)
Since
10
Y 97 =n3 +bysyy =7- 162+ (-0.5) - (-3) = 17935,

i=1

the ANOVA table for Hy: o = 1 =0 is



Source DF SS MS F
Regression | 2 7 1793.5 f
Z?? 2 896.75
i=1 = 896.75 ~108.1
=1793.5 =8.3
Residual n—2 | SSE=540.5 SSE
(Error) =5 MSE = 5
=108.1
Total 7 2334
Since

f =8.3>5.79 = f2'5'0.05 = fz,n—z,ap
we reject H,.

(d) The 95% confidence interval for B, is

108.1\ /2
) — [-11.41,10.41].

2 1,
by *|tya/,- <_> =—0.5 |t50.025 (T

Sxx

Since

1€[-11.41,10.41],
we do not reject H,.
(e) The t statisticis

bo —C 16 — 15
t= Y = Y = 0.25.
sy xl? 2 (108. 1- 6) 2
NSxx 7-6

Since

t=0.25>-1.476 = —t591 = —ty_24
we do not reject H,.
(f)

, _SSR_15 _ o
" TSsT " 542 '

ryy = (sign of bl)\/r— = —0.053

and

ryy = V12 = 0.053.

() Since x, = 1.5, the 90% confidence interval for E(yp) is



. 1 (-2 )
Ypt \tnzr”‘/z\/s2 (E * m>/
= (b + b1xp) + (ts,o.os '\[108- 1: (; + @))

=(16—-0.5-1.5) + (2.015 - 7.48)
=[0.17,30.33].




